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PREFACE

This book, intended for beginners in algebra, contains ample
material for the introductory course in that subject. In its
preparation a serious effort has been made to utilize the valu-
able suggestions in which the widespread discussion of the
teaching of algebra for the last ten years has been fruitful.
The aim throughout has been to build up a textbook thoroughly
modern, scientifically exact, teachable, and suited to the needs
and to the ability of the boy and the girl of fourteen.

The choice of topics and their treatment have been deter-
mined by the fact that many students now enter geometry
and physics after one year’s work in algebra. In the arrange-
ment of topics it has seemed wise to adhere closely to the
traditional order. The material itself has been selected with
the intention of affording the student ample drill in the ele-
mentary technic of algebra and a commensurate development
of his reasoning power.

Constant reference has been made to arithmetic in explain-
ing the various algebraic processes. Each process has been
exemplified in one or more typical solutions, and wherever
practicable these solutions have been accompanied by a suit-
able method of checking.

The material intended to develop purely technical skill has
been graded carefully, no extremely difficult exercises being
included. Especial care has been used in the selection of the
exercises in equations, the object being to have as great a
variety as possible and yet to give only equations whose roots
can be verified with a reasonable amount of labor. Usually the

verification is far more brief and less difficult than the solution.
iii
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In factoring only the simpler types have been considered.
Many examples give the student timely assistance with the nu-
merous difficulties which necessarily arise. From the frequent
lists of review exercises in factoring he should acquire in the
shortest possible time a secure grasp of forms and methods.

Algebra teachers know that the progress of many students
in problem-solving is slow and difficult. Yet progress is always
possible if the student is first taught to express himself in the
language of algebra, if the problems are based on familiar
ideas, if the number of new ideas is increased slowly, if the
problems are well graded, and if the problem work is wisely
distributed throughout the course. With these ideas in mind
a large number of problems has been given and the lists occur
at frequent intervals throughout the book. The many changes
from technical work to problem work afford variety, and avoid
the spending of long periods of time on mere technic. At
first the problems are based on number relations or other
familiar ideas. A large number of “motion” problems are
given which, with many problems based on physical ideas and
physical formulas, should give much desirable correlation with
the subject of physics. A very large number of problems are
based on geometrical ideas, and as the needs of geometry largely
decided the choice of the exercises in radicals, it is hoped that
a close correlation of algebra with geometry has been secured.

Some “informational” problems have been included, but
wholly with the intention of stimulating interest and not with
the idea that such problems are practical, or that they arise in
everyday life, or that it is the function of algebra to teach
history, geography, or other subjects.

In choosing the problems the ability of the average student
was borne in mind, but in nearly every list, usually near the
end, a few difficult problems have been inserted for the stronger
students. On account of the careful grading of both the exer-
cises and problems, omissions, where necessary, should prefer-
ably be made from the ends of the various lists. ‘
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Free use has been made of graphs. These in every case pre-
cede or are embodied in the treatment of the topics they are
intended to illustrate.

In giving the portraits of the mathematicians who have con-
tributed most to the development of elementary algebra, a new
feature in algebra texts has been introduced. The accompany-
ing biographical material is designed to awaken the student’s
interest, and the historical notes on the development of algebra
are intended to give a human touch which is so often lacking
in mathematical study. v

The English of this text has received painstaking considera-
tion. An earnest effort has been made to give the definitions
accurately, to state the problems clearly, and to formulate the
rules with simplicity and precision.

In conclusion we wish to express our appreciation of the
suggestions and criticisms received from many teachers. We
must, however, mention particularly Mr. E. H. Barker of Los
Angeles, California; Mr. E. M. Bainter of Kansas City, Mis-
souri; Mr. E. L. Brown of Denver, Colorado; Mr. L. Jay Cald-
well of Orange, New Jersey; Miss Esther Crowe of Kansas
City, Missouri; and Mr. A. H. Huntington of St. Louis, Mis-
souri, who have read the manuseript critically ; -and also Dr. J.
M. Greenwood of Kansas City, Missouri, who has read the
entire proof. In addition, we are under great obligation to
Professor David Eugene Smith of Columbia University for
putting at our disposal his matchless collection of portraits of
mathematicians.
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FIRST COURSE IN ALGEBRA

CHAPTER 1
INTRODUCTION TO ALGEBRA

1. Algebra deals with many topics which are new to the
student, yet he will find the subject a continuation of his
- previous work in arithmetiec.

2. Symbols. Symbols are employed far more extensively in
algebra than in arithmetic, and many new ideas arise in con-
nection with their meaning and use. Some symbols represent
numbers, others indicate operations upon them, and others
represent relations between numbers. Arabic numerals, and
letters are used to represent numbers. The following symbols
of operation, 4+, —, X, and —+, have the same meaning as in
arithmetic. The sign -+ is read plus; —, minus; X, multi-
plied by ; and =+, divided by. The sign of multiplication is
usually replaced by a dot or omitted. For example, 3 X a
is written 3 - a, or 3a, and 2 X @ X b is written 2ab. Also

a + b is often written %- " The sign = is read equals, or is
equal to.
EXERCISES

1. Express 4 4 + 3m in seconds, if # and m stand for the
number of seconds in an hour and in a minute respectively.

2. Express 5y 4+ 4 f in inches, if y and f stand for the num-
ber of inches in a yard and in a foot respectively.

3. If ¢ and d represent the number of cents in a quarter and

in a dime respectively, find the value in cents of 4¢ + 6 d.
1
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4. If ¢ and A represent the number of pounds in one ton and
in one hundredweight respectively, express 4 ¢+ 6 4 in pounds.

5. 3z + 5 = how many = ?
6. 4z +bx=(?) .
7. 24+ 3x4+6x="?
8. 2m+2+3m+4=(?)x+?
9. 2+x+2+z+x4+2="2 11. 54418 —-83a —T7="7?
10 n4+n+140n42=7 12. 82 —3+18 —b5x =2
13. 4w —8+3w+420="2?
14. If m represents one month and y =12 m, express y+5m
in terms of m.
15. If y (one yard) equals 3 f (f=one foot), express 2 y+ 7 f
in terms of f.
16. Express 4 ¢ + 3 n in terms of », if ¢ (one quarter) equals
5 n (n = one nickel).
17. Express 2d +15 4 in terms of %, if d =24 A.
18. Express 15 & + 50 m in terms of m, if 2 = 60 m.
19. The side of a square is 5 inches. What is its area? its
perimeter ?
20. The side of a square is s inches. What represents its
perimeter ? its area?
21. The base of a rectangle is 12 feet and its altitude is
4 feet. What is its area ? its perimeter ?

22. If b represents the number of feet in the base of a rect-
angle and a the number of feet in its altitude, what is its area ?
its perimeter ?

23. A rectangle is twice as long as it is wide. Let x repre-
sent the number of inches in its width. Then express (a) the
length in terms of x; (b) the perimeter; (c) the area.

24. A man is three times as old as his son. If y is the number
of years in the son’s age, what will represent the father’s age ?
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25. A father is 30 years older than his son. If y represents
the son’s age in years, what will represent the father’s age ?

26. A rectangle is 12 feet longer than it is wide. Let w
represent the width in feet. Then represent the length and
the perimeter in terms of w and some numbers.

27. A rectangle is 18 feet narrower than it is long. If w
represents the width in feet, what will conveniently represent
the length ? the perimeter ?

28. A rectangle is 4 feet longer than twice its width. Ex-
press the width, the length, and the perimeter in terme of a
letter, or a letter and numbers.

Origin of symbols. Many of the symbols that are in common use
in algebra at the present time have histories which not only are
interesting in themselves, but which also serve to indicate the slow
and uncertain development of the subject. It is often found that
symbols which seem without meaning represent some abbreviation
or suggestion long since forgotten, and that operations and methods
which we find hard to master have sometimes required hundreds of
years to perfect.

In the early centuries there were practically no algebraic symbols
in common use ; one wrote out in full the words plus, minus, equals,
and the like. But in the sixteenth century several Italian mathema-
ticians used the initial letters 7 and m for 4+ and —. Some think
that our modern symbol — came into use through writing the initial
m so rapidly that the curves of the letter gradually flattened out,
leaving finally a straight line. The symbol + may have originated
similarly in the rapid writing of the letter p. But in the opinion of
others these symbols were first used in the German warehouses of
the fifteenth century to mark the weights of boxes of goods. If a
lot of boxes, each supposed to weigh 100 pounds, came to the ware-
house, the weight would be checked, and if a certain box exceeded
the standard weight by 5 pounds, it was marked 100 4 5; if it
lacked 5 pounds, it was marked 100 — 5. Though the first book to
use these symbols was published in 1489, it was not until about
1630 that they could be-said to be in common use.

Both of the symbols for multiplication given in the text were
first used about 1630. The cross was used by two Englishmen,
Oughtred and Harriot, and the dot is first found in the writings
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of the Frenchman, Descartes. It is interesting to note that Harriot
was sent to America in 1585 by Sir Walter Raleigh and returned to
England with a report of observations. He made the first survey of
Virginia and North Carolina and constructed maps of those regions.
It is strange that the line was used to denote division long before
any of the other symbols here mentioned were in use. This is, in
fact, one of the oldest signs of operation that we have. The Arabs,

as early as 1000 A.p., used both g and a/b to denote the quotient of

a by b. The symbol + did not occur until about 1630.

Equality has been denoted in a variety of ways. The word equals
was usually written out in full until about the year 1600, though
the two sides of an equation were written one over the other by the
Hindus as early as the twelfth century. The modern sign = was
probably introduced by the Englishman, Recorde, in 1557, because,
he says, ¢“Noe. 2. thynges can be moare equalle >’ than two parallel
lines. This symbol was not generally accepted at first, and in its
place the symbols ||, », and « are frequently met during the next
fifty years.

3. The usefulness of symbols. Symbols enable one to abbre-
viate ordinary language in the solution of problems.

For example: Three times a certain number is equal to 20
diminished by 5. What is the number ?

If n represents the number, the preceding statement and
question can be written in symbols, thus:

3n=20—-35.
n=7°

The symbolic statement, 3z = 20 — 5, is called an equation
and n the unknown number.

If 3n=20-25, *
3n =15
and n=5.

The preceding example illustrates the algebraic method of
stating and solving: the problem. The method is brief and
direct and its advantages will become more apparent as the
student progresses. '
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EXAMPLE

1. The sum of two numbers is 112. The greater is three
times the less. What are the numbers ?
Solution: By the conditions of the problem,
greater number + less number = 112.

If we represent the less by /, then 3/ must represent the greater,
and the above statement becomes

3l+1=112.

Collecting, 41=112.
Whence =112 =28,
and 81=38x28=284.

Therefore the greater number is 84 and the less 28.

PROBLEMS

1. The sum of two numbers is 160. The greater is four
times the less. Find each.

2. A certain number plus five times itself equals 216. Find
the number. Co.

3. One number is seven times another. Their sum is 72.
Find each. _

4. The first of three numbers is twice the third, and the
second is four times the third. The sum of the three numbers
is 105. Find the numbers.

5. The sum of three numbers is 117. The second is twice
the first, and the third three times the second. Find each.

6. There are three numbers whose sum is 192. The first
is twice the second, and the third equals the sum of the other
two. Find the numbers.

7. The sum of three numbers is 324. The second is five
times the first, and the third is six times the second. Find
the numbers,

8. The sum of three numbers is 104. The second is three
times the first, and the third is the sum of the other two.
Find the numbers.
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9. What sum of money placed at interest for 1 year at
59, amounts to $378 ?
Solution: From arithmetic,
principal + interest = amount.
By the conditions of the problem,
i principal 4 .05 principal = $378.
If p represents the principal, this last statement becomes

p+.05p=3T8.
Collecting, 1.05p = 378.
378

Wh = —— = 360.
hence =105

Therefore the required sum is $360.

10. What sum of money placed at interest for 1 year at
69, amounts to $265 ?

11. What sum of money placed at simple interest for 3
years at 49, will amount to $700 ? '

12. In how many years will $225, at 69 simple interest,
gain $27°?

13. In how many years will $520, at 639 simple interest,
gain $169?

14. At what per cent simple interest will $375 galn $751in
2 years?

Solution: Let x = the rate of interest.
Then $375 z = the interest for one year,
and $750 = the interest for two years.
But $75 = the interest for two years.
Therefore 750z =175,
and - z = {4

Hence the money is lent at 10%.
15. At what per cent simple interest will $825 gain $165 -
in 4 years?
16. At what per cent simple interest will $250 amount to
$317.50 in 6 years ?
*17. In how many years will $200 double itself at 49 simple
interest ?
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18. In how many years will $150 treble itself at 59, simple
interest ?

19. The perimeter of a certain square is 160 feet. Find the
length of each side.

20. The perimeter of a certain rectangle is 256 feet. It is
three times as long as it is wide. Find its dimensions.

21. The perimeter of the rectangle formed by placing two
equal squares side by side is 198 inches. Find the dimensions
and the perimeter of each square.

22. Two equal squares are placed side by side, forming a
rectangle. If the perimeter of each square is 120 inches, find
the perimeter of the rectangle. ’

4. Réﬁresen"éﬁtion of numbers. In: algebra numbers are rep-
resented by one or more numerals or letters or by both com-
bined.

Thus 3, 25, a, 2b, 42y, and 2z + 3 are algebraic symbols for
numbers.

Precisely what numbers 4 xy and 2« 4 3 represent is not
known until the numbers which « and y stand for are known.
In one problem these symbols may have values quite different
from those they have in another. To devise methods of deter-
mining these values in the various problems which arise is
the principal aim of algebra. :

5. Factors. A factor of a product is any one of the numbers
which multiplied together form the product.

Thus 3 ab means 3 times a times b. Here 3, a, and b are each fac-

tors of 3ab. Similarly the expression 4 (a + %) means 4 times the
sum of ¢ and b. Here 4 and a + b are factors of 4 (a + ).

6. Exponents. An exponent is a number written at the right
of and above another number to show how many times the
latter is to be taken as a factor.

(Later this definition will be modified so as to include frac-
tions and other algebraic numbers as exponents.)
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Thus 32=3.3; 55=5:5:5. Also a*=a-a-a-a, and 4zy® =
4.z-y-y-y. In ab, b is the exponent of a. If a is 4 and b is 3,
ab=4%=4.4.4. The exponent 1 is not usually written.

7. Coefficients. If a number is the product of two factors,
either of these factors is called the coefficient of the other in
that product.

Thus in 4 2%, 4 is the coeflicient of z%y, y is the coefficient of 4 22,
and 4 y is the coefficient of 2. The numerical coefficient 1 is usually
omitted. If a numerical coefficient other than 1 occurs, it is usudlly
written first. For instance, we write 5 z, not z 5.

The following examples illustrate the difference in meaning
between a coefficient and an exponent:

3r =24z 4+ x.
P=x-x-2

If, in each case, z = 5, 3 stands for the number 15, while
2% stands for 125. If z is 10 in each case, 3 = 30, while
2% =1000.

8. Use of parentheses. If two or more numbers connected
by signs of operation are inclosed in a parenthesis, the entire
expression is treated as a symbol for a single number.

Thus 8(6 + 4) means 3-10, or 80; (17—2)= (8 —3) means
15 + 5, or 3; (5 +7)% means 122, or 144; and 6(x + y) means six
times the sum of z and y.

As in arithmetic, the symbol for square root is Vv, or ¥,
and the symbol for cube root is v/ .

The name radical sign is applied to all symbols like the fol-
lowing: vV, ¥, ¥, v/, ete. The small figure in a radical
sign, like the 3 in ¥, is often called the index.

Noté. There has been a considerable variety in the symbols for the
roots of numbers. The symbol v/ was introduced in 1544 by the
German, Stifel, and is a corruption of the initial letter of the Latin
word radiz, which means ¢ root.”” Before his time square root was
denoted by the symbol R, used nowadays by physicians on preserip-
_ tions as an abbreviation for the word recipe. Thus /5 would have

been denoted by B*5. Some early writers used a dot to indicate

square root, and expressed /2 by -2. The Arabs denoted the root
of a number by an arabic letter placed directly over the number.



INTRODUCTION TO ALGEBRA 9

EXERCISES
‘Write in symbols:
1. The sum of three times « and five times &.
+2. Three times a subtracted from five times &.
3. The square of a subtracted from the square of .
4. Two times a squared subtracted from three times a
squared.
5. The quotient of a divided by b.
. The product of four times a squared and .
. The sum of @ and & divided by their difference.
. The product of @ and 26 — c.
. The product of « by the sum of & and c.

© 0 a3 O

10. The result of subtracting ¢ — & from 7 «.

11. The product of the sum of a and & by their difference.

12. The sum of the square root of 5a and the cube root of 7.

13. The product of x — y and the square root of 7 x.

14. The square of the sum of « and .

15. The square of the difference of a and b.

16. The quotient of three times a times the square of & by
four times ¢ times the eube of a.

17. The sum of the quotients of @ by 3« and 4y by e

18. Read Exercises 1-14, p. 11.

9. Order of fundamental arithmetical operations. If we read
the expression 6 + 4.9 —12 + 3 from left to right, and perform
each indicated operation as we come to its symbol, we obtain
10, 90, 78, and a final result of 26. If we perform the multipli-
cation and division first, the expression becomes 6 + 36 — 4,
which equals 38. These results show that the value of the
expression is determined largely by the order in which the
operations are performed. When there is no statement to
the contrary, it is understood that :
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I. A4 sertes of operations involving addition and subtraction
alone shall be performed in the order in which they. occur.

Thus 8412 -104+6=20-1046 =10+ 6 =16.
It is incorrect to say 8 +12 —10 + 6 = 20 — 16 = 4.

II. 4 series of operations involving multiplication and
division alone shall be performed in the order in which they
occur.

Thus 8:12+6-4=96+6-4=16-4=64.

It is incorrect to say 8-12 +6-4 =96 =24 =4,

II1. In a series of operations involving addition, subtraction,
multiplication, and division the multiplications and divisions
shall be performed in order before any addition or subtraction.
Then the additions and subtractions shall be performed in ac-
cordance with I.

Therefore 6+4-9-12+3=6+36—4=38.

It is incorrect to say 6 + 4-9 —12 +3=10-9 — 4 = 86.

In a series of operations an expression inclosed in a paren-
thesis is regarded as a single number. Obviously, within any
parenthesis I, IT, and IIT apply.

Therefore B+2)6=5-6=30,
and 8+ (T—8)(9—6+2)—4=8+4-6—-4=8+24—4=28,

EXERCISES
Simplify the following :
1. 20 — 5 4+ 6 —10. 6. 18 +(2-3).
2. 16 — (8 — 2). 7. (6 — 3)(17— 2-5).
3. 14— (16 —8)+(12 —4). 8. 23 —-2.6 —4 +2416.
4. 6 +3—2 9. 18 +- (9 — 3).
5.8:6+3—10. 10. (10 — 3)(16 —3-2 4 8 +4).

11. 1413(16 2.5)+6+8.2.

12. (18 —2)— 6+ (4 +2-8 —18 + 9).
13. (16—6)(18 8)+100-5 —b.
14. (5+3)(56 13)+5—3.
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10. Evaluation of algebraic expressions. Finding the numer-
ical value of an expression for certain values of the letters
therein is frequently necessary. This process will be used
later to test the accuracy of the results of algebraic operations.

EXERCISES

In Exercises 1-23 let a = 3,0 =1,¢=5,d = 7, and e = 2.
Substitute for each letter its numerical value and then sim-
plify the results according to the rules of § 9:

1.

16.
17.
18.
19.
20.

LA T

4a 4 3d.
a4 2e.
ab + cd.
¢t — 5ab.
abed — 4 €%
dte

e

cde | ace
5e  2a
106 ¢

e b

1.1 1
9.;+2+;'
¢ dod

10. — +
ac  ae

cd+ae+ce-
a—b+c¢

a2+b2+02+d2.
a+b+c+d

a“—ce2+3cd.
d—a+c¢

14. 5084+ 40 —2b6 — 5.

11.

12.

13.

15. 36°—140* 4110 +115%> 4+ 135 — 20.

ac.

¢t

de + e

b° + ¢

de — ¢ + 08,

21. €% ¢~
d+ec.
"2c¢+a
a*+4+3b .
cc—d—e—0b

22

23.

Find the numerical value of the following expressions when
a=4,6=0,c=5,d="T,and e=8:

24.

25.

'4a+3b—|—2d'
c+e+2

_ b
a+o+d'

26. abc + acd — be.

27, 2y 00 %

a ed’
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g, LU .M " 37. (a + ) (c + d).
8d—2e+o 38. ab(a + b).
29. Va +V2e. 39. acd(a + ¢ + d).
30. 2Va+Ve 40. ac(e —c + b + d).
31 bVa+ed+ Ve Va. - 4 (@ + )
—_— R a2
- 32. ¢V2ae +d V2 ae. 2. (¢ —a)%
43. (d — ).

. v 2 2 .
33 Yrd+d+a 3ad(3a — 2c¢)*(e—c)®

34. '\3/3d+ec+a—-1. 4. 6ed

35. de + ac Vac® +2¢e + c. ab(c+ d)(a + b)
45. .

36. (a +c)e. (¢ —a)

46. ¢ — 3c%a + 3 ca? — al. ‘
47. o =2andy =3, does 3z + 5y = 21?
48. If x =8,does T —9=3x 4257
49. DO&S'%2+52}+6=0, ife=2? ifx=3? ife=47?
50. Does 32? — 142 —5=0,if x =5? if e =3 ? if x =67
ifx=47?



CHAPTER II
POSITIVE AND NEGATIVE NUMBERS

11. Arithmetical addition and subtraction. Let us suppose that
equal distances are taken on a line and the successive points
of division marked with the natural numbers as follows :

| L | | 1 | | | I 1 | | ! ! | ! 1 (A)

Such ascale of numbers may be used to illustrate both addi-
tion and subtraction as performed in arithmetic. '

Thus in adding 5 to 3 we may begin at 3 and count 5 spaces
to the right, obtaining-the sum 8. We shall obtain the same
result if we begin at 5 and count 3 spaces to the right. This
process may be stated in general terms thus:

Ruie. To add the number a to the number b, begin at b and
count a spaces to the right.

In subtracting 4 from 7 we may begin at 7 and count 4 spaces
to the left, thus obtaining 3. This process may be stated in
general terms thus:

Ruie. To subtract the number a from the number b, begin
at b and count a spaces to the left.

If we attempt to subtract 5 from 4 by the preceding rule,
we arrive at the first point of division to the left of zero.
Arithmetic has no number to represent such a result; in fact,
the subtraction of 5 from 4 is there regarded as impossible.
‘ Arithmétically speaking, such a subtraction cannot be per-
formed. We can, however, subtract 4 of the 5 units from the
4 units, leaving 1 unit unsubtracted. Now in algebra it is

both convenient and necessary to speak of subtracting a greater
13
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number from a less, and to call the portion of the greater
number which is unsubtracted the remainder. The fact that
such a subtraction is incomplete is indicated by writing a
minus sign before the result; thus 4 —5 =—1. Hence the
first point of division to the left of zero may be thought of as
corresponding to — 1. Similarly 3 — 5 =— 2; and to — 2may
correspond the second point of division to the left of zero.

In like manner 5 — 8 = — 3, which corresponds to the third
point to the left of zero. In the same way the fourth point of
division to the left of zero would correspond to — 4, the fifth
point to — 5, ete.

Such numbers as — 1, — 2, — 3, ete., are called negative num-
bers. The minus sign is never omitted in writing a negative
number, though a letter, as x, may stand for a negative number.

In opposition to negative numbers the ordinary numbers of
arithmetic are called positive numbers. If a number has no
sign before it, or a plus sign, it is a positive number.

The relative order of positive and negative numbers is
indicated in the following scale:

------- 1 —6 —b5 —4 -8 —2 —1 0 +1 +2 +3 +4 +5 +6 +7 48+ .-
ST S T MY S S W A M A M )t

EXERCISES

Perform the following additions and subtractions by count-
ing along the preceding scale according to the rules on page 13:

1. Add 4 to 2. 3. Add 5 to — 3. 5. Add 2 to — 4.
2. Add4to—2. 4. Add 3to — 3. 6. Add 5to —T.
7. Subtract 2 from 5. 10. Subtract 4 from — 2.

8. Subtract 5 from 2. 11. Subtract 3 from — 4.

9. Subtract 6 from 4. 12. Subtract 2 from — 3.

12. Practical use of positive and negative numbers. The scale
(B) of positive and negative numbers could be used to measure
many of the things with which we come in daily contact. In
fact, a practical equivalent is in many instances already in use.
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Thus in graduating a thermometer a certain position of the
mercury is taken as zero, and the degrees are marked both
above and below this point. Hence a temperature reading of
18° is indefinite unless accompanied by the words above zero
or below zero. Usually + 18° is taken to indicate the former,
while — 18° indicates the latter.

Similarly any point on the earth’s equator is in zero latitude.
Then latitude 40° N. means 40° north of the equator. In like
manner 30°S. means 30° south of the equator. Obviously
4+ 40° and — 30° might be used to convey the same ideas.

EXERCISES

1. If the temperature is now + 10°, what will represent the
temperature after a fall (a) of 5°? (b) of 10°? (¢) of 18°?

2. If the temperature is now — 12°, what will it be after a
rise (a) of 7°? (b) of 12°? (c) of 25°?

3. In the preceding exercise change the word rise to jfall
and then answer.

4. A ship sails south from latitude + 13° to latitude — 7°.
If one degree is 69 miles, how far did it sail ?

5. A ship sails south from latitude + 20° at the rate of 4°
daily. In what latitude is it at the end of each of the next
6 days? In how many days will it reach latitude — 16°?

6. A man’s property is worth $5200 and his debts amount
to $2300. How can positive and negative numbers be used to
represent (@) each of these amounts ? (0) the man’s financial
standing ?

Note. The first explanation of positive and negative numbers is, so
far as is known, by means of the illustration of assets and debts.
This is found in the writings of the Hindus before 700 A.p., long
before negative numbers were accepted as having any definite mean-
ing. In the use of this illustration the IIlindus were nearly a thou-
sand years in advance of the times.

7. If debts and property be reversed in 6, what would be
the answer to () and (%) ?
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8. The temperature at 6.00 A.m. was — 12°. During the
morning it rose at the rate of 3° an hour. What was the tem-
perature at 9.00 A.m. ? 10.00 A.m. ? 1.00 p.y1. ?

13. Addition of positive and negative numbers. As we have
seen, subtraction by the use of scale (B) is performed by
counting spaces to the left. Now a negative number repre-
sents an unperformed subtraction; therefore to add a negative
number to another number means to perform this subtraction.

For example, in subtracting 8 from 5, — 3 was obtained by
beginning at zero and counting 5 to the right and then 8 to
the left, leaving a remainder of 3 to the left. Thus when we
wish to add — 3 to any number, we count 3 spaces to the left
from that number. Hence, in general, to add a negat'live num-
ber » to a given number, begin at the given number and count
n spaces to the left.

Again, to add — 8 to 24 we begin at 24 and count 8 spaces to
the left, obtaining 16 as the result; that is,

+ 24 4 (— 8) =+ 16.

Similarly, to add — 6 to — 4 we begin at — 4 and count 6

spaces to the left, obtaining — 10 as the result; that is,
—4+(—6)=—10.

The numerical or absolute value of a number is its value
without regard to sign.

Thus the absolute values of — 3, — 5, and +7 are 8, 5, and 7
respectively. It should be noted that two different algebraic num-
bers, as + 6 and — 6, may have the same absolute value.

EXERCISES

Perform by the use of scale (B), p. 14, the operations:

1L +34(+2). 8 +3+(—2). 5 T+(—4).
2. —3+(—2). 4 —3+4(+2. 6 —T+(+5).
7. — 64 (—4). 9. 44 (=T).

8. 6 +(— 5). 10. — 3 +(— 6).
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The preceding exercises illustrate the correctness of the
following working rules:

I. To add two or more positive numbers, find the arithmet-
ical sum of their absolute values and prefix to this sum the
plus sign.

II. 7o add two or more negative numbers, find the arith-
metical sum of their absolute values and prefix to this sum the
minus sign.

. IIL. To add a positive and a negative number, find the dif-
JSerence of their absolute values and prefix to the result the sign
of the one which has the greater absolute value.

The algebraic sum of two or more numbers is the number
obtained by adding them according to the preceding rules.

The algebraic sum of two numbers is often different from
the sum of their numerical values; for example, the algebraic
sum of 4+ 9 and — 5 is 4 4, while the sum of their numerical
values is 14.

Hereafter the word add will mean find the algebraic sum.

EXERCISES

Perform the indicated additions:

1L +4+(H+7). 7. —12 4-(—9).

2. —4+(—T). 8. —6 1+ 6.

3. +44(—T). 9. —6 +(—6).

4. —4 4+ 10. —4 4+ (+3)+(+6).

5. 4+ 8 +(— b). 1L 34+ (—T)+B)+ (—4).
6. — 8+ (+5). 12. 8 +(—2)+(—4)+(+6)
Answer the questions asked in the following :

13. 6+ ?2=09. 18. —8+4+?2=—6.

14. 6+ ?2=2. 19. —10 + ? =—16.

15. 8 +? =12. 20. —104+?=T.

16. 8 + ? =4. 21. 12 4 ? =4.

17. —8 4?2 =-10. 22, —124? =4,
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14. Subtraction of positive and negative numbers. If we wish
to subtract 7 from 12, we may do so by answering the question,
“What number added to 7 gives 12 ?” By answering a similar
question we can subtract 8 from 15, or 25 from 43, or any
number ¢ from another number . Exercises 13-22, p.17, are
therefore exercises in subtraction, for each asks a question
similar to the one in the first sentence of this paragraph.

This point of view brings out the relation that the operation
of subtraction bears to addition.

EXERCISES

Perform the following subtractions by answering in each
case the question, “ What number added to the first number
gives the second number ? ”

Subtract :
1. 5 from 8. 6. — 5 from 8.
2. 9 from 13. 7. 5 from — 10.
3. 8 from 5. 8. — 6 from — 4,
4. 13 from 9. 9. 12 from —18.
5. — 5 from —8. 10. 25 from 13.

11. Change the sign of the subtrahend (if 4 to —, if — to +)
in Exercises 1-10 and then add the subtrahend to the minuend.
Are the answers the same as were obtained before ?

The results obtained in Exercise 11 illustrate the following
important principles:

L. Subtracting a positive number is the same in effect as
adding a negative number of the same absolute value.

To illustrate : a decrease of $100 in a man’s assets is equiva-
lent to an increase of $100 in his liabilities, provided we con-
sider his real financial standing in each case.

II. Subtracting a megative number is the same in effect as
adding a positive number of the same absolute value.



POSITIVE AND NEGATIVE NUMBERS 19

To illustrate : a decrease of $75 in a man’s liabilities is equiv-
alent to an increase of $75 in his assets, as far as his net
financial standing is concerned.

Hence, for the subtraction of positive and negative numbers,
we have the

RuLe. Change the sign of the subtrahend (if it be 4+ to —,
if it be — to +) and then find the algebraic sum of the subtra-
hend (with its sign changed) and the minuend.

This rule really turns algebraic subtraction into algebraic addition.

EXERCISES

Perform the indicated subtractions :

1. 8 4+ (3 5). 5. 12 — (4 9). 9. +6 —(+ 6).
2. +8 —(—5). 6. 12 —(— 9). 10. — 6 —(— 6).
3. +5—(—8). 7. —12 —(9). 11. 6 —(— 6).
4. +5—(+8). 8. —12—(—9). 12. — 6 —(+ 6).
13. —14 —(—19). 17. 12 — (+ 8) — (+ 2).
14. 0 —(+1). 18. —12 — (+ 8) —(+ 2).
15. — 0 — (1) 19. —12 —(—8)—(—2).
16. 1 —(—2). 20. 18 — (— 5) — (7).

Answer the questions asked in:
2l. +64+?=10. 26 —8+?=—3. 31. +5—?=—6.
22. —64+?2=—-10. 27. —8+?=—5. 32. —T7T—?2=4.
23, —3+4+?2=0. 28. —T7T4+?2="T. 33. —5—-7=0.
24. 4+6+4+2=0. 29.9—-?=3. 3. 2-?2=0.
25. +6+?=4. 30. —7—?2=—5. 35.41+?=18.

Simplify :
36. 12 + (3) — (5). 39. 18 + (— 6) = (7).
37. 12 —(—3)+6. . 40. —16+4 (—10) — (+11).

38. 12 — (— 4) +(— 6). 41, — 13— (8) +(— 14).
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15. Multiplication of positive and negative numbers. In arith-
metic, multiplication was defined as the process of taking one
number, the multiplicand, as many times as there are units in
another number, the multiplier. The original signification of
times made this definition meaningless when the multiplier was
a fraction ; for in 8 x 3, 8 could not be added 2 of a time. The

definition was then extended and the product of 8 multiplied
8x3 .

by g was defined to mean

Similarly, since algebra deals with both positive and nega-
tive numbers, we must now extend the arithmetical definition
of multiplication and define what is meant in each of the four
cases which follow:

1. +4.-+3=7? 3. +4.—-3=7?
2. —4.48="7 4. —4.-8="
From the arithmetical definition of multiplication + 4 - + 3
WERNS (4 4)f (+ 4)+ (+ 4) =+12;
that is, +4.4+3=+412.
Similarly — 4.4 3 means
| EH+HEH+H(=H=-12;
that is, —4.-+3=-—-12.
In + 4. — 3, we mean that 4 is to be subtracted three times.
This is the same as subtracting 12 once.
Therefore +4.—3=—12.
Lastly — 4. — 3 means that — 4 is to be subtracted three

times. This is the same as subtracting — 12 once, and sub-
tracting — 12 once is the same as adding + 12. Therefore

—4.—3=412

Summing up,
+4.-+3=+12.
—4.+3=-12,
+4-—3=—12..
—4.—-3=+12
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Or, in general terms,
+ a X+ b=+ ab.

—aX+b=—ad
+ a X —b=— ab.
—aX—_b:+ab.

Therefore we have the

Law. The product of two nwmbers having like signs is a
positive number, and the product of two numbers having unlike
signs is a negative number.

EXERCISES
" Find the products in the following:

1 +3.-+4. 7. —12.4 9. 13. +4.—5.46.

2. +4-4+12. 8. +6.—4. 14. +4-—5.—6.

3. —5.4+4. - 9. —6.—6. 15. —4.—5.—6.

4. +6.—6. 10. +5.—10. 16. 12.4+0.— 5.

5. —7-48. 11. +0-+ 4. 17. 9. —10. — 0.

6. —T7-—3. 12. —7-0. 18. —4.4+3.—6.
19. —3.—2.—5. 20. 2-—3.45.

Note. The famous German mathematician, Leopold Kronecker
(1823-1891), once observed that ¢¢the good Lord made the positive
integers, but man is responsible for all the rest of the numbers.”
This expresses the truth about numbers as accurately as one can in a
single sentence. We count objects from our earliest years, and so
use the positive integers naturally. It is only when we come to study
mathematics that the necessity for any other kind of numbers is
forced upon us. Here we see that negative numbers are a great con-
venience if we wish to represent the relations between objects where
oppositeness in any of its many forms is involved. But the artificial
character of negative numbers delayed their intelligent use for many
hundred years. To be sure, the Hindus said that ¢ the square of
negative is positive,” but the statement probably did not mean
anything to those who read it. It was not until after the time of
Descartes (see p. 199) that the rules for operating on negative numbers
were understood, even by great mathernaticians.
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16. Division of positive and negative numbers. When 18 is
divided by 9 the result is 2. Here 18 is the dividend, 9 the
divisor, and 2 the quotient. The three are connected by the
following relation:

quotient x divisor = dividend.

We can see that 2 is the correct value of 18 =+ 9, because
2x 9 =18. This simple test will be applied to determine
whether the quotient is a positive or a negative number. All
the cases which may arise are represented by the four follow-
ing questions:.

1. +18+49=7? 3. +18+—-9=7?
2. =18+ +9="7° 4, —18+—9=7

These questions are answered as follows:

+18 =~ 4+ 9 =+ 2 because + 2-4+ 9 =4 18.
—18 =~ 4+ 9 =—2 because — 2.4+ 9 = —18.
+18 - — 9 = — 2 because — 2+ — 9 =4 18.
—18 + — 9 =4 2 because + 2- — 9= —18.

In 1 and 4 the dividend and divisor have like signs and
the sign of the quotient is plus. In 2 and 3 the dividend
and divisor have wunlike signs and the quotient is minus.

Therefore we have the

RuLe. The quotient of two numbers having like signs is a
positive number, and the quotient of two numbers having unlike
signs s a negative number.

The result of multiplication by zero is given a definite mean-
ing in arithmetic and algebra, namely zero; but in both sub-
jects division by zero is always excluded. If zero were used
as a divisor, numerous contradictions would arise of which the
following is an illustration: )

Obviously 0-4=0,
and 0.6=0

Therefore 0-4=0-6

Dividing each by zero, 4=6
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Note. The Hindus were the first to express the laws that govern the
operations with the number 0. In fact, they were the first to have
such a symbol. In the twelfth century a Hindu writer states that
a+ 0 = a, that V0 = 0, and that 02 = 0. Of course he did not express
himself in terms of these symbols, but in the notation of his time.

EXERCISES

Perform the indicated division:

1. +10++4 2.

2. —10+—2.

3. —15++ 3,

4, +14+-—1T.

5, —18 +— 2.

6. —7T—+4T.

7. 0=+ 5.

8. 0+—5.

"9, +18 ++3+—2.

—
e

+45 +—5-+—-3.

11.
12.
13.
14.
15.

16.

17.

i8.

— 64 +-48+—2
496 ~-— 6=+ 4.
72 ++4+9 +—4.
60 = —5 -+ —12,
48 =43 = — 4.

—10
=2

—12
=2

+16
=8

If the first of several numbers connected by either plus or
minus signs is a positive number, its sign is omitted; thus
+4 —3 +6 is written 4 —3 4+ 6. If the sign of the 4 had
been negative, its sign could not have been omitted.

If each of two or more numbers be inclosed in a parenthesis
with no sign of operation connecting them, the sign of multi-
plication is always understood ; thus (6)(3), or even 6(3) or

OF;

means 6-3.

EXERCISES

Simplify the following: _
=D +G). 9. —114(—13).

1

2
3
4

. (1) +(5).
. (1) —=(5).
. (D) +(=5).
. (1) —(—5).

5.

® 2o

—T74+5.

10. — 6 —(—10)

(—9—(@). 1L —6+10.

—9—4.

12. 8 4(—10).
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13. 12 —18. 21. 8(-— 3). 29, 12 +(— 2).

4. —18 —12. 22 (—5)(—12). 30. —12+2.

15. 15 —14. 23. — 3(—8). 31. — 39 +(— 3).

16. +7—0. 24. —5.4. 32. 45 +(—15).

17. —0—3. 25. 5. 0. 33. 0+ (— 6).

18. (— 3)(6).  26. 0-(—9) 34. 0+ 3.

19. (—5)6. 27. 4.8. 35. — 27+,

20. (7)(—5).  28. —3-6. 36. 3 — 5+ 6.
37. —44+6—2+1. 38. —44+642—1.

39. 2—-3+4—5—6.

Add:

0. 7 41. 6 42. —8 43. 4
-2 —2 6 -9

3 -3 2 -3

=5 _4 =5 _6

Simplify :

44. 3.6 + 3. 49. 32

45. — 4(T) +(— 2). 50. (— 3)%

46. 3(— 6)+2. ' 51, 28,

47. 4-6(— 8) +(—16). . 52, (— 2)*

48. 18 +(—3)-6 + 4. 53. (— 4)* +(4)%

54 (— 1)+ (— 1) +(— 2)° +(— 2)"
55. 6+ 3.2 +18 + (— 3).

56. 52 — 4 -+ (— 2) + 6(— 3).

57. 3.6 +9—2.6+4+(—3)2

58. 6 + 632 —52.2 + 10.

If x = 8 and y = — 2, find the value of::

59. 92 61. y* 63. 242 65. 5?2
60. 5. 62. 5 64. 245 66. 4 x%y*
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67. x? — y2 69. 2% + 2y + 42
68. x® — % % 70. x? — 2xy + ¥

N (@ +y) (@ —y) '

72.0x® + 3wy + 3 xy® + ¢~

78.sy® — 3xy® + 3 2ty — .

74. Doesdx —2=22x+8,ifx=5?

75. Does 3z — 5 =22 +8,ifx =—9°? ‘
76. Does x? —x —12=0,ifx=4? if x =—8? if x =—4?
77.-Does 3x* 4+ 192 =14, if x =3? if 2 =22 if 2 =—T77?
78. At 7.00 A.n. on a certain day the thermometer registered
. 15 degrees above zero. The mercury then fell at the rate of
3 degrees per hour. What was the temperature at 9.00 A.m. ?
at noon? at 3.00 p.m.?

79. With reference to a certain assumed level, a surveyor
found the heights of 5 points to be + 30 feet, — 7 feet, + 18 feet,
—10 feet, and + 16 feet respectively. What was the average
height of the 5 points? What meaning has the result ?

80. A sixth point whose height was — 38 feet was later
included in the preceding survey. Find the mean height of
the 6 points. What meaning has the result ?

81. Later a seventh point was added to the preceding survey.
The average height of the 7 points was then zero. Find the
height of this last point.

82. Euclid lived about 300 B.c. Sir Isaac Newton died in
1727 a.p. If dates before Christ are considered negative and
those after Christ be considered positive, how might these
dates be written ?

83. What is the meaning of the date —450? of 41910?
What is the difference in time between these two dates?

84. In still water a gasoline launch can travel 8 miles per
hour. Using positive and negative numbers, represent its rate
both up and down a river which runs 1} miles per hour.
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85. A boat is traveling 12 miles per hour. A man on its
deck is walking 3 miles per hour. Using positive and nega-
tive numbers, represent the rate at which he approaches his
destination when he walks toward the bow and when he walks
toward the stern.

86. A balloon capable of supporting 500 pounds is held down
by 10 men whose average weight is 150 pounds. Using posi-
tive and negative numbers, represent the weight of the balloon,
the men, and the balloon and men together.

87. A man swims in still water at the rate of 1} miles per
hour. If he swims in a river which flows 2 miles per hour,
represent his rate (¢) when he swims. downstream ; (¢) when )
he swims upstream. What is the practical meaning of the
last answer ?

g .



CHAPTER III
ADDITION

17. Addition of monomials. A number symbol consisting of
a numeral, or a letter, or a product of letters alone, or the
product of a numeral and one or more letters is called a
monomial or term.

Thus 5, —a, b4 a%, —4cy?, $a%dy, 22, and z°+2 are terms.
Frequently, where no confusion would arise, expressions like (a + 2),

3(rx—y), 5 '\/a?‘, and Va — z are also called terms, for often they
may be replaced by a single letter.

The literal part of a term is the portion composed of letters.
Similar terms are integers and fractions, like numerical roots,
or such terms as have like literal parts.

Thus 8, — 7, and 9 are similar terms as well as /2 and 3 /2.
Also a, 4 a, and — 10 a are similar terms as are a?z, — 3 a®x, and 7 a%.

Dissimilar terms are unlike numerical roots or such terms as
have unlike literal parts.

Thus 4, -\/§, /3, and ~/5 are dissimilar terms as well as 3a,4b,
and 6 c2. Also 7a%r, 3 ax?, and 5 ax are dissimilar terms.

We know that 6 acres and 3 acres = 9 acres. Moreover,
6a+3a=9a,and 6a+ (— 3a)=3a,and bxy+ 6xy=11xy.
In like manner the sum of 8y, —3y, 2y, and —y is 6.
Such terms as — y, , ay, and — ¢%c are equivalent to — 1y,
+ 1z, +1ay, and — 1c%x, the coefficient 1 being always under-
stood if no numerical coefficient is written. :

Thus for adding similar terms we have the

Rure. Find the algebraic sum of the mumerical coefficients

and prefix this result to the common literal part.
27
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EXERCISES

Find the algebraic sum of : _
1. 18 — 5 + 6. 4. 124> —Ta®> + 3a®+ 4402

2. 18a —5a + 6a. 5. 6 —4 — 17+ 20.
3. 12 -7+ 3 + 4. 6. 6ab—4adb—1T7ab+420ab.

<715 —-17+8 —12 — 25,
% 8. 8abe — 17 abc — 4 abe + 15 abe — 12 abe.
N9 114+5—-9—-3+16 —25.
‘(10. 16ac —9ac+ 5ac—2ac — 3ac +11ac.
11. T + 42 —152 — 8= + 3.
12. 12y — 17Ty +10y+4 20y — 25y.
13. 4oy — 8xy — 122y + 13 2y — zy.
14, 142* — 1322+ 2?2 — ba? 4+ 4 2%
15, 5y — 292 — 1142 + 9 — T332
16. Ta% — 5a% + 8 % — a% + 9 a%.

Obviously 24+3=3+2, and 2—-345=24+5—-3=
— 3+ 5+ 2, ete. This illustrates the law that in addition
the terms may be arranged in any order. Hence 6d 4 7T¢ =
Tc¢+ 6d, and the sum of 3 and « is either z 483 or 3 + x;
alsoa +b=0+a,anda+b+c=b+c+a=c+a+bete.

Algebraic expressions for numbers with unlike literal parts,
such as 6 d and Tc¢, may be added by writing them one after
the other with a plus sign between them; thus 6d + 7¢. The
addition of 6 d and — 7¢ is indicated by writing 6d + (—To),
which is the same as 6d — 7¢. Similarly the sum of 3z, — 2 y,
and — 7z may be written 3« + (— 2 y) + (— 72), or,more simply,
3 —2y—"Tz

Thus for adding dissimilar terms we have the

RuLe. Write the terms one after another in any order, giving
to each its proper sign.

If similar and dissimilar terms are to be added, the twao
preceding rules must be observed.
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EXERCISES
Find the algebraic sum of:
1. a, 30, and — .
4z, — 20, 3y, and 10.
3 ab? 2 bx, — cy, and 4 a?.
‘59033/, — Bayd, c’y, and — 2 ¢y,
.4z, —3a,2b, — 5z, and 3.
. 5a, —40b, + 3¢, 60, and — 2¢%
. 8a% 4+ 20% —5¢% —40% and 5o
. 4%, — 4al?, — 3a%, 3 ab? 4a%, and 2 ad®.
. —4a% + 6a’* — 15 a%? + 3 a®%? + 0 a?2
— 0 — 2305 4+170% 4+ 6% — 00% + 137°
.12 a% + 6 a® — a® 4+ 160’0 — 13 a’h — 25 alb.
. 11Va —14Va + 21Va — Va.
. 3\/.7c—y—\/m—g/+9\/m—y—7\/m—y.
.3(@+b)—2(a+0)+ 8(a+d).
. —T(a —20), (a —20), 12(a — 2b).
. 8(@+0)+3(a—0b)—4(a+8)—2(a—0D).
. 4(x—y)—3(@+3)—6(x—y)+5(x — 3).
e — ) — 3Rz — )+ 42 —y)* -T2z —y)

© ® o ;A W D

[
© = o

T R
@ 3 O Gt B W

18. Addition of polynomials. A polynomial is an algebraic
expression consisting of two or more terms.

It is not usual to call an expression a polynomial if any of its terms
contain a letter under a radical sign. Thus we shall not call expres-
sions like Vz — 8 + 4 polynomials.

A binomial is a polynomial of two terms.
A trinomial is a polynomial of three terms.
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EXAMPLE

Add the following polynomials: 4a — 65 — a%; 35 + 4 a’; |
—3a—Ta% +10; 5a 4+ 30 — 6.

Solution : 4a—-6b— aZ%
3b+ 4a%

—3a — 7a% +10

5a+3b — 6

Suin, Ga —4a%c+ 4

For the addition of polynomials we have the

RuLe. Write similar terms in the same column.
Find the algebraic sum of the terms in each column and
um’te the results in succession with their proper signs.

..

A check on an operation is another operation which tests the
correctness of the first.

For example, in arithmetic the result of division is checked by
multiplication ; thus the check for 132 + 6 = 22, is 22- 6 = 132.

In the following example the letters a, 5, and ¢ represent
any numbers whatever. Therefore in order to check the result

we may give them any numerical values we please. Let
a=1,b=1,and ¢ =1.

EXAMPLE

Add the polynomials 5a¢ — 35 — 3¢, 2a — 55+ 6¢, and
—3a+2b—4e.

Solution : Check :
5a—38b—38c¢ = 5—3-3=-1
2a—5b+6¢c = 2—-54+6= 38 '
—3a+2b—-4c = —3+2—4:;5
Sum, 4a—6b— ¢ -3
But 4a—-6b— ¢ = 4—-6—-1=-3

We conclude that the addition is correctly performed, since
the numerical value of the sum is — 3 and the sum of the
numerical values of the three polynomials to be added is
— 3 also. :
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A numerical check will usually detect errors, though not always.
Two errors may be made, one of which offsets the other ; these errors
would not be detected by a numerical check like the preceding one.
" Thus if in the preceding exercise the incorrect sum4a — 55— 2¢
had been obtained, the substitution of 1 for a, b, and ¢ in this result
would have given — 3, an apparent check.

The number of times that errors will thus balance one another,
however, is small compared to the total number of errors made; hence
the check illustrated is practically very useful. If a more reliable
check is desired in similar exercises, it can be obtained by the substi-
tution of a different number for every letter.

EXERCISES
Add the following polynomials and check the results :
1. c+y+2 c—2y+32 and 3x+4y— Tz
2. 2x+5y—=2 3x—8y+62 andx —y— =2
3. 3z +5y, 4 —Ty+ 62 and 3z — 3y — 3~
4. Te —y + 32, S5x—4z and 22+ 6y — 5=
5. 40 — 3y — 5z, 6y — 22 and Ta — 6y — 4z
6. x+224+3y, y—3z+x, and 2 — 22 —4y.
7.50—y+32 2y—112+4 =2, and 92 — Ty.
8. 8a—Tb—60, 5c—4a—308, and 35+ Te.
9. 9ac — be, 8ab — 4ac, and — 12 ab — ac.
10. > —4a2+10, 50 —6a*+ 4, and 3a —16 + 2a%
11. 9—a®>+a, —T+6a?>—4a, and 5a® — a.
12. o —3y+ 32 a—y+22 and o — 3y + 52
13. Lo — #2 Lo+ 4y, and 22— §y.
4. a—3(x—y)+#5—-10a+4(x—y),and —2(z—y)+6.
15. a+d+2(—c), T(b—c)+6d—12a,and 11a— 5(b—¢).
Combine similar terms in the following polynomials : )
16. Ta® —130%+ 126+ 150 — a®> — T+ 302+ 562
17. x2'—2wy+y2—4.703/—4x2—y2—_16x2—8xy+y2+g/".
18. 5ab —a®* 4+ 82 —4ab—90>+5a2 — 2ab + 202
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19. 322 —6x+4+11 —42x—8 —32* 452z —16+13x.

20, 12¢2 —100c 4+ 80% —bc — 60%* — c? + ¢® —11c2

21, 4% —xy+ y*— Say + dxy® — 22%y + 4y — Sy + x%y.

22. Ya+3tb—tec—c+3b—%a—-b+ic—3a+T.

The sum of 5z and 2 z may be written (5 + 2)x. This is not usual
or necessary, as 5 and 2 can be combined and the result written 7 2.
In adding 5 x and az, however, the 5 and the ¢ cannot be combined
and the result expressed by a single character, so the sum is written
(5 + a)x. Similarly ax— 38z =(a—3)z, ax + bz =(a +b)z, and
ax —bx+z=(a—b+ 1)

"Write the following with polynomial coefficients :

23. ax + dx + cx. 27. by — 4y —y — 4 by.
24. 2ax — 3x + bu. ~28. a(d+c)+ 30 +o).
25. 3ax — 4 cx + . ) 29. 4(a —x)— 3b(a — x).

26. 3ax? — bz — 2 + a2  30. 8¢L<a+3b)—1(a+ 30).
— 3L Th(2®+ y®) — a(2® + yB) + (@* + 7).



CHAPTER IV
SIMPLE EQUATIONS -

19. Definitions and axioms. An equation is a statement of
equality between two equal numbers or number symbols.

Thus 2=5—-38, a—2b=8a+b—2a—-38b, 4z2=2+12, and
z* — 5z + 6 = 0 are equations.

The part of an equation on the left of the equality sign is
called the first or left member, that on the right, the second
or right member.

In an equation a letter whose value is sought is called the
unknown letter, or simply the unknown.

An axiom is an evident truth which is accepted without proof.

In the solution of equations constant use is made of four
axioms.

Axiom 1. Adding the same number to each member of an
equation does not destroy the equality.

Axrom II. Subtracting the same number from each member
of an equation does not destroy the equality.

Axrom ITI. Multiplying each member of an equation by the
same number does not destroy the equality.

Axrom IV. Dividing each member of an equation by the
same number (not zero) does not destroy the equality.

If an equation is in a form as simple as 3 & = 12, it can easily
be solved by dividing each member by the coefficient of .

Thus dividing each member of 3z = 12 by 3, the coefficient of z,
we get z = 4.

If all terms containing the unknown letter are in one mem-
ber and all numerical terms in the other, the like terms may

be united and the equation solved as before.
33
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Thus 52 — 22+ =8 415 — 3 becomes, when like terms are
united, 4 2 = 20, and dividing each member by 4, we obtain z = 5.

Usually numerical terms as well as terms containing the
unknown letter will be found in each member of an equation,
as in 5o — 8 = 22 4 18. By the use of one or more of the
preceding axioms it is always possible to change the form of
such equations until they are similar to the equation 3z = 12,
which, as we have seen, can easily be solved.

A simple or linear equation is one that may be put in a form
in which :

(@) There is at least one unknown.

(0) The exponent of each unknown is 1.

(¢) No term contains more than one unknown.

(d) No unknown occurs in any exponent.

(¢) No unknown occurs in any denominator.’

Thus 52 —2=8,42=y—18,4n—-2=8n+8,andz -2y + 3
= 6 are simple equations, while 22 =4, z — 2y = 8, and 1+ 2 =2
are not. ¢ 2+l

EXAMPLE
Solve 5 — 4 =2x + 17.
Solution : drx—4=2x+17.
Subtracting 2 z from each member,

3z —4=117. . Ax. II
Adding 4 to each member, 8z =21. g Ax. I
Dividing each member by 3, z="1. ) Ax. IV

Checking the solution of an equation is often called testing,
or verifying, the result. For this we have the

RuLe. Substitute the value of the unknown obtained from
the solution in place of the letter which represents the unknown
in the original equation. Then simplify the result until the
two members are seen to be identical.

Check : S5r—4=22x+417.
Substituting 7 forz, 5-7-4=2.7 4 17.
Simplifying, 85 —4=14+17,

or 31 =31.
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EXERCISES

Find the value of the unknown in the following equations
and verify results:

1. z +5=11. - 10. —4n=—13n 4 27.

2. x—4=12. 11. 3y +2 =y +8.

3. 3z +10=28. 12. 5+ 4y =3y + 20.

4. b — 6 =19. 13. 2y —3=17— 9.

5. 9x —12=6. 14. 82z —15 =62 — 15. )
6. 42 =12 4 2. 15, —Th+19=25—-9h.
7. 62 =204+ 2. 16, — T +18 =42 + 18.
8. 9n =40 — n. 17. 5k —4=3%k +18.

9. 13n=—5n 4 36. 18. 8 — 62 +12 +10x = 26.

19. x +2x+18 + 2+ 22 + 18 = 116.
20. 42 —34+8x —17=40 4 6 — 54.

EXERCISES

1. A rectangle is three times as long as it is wide. If
represents the width, what will represent the length ? the
perimeter ?

2. A rectangle is 10 feet longer than it is wide. If x repre-
sents the width in feet, what will represent the length ? the
perimeter ? '

3. A rectangleis 18 feet longer than it is wide. If x repre-
sents the length, What will represent the width ? the perimeter ?

4. The length of a certain rectangle is 4 feet more than
twice the width. Represent the width, the length, and the -
perimeter in terms of one letter and numbers.

5. The numbers 3, 4, 5, 6, etc., are consecutive integers.
How much greater is each than the preceding one ?

6. If n represents an integer, what will conveniently repre-
sent the next consecutive one ?

7. If n represents an integer, represent the next two con-
secutive integers. What will represent the sum of these two ?
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8. If n represents the first of four consecutive integers, what
will represent the other three ? the sum of the four ?

9. The numbers 3, 5, 7, 9, 11, etc., are consecutive odd inte-
gers. How much greater is each than the preceding one ?

10. If » is any odd number, what will represent the next
greater odd number ? What will represent the odd number
preceding n ?

11. Represent three consecutive odd numbers of which 7 is
the first. What will represent the sum of the three ?

12. Represent four consecutive even numbers. Find their
sum.

13. Represent three numbers of which the second is twice
the first, and the third three times the second.

14. Represent three numbers of which the second is 10
more than the first, and the third 7 less than the second.

15. If a man’s age now is represented by x, what will repre-
sent his age 4 years ago ? 6 years hence ?

16. A’s age is twice B’s. Represent the age of each in terms
of z: (a) now; () 7 years ago; (c) 12 years hence.
Express the following statements as equations:
17. The sum of 8 and «x is 5.
18. z is 2 less than 10. 20. x is 5 more than .
~.19. z is 3 greater than 5. 21. Three til'nes x is 21.
22. Four times a is greater than 18 by 2.

23. Eight added to x gives the same result as x= taken
from 34.

24. Nine subtracted from 2z gives the same result as 14
added to .

25. Twice x added to three times x is 48 more than z.

26. Twelve taken from three times x gives the same result
as « added to 50.
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PROBLEMS
1. One number is twice another, and the sum of the two is
135. Find both numbers.

2. One number is four times another, and the sum of the
two is 105. Find both numbers.

3. One number is five times another, and the dlfference of
the two is 52. Find both numbers.

4. One number is 5 greater than another, and their sum is
129. Find both numbers.

5. One number is 18 greater than another, and their sum is
168. Find both numbers. '

6. A rectangle is five times as long as it is wide, and its
perimeter is 156 feet. Find the length and the width.

7. A rectangle is 12 feet longer than it is wide, and its
perimeter is 96 feet. Find the length and the width.

8. The perimeter of a rectangle is 98 feet, and its length is
4 feet more than twice the width. Flnd the length and the
width.

9. Find the dimensions of a rectangle whose perimeter is
88 feet, and whose length is 20 feet less than three times the
width.

10. Find three consecutive numbers whose sum is 45.

11. Find four consecutive numbers whose sum is 106.

12. Find five consecutive numbers whose sum is 85.

13. Find three consecutive odd numbers whose sum is 291.

14. Find three consecutive even numbers whose sum is 66.

15. Find five consecutive odd numbers whose sum is 315.

16. A’s age is two years less than B’s, and the sum of their
ages is 43 years. Find the age of each.

17. B’s age is twice A’s. Six years from now the sum of
their ages will be 54 years. How old is each now ?
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18. The United States has 52,000 more miles of railway
than Europe, and together they have 402,000 miles. Find the
mileage of each.

19. The Nile is 500 miles longer than the Amazon and
300 miles shorter than the Mississippi (entire). The sum of
the lengths of the three is 11,500 miles. Find the.length
of each.

20. Mount McKinley is 6313 feet higher than Pike’s Peak.
The sum of the heights of the two mountains is 34,607 feet,
which is 5605 feet more than the height of Mount Everest.
Find the height of each.

21. The combinéd horse power of a Mallet Compound freight
engine (Erie R. R.), of a Pacific passenger engine (Pennsylvania
R. R.), and of a Baltimore and Ohio electric tractor is 11,200.
The horse power of the freight engine is 1800 more than that
of the electric tractor and 1000 less than that of the passenger
engine. Find the horse power of each.

Note. The process of developing a simple and clear means of ex-
pressing an equation has heen a slow one. The very first writer on
mathematics of whom we know anything, an Egyptian priest named
Ahmes, who lived nearly two thousand years before Christ, called the
unknown keap instead of z. One of his problems is as follows:
<« Heap; its seventh, its whole, it makes nineteen.’” This we should

express by the equation ; + 2 =19. The Hindus often used the word

color for the unknown, and if there was more than one unknown in
the equation, the names of different colors would be used; thus they
might express the product zy by ¢ black times yellow.”” The Arabs
used the word root with a similar meaning, and to this day we call
the result of solving an equation its root (see p. 44). The early
European mathematicians usually called the unknown res, the Latin
word for thing, and it was not until after the time of Vieta (see p. 257)
that the unknown was regularly denoted by a letter, The use of =
for this purpose originated with Descartes in 1637.



CHAPTER V
SUBTRACTION

20. Subtraction of monomials. The principles stated on page
18 apply to the subtraction of monomials as well as to the
positive and negative numbers there used.

For subtracting one monomial from another we have the

Ruie. Change the sign of the subtrahend; then find the
algebraic sum of this result and the minuend.

EXAMPLES

1. From 4 8 @ take + 3 a.

Solution: + 8¢ minus +3a=8a¢—3a=5a.

2. From 6 ax take — 4 ax.

Solution : 6 az minus — 4 az = 6 az +4azx =10axz.

3. Subtract T a? from — 10 a?.

Solution: — 10 a2 minus 7 % =—10a% — 7 a® = — 17 a?.

4. Subtract — 9 ay® from 3 ay?’.

Solution : 8 ay® minus — 9 ay® =3 ay® + 9 ay® =12 ay?.

The difference of two dissimilar monomials cannot be written as a
single term, but is expressed by a binomial, as follows :

5. Subtract 4+ a from -+ 0.

Solution: + b minus +a=0— a.

6. Subtract — 56 from 3e.

Solution: 8¢ minus — 50 =8¢+ 5b.

7. Subtract 4 xy from — 3 x*z.

Solution: — 3 2% minus 42y = — 3 2% — 4 y.

As soon as possible the student should learn to change the sign of
the sul‘}trahend mentally.
39
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EXERCISES

Subtract the first monomial from the second, and also the
second monomial from the first, in each of the following:

1. 22, 3. 7. —¢, 5e¢. 13. a, 0.

2. 4z, 3. 8. —ac, — 5 ac. 14. ¢, 2 x.

3. — 2z, — 3u. 9. 8a%, — 11a’. 15. =, — 4.

4. —5x, — 3x. 10. 6 x%?% — 6 x%% 16. — 3a, 20.
5. —x, 4. 11. 3=, 0. 17. —2a, — 50.
6. —x, — 3. 12. —4ab, 0. 18. —2a,— 2a.

21. Subtraction of polynomials. For the subtraction of poly-
nomials we have the

RurLe. Write the subtrahend wunder the minuend so that
similar terms are in the same column.

Change the sign of each term of the subtrahend.

Find the algebraic sum of the terms in each column and write
the results in succession with their proper signs.

EXAMPLE

Subtract 5& — 2y — 7z + 2 from 3z 4+ 8 ¥ — 52, and check
the result by letting x =1, y =1, and 2 = 1.

Solution and Check: 3z+ 8y — 5z =3+8-5 = 6
S5z— 2y—T72+2=5-2-7T+2=-2
Difference, —2z+10y+22-2= 8

-2 +10 +2 .—2=8also.

We might also apply the check:
difference 4 subtrahend = minuend.

EXERCISES
Subtract the first number from the second, and also the
second number from the first, in Exercises 1-9:
l.a+4+2,a+ 3. 4. 3a+7,9—4a. 1 3zy—a, Say.
2. a—4,a0—2. 5. 4a,4a — 3. —8."0, x + 3.
3. 2a—3,3a+5. 6. 2ab—5¢,5¢c. <9.2x—3,0.
L4

!
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Subtract the first polynomial from the second in Exercises
10-17, and check the work numerically :
10 x — 2y 4+ 32, 22 — 2y + =
11. 4z —8y — 22, 4 — 5y 4 3=.
12. 3a — 26, 4a — b+ 2c¢.
13. 54 —4b6— 3¢, 3a— 5.
4. 0o —x—y, b—x+y.
15. 3a —2b—¢+6, 4a—0+5ec.
16. 2a —2b—2¢+4, a —3b\
1. a+b—c, ¢ —d+e '
Find the expression which added to the first will give the
second in:
18. x — 2y +2, 2 +5y — 3=z
19. T — 9y + 32, bx—2y — 42
20. 5 —4b6—6¢, 6a +30.
21. a4+ b—2¢ 5.
22. 3ab +c¢, 3ay+ 2.
23. 2 —4y—=2 0.
24. 22% — 3xy? yx + ya + 2.
Find the expression which subtracted from the first will
give the second in Exercises 25-30 :
- 2. x—2y+2 3x+2y— =
26. 2 — Tz +10, 142 — 8 4+ 3%
27. x—y+2 S5x+3y—8=.
28. 4 — 8% 2> —bx + 6.
29. 3a—5b+¢, O.
30. 4a— 60+ 8y, x —12.
31. Subtract the sum of a? — 2 ab + b and a? — 12 ab + 20
from a®—13a + 30.
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32. Subtract the sumof ¢ —3%+cand 4a+56—6¢c+ 4
froma — b 4+ ¢ — .

33. From the sum of 5 + 32% — 15xy*and — 62 — 12 y*
+ 7 yx? subtract 11 x — 5 2% + Ty .

34. From the sum of 4 abc® — 3 ab’ + 2a%c and 6 ac®
— 5 ach? — 4 a?b% subtract 2 c?ad — 3ac + T ach®

35. From the sum of 3z —4azy — 2z and Tay — 42 —3«x
take the sum of 52 — 2xy — a%c and 9 — 6 ba% — .

36. Simplify (4 —3y + 6)+ Bz 4+ 5y —10).

37. Simplify (Te+5d —e)—(4dc+5d — 9e).

38. Simplify (22+2x+5)+ (2242 —10) — (x* — 52 4 3).

39. Simplify (m+3y—22)+(4ac—5_1/+3z)—(3.1:——2y——6z).

Find the algebraic sum of :

40. (5w+3y~z)+(4_7/+7z)—(x—y+3z),

41. 4 —3y+T7— L2z —b5y—4)+ (4« —8).

42. 3¢ — 5d —e — (5+6d+116)—(5c+4e).

43. 3a+3b-—4c——(—36—30—4)—(4(1,-5—:1:—80).



CHAPTER VI
IDENTITIES AND EQUATIONS OF CONDITION

22. Kinds of equations. Equations are of two kinds, —identi-
ties and equations of condition.

An identity is an equation in which, if the indicated opera-
tions are performed, the two members become precisely.alike,
term for term.

Thus4-54+3-4=8-5— 4—3—6 is an identity, for, performing the

indicated operations, it becomes 20 + 12 = 40 — 8, or 32 =32.

Similarly the equation 2a +8b6—-4=8a—-2b+ (bb—a—4)is
an identity, for, performing the indicated addition in the second
member, it becomes 2a + 36 —4 =2a + 3b — 4, in which the two
members are alike, term for term.

A literal identity is true for any numerical values of the
letters in it.

Thus the literal identity (a + 8)2=a%?+ 6a + 9 becomes, when
a=5,(6+38)2=524+6-5+9,0r 82=25+30+9, or 64 =64. If
a is zero, the identity becomes (04 8)2=0+6-049, or 9 =09.
If a is 2, we obtain (2 +8)?2=2246-2 4 9, or 25 = 25.

Similarly (a + 0)2 = a? + 2ab + 0% is an identity, and is true for
all values of @ and d. If a =2 and b =3, this identity becomes
25=25. If a=—38and b = 5, it becomes 4 =4. If a=0and b =3,
it becomes 9 =9. If e =— 4 and b =5, it becomes 1 =1. In this
way the literal identity becomes a numerical identity for any numer-
ical values of a and b.

An equation which is true only fer certain values of a letter
in it, or for certain sets of related values of two or more of its
letters, is an equation of condition, or simply an equation.

Every equation of condition may be regarded as asking a question.
Thus the equation 8z + 2 =15 asks, « What number when multi-

plied by 8 and the product increased by 2 gives 15 as the result?”
43
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The equations used in solving the problems on pages 5-7
are equations of condition. The condition there expressed in
ordinary language in the problem was translated into the
algebraic language of the equation.

The equation 4z = + 12 is true only when z=4. If 4 is put
for z, the equation becomes the identity 4-4 =4 + 12, or 16 = 16.
Clearly the result is false if 0, or 3, or any value other than 4 is put
for x; the equation is true on condition that z be 4, and on no other.

Similarly 22 — 5z + 6 = 0 is true when z = 2 or whenz = 3. Inthe
first case 22 — 52 + 6 = 0 becomes 22 — 524+ 6=0,0r4 —10 + 6 =
0, or 0 =0. In the second case we obtain 82—5-3+ 6 =0, or
9—-15+6=0, or 0 =0. Plainly the statement obtained is false
when = 2 is put for z, for then it becomes (— 2)2 - 5(—-2)+6 =0,
or4 410 4+ 6 =0, or 20 = 0. Similarly any value other than 2 or 3,
when put for z, gives a relation between numbers which is not true.

Instead of the equality sign, the sign =, read is identical
with, or s identically equal to, is often used for emphasis if
the equation is an identity.

Thus 3a = 2a + e may be written 3a=2a + a.

A number or literal expression which, being substituted for
the unknown letter in an equation, reduces it to an identity,
is said to satisfy the equation.

Thus it has been shown that 4 satisfies the equation 4z =z + 12,
and both 2 and 3 satisfy the equation 22 — 5z + 6 = 0. Similarly
the literal expression 3 a satisfies the equation x — 5 =38a — 5.

A number or number symbol is called a root of an equation,
if, on substituting it in place of the unknown, the equation
becomes an identity. )

A root of an equation satisfies the equation.

The process of finding the root or the roots of an equation
is called solving the equation.

The process of checking the solution is really finding out
whether the result obtained is a root of the equation or not.

In .solving the equation 5% — 4 =3 & + 18, in Exercise 17,
p- 35, the student added 4 to each member and subtracted 3 %
from each member. If we indicate this addition of 4 to each
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member and this subtraction of 3 £ from each member, the
equation becomes

5k—4+4—-—3%k=3%k+18+4 —3%.

Now in the first member —4 44 =0, and in the second
member 3% — 3% = 0. Omitting these, the equation becomes
5k—3k=18+4.

Comparing this with the original equation, it is seen that
— 4 has-vanished from the first member of the original equa-
tion and 4 4 appears in the second member of the last; and
that 3 &£ has vanished from the second member of the original
equation and — 3 % appears in the first member of the last.

It thus appears that a term may be omitted from one mem-
ber of an equation, provided the same term, with its sign .
changed, is written in the other member. This process is called
transposition.

Hereafter, instead of the method illustrated on page 34, the
student will use transposition, as it is more rapid and conven-
ient. He should, however, always remember that the trans-
position of a term is really the subtraction of that term from
each member of the equation.

Like terms in the same member of an equation should be
combined before transposing any term.

If we transpose each term of the equation

5k—4=38Fk+18,
it becomes —3k—18=—5k + 4,
or, reversing the two members,
—5k+4=—3%k—18.

It thus appears that the signs of all the terms of an equation
may be changed without destroying the equality. Such a change
may also be looked upon as equivalent to multiplying each
term of the equation by — 1.

Note. Our word algebra is derived from the Arabic word for trans-
position. The process by which one passes from the equation pz — ¢
= 2% to the equation pz = 22 + ¢ was known as al-jebr. This is the
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first word in the title of an Arabic book on algebra which was trans-
lated into Latin. For some reason only this part of the title remained,
and by the early part of the seventeenth century al-jebr, or algebra,
was the common name given to the whole subject.

EXAMPLE
Solve the equation 8 — 5 + 42 +12 =132 —10 — 3z + 29.
Solution : 8z —5+4x+12=13x—10— 3=z + 29.
Combining like terms, 1224+ 7=102 +19.
Transposing, 122—-102 =19 —7.
Combining like terms, 22 =12.
Dividing by 2, z =6,
Check : 8r—-65+4x+12=1832—10—3x + 29.
Substituting 6 for z, 48 —5+4+24412=78—-10—18 + 29.
Combining, 79 =179.

EXERCISES

Solve the following equations and check results :

1. 8xa —2=6x 4+ 6. 6. 64+4n—15=15 —n.
2. 42 —5=2x410. 7.n4+3—-2n=T7—4.
3.6y —5=9y+2 8.3k+9+5%+31=0,
4. Ty+3=10+8y. - 9. 6k+3—2k=27
5. 5n—3+21=1844n. 10. 3w — 6 =34 + 8.

11. 22 —14 —52+4=0.

12, x +12 — 11z =—15x 4 22.
13. 5y+3=174+3y+8. 15.2—4~h=3—-8h+8.
14. 3y+5+8y+ 4 =0 16. 3 —5A+2=T7Th+5,

17. 84 — 25 + 85 — 20 = 0.

18. 142 — 62 =22 +17Tx — 11 .

19. Tx —134+8 =2 — 27 — 5a.

20. 42 —15 — 112 —18 +16x — 17 = 0.

21. 5y —6+3y+18—-2y—2541=0.

22, 0=92 —3 —42x+4+ 274+ 16x 4 18.

23. Tn — 5 —4n4+8=3n+18 —2n — 3.



IDENTITIES AND EQUATIONS OF CONDITION 47

EXERCISES
Represent a number :
1. Greater than » by 5. 5. Four times n.
2. Greater than » by a. 6. Three greater than a + &
3. Less than n by 3. 7. ¢ greater than a + b.
4. Less than n by . 8. Five less than 2a — b.

9. ¢ less than 2a — .
10. & less than two times n.
11. a greater than five times n.
12. Seven less than four times n.
13. Eight greater than three times z.
14. One part of 10 is 6. What is the other part ?
15. One part of x is 4. What is the other part ?
16. One part of 12 is y. What is the other part ?
17. One part of x is «. 'What is the other part ?
18. One part of @ is . What is the other part ?
19. One part of « + y is 2. What is the other part ?
20. The sum of two numbers is 18. If one of them is 7,
what is the other ?
21. The sum of two numbers is 18. If one of them is =,
what is the other ?
22. The difference of two numbers is 18. If the greater is
34, what is the other ?
~ 23. The difference of two numbers is 18. If the greater is
n, what is the other ?
24. The sum of two numbers is 30. If the smaller is b,
what is the other ? ,
25. The sum of two numbers is a. If one of them is 7,
what is the other ?
26. The sum of two numbers is a. If one of them is a,
what is the other ?
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27. The difference of two numbers is d. If one of them is
6, what is the other ?

28. The difference of two numbers is d. If one of them is
n, what is the other ?

29. What is the excess of 10 over 4 ? 10 over = ?

30. By how much does 25 exceed 9? 25 exceed y? 16 ex-
ceed a +0?

31. How much greater is 40 than 27 ? than 40 ? than a ?
a than 6 ?

32. How much smaller is 22 than 36 ? 14 than @ ? = than y ?

33. By how much does a + 6 exceed @ — 6? a 4 6 exceed
b—6? 42 — 3 exceed 3 —47?

34. A is n years old. What will be his age 4 years hence ?
x years hence ? What was his age 3 years ago ?

35. A’s age is 2n — 3 years. What will be his age 10 years
from now ? @ years from now ? What was his age 8 years
ago? a years ago?

36. A and B each have x dollars. If A gives B four dollars,
how much will each then have ?

37. A and B each have x 4 50 dollars. If B gives A y dol-
lars, how much will each then have ?

38. If A has = + 30 dollars and B has 3a — 4 dollars, ex-
press as equations :

(a) A and B together have $200.

(0) A has as many dollars as B.

(¢) A has $10 less than B.

(d) If A gains $100 and B loses $50, they have equal
amounts.

39. If A’s age is x years, B’s 2z + 7 years, and ¢’'s 3z — 8
years, express :

(2) The ages of A, B, and C five years hence.

(b) The ages of A, B, and C three years ago.
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Express each of the following as equations:

(¢) The sum of the ages of A and B, four years hence, will
be 40.

(d) The dlfference of the ages of A and C, six years ago,
was 24.

(¢) In 10 years A will be as old as B is now.

(f) Four years ago C was as old as B will be in 10 years.

(9) In  years B will be 40.

() In 2 years the sum of the ages of A, B, and C will be 100.

Translate the following equations into words :
40. n — 2 =8. 42. 3n = 27. 44. 18 —n=n—4.
41. n+3=05. 43. 4n —2=16. 45. 3n—4=2n+8.

Translate Exercises 46-57 into English, calling m “a num-
ber” and » “a second number” :

46. m 4+ n = 20. 52. m + a = n.

49. m —n = 2. 53. m — b = mn.

‘48. 2m =n + 6. 54. 3m = 2n.
" 49.3m —2n=38. 55. m =2n — 6.

50. m +n=a. 56. 4 +3m =2n +4.
51. m —n=20. 57. 80 — m = 30 + n.

23. Solution of problems. In the solution of problems in
simple equations the following steps are necessary:

1. Read the problem carefully.

2. Represent the unknown number by a letter.

3. Express the conditions stated in the problem as an equa-
tion involving this letter.,

4. Solve the equation.

5. Check by substituting in the problem the value found
for the unknown.

This last is of importance, for substitution in the equation
would not detect any errors made in translating the words of the
problem into the equation.
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The preceding directions for the solution of the various problems
leading to simple equations are as definite as can be given. The
student will obtain much aid from the study of the typical solutions
which occur from time to time. Then one or more careful readings
of each problem, a little fixing of the attention upon it, and an
application of commmon sense will insure progress.

In the solution of problems the writing of the equation is
nothing more than translating from ordinary speech into the lan-
guage of algebra. Sometimes it is possible to translate the state-
ment of the problem, word by word, into algebraic symbols.

For example,

Four times a certain number, diminished by 6, gives the same

4 X n - 6 =
result as the number increased by 30.
n + 30.
Again, _
Seven times A’s age two years ago equals five times his age ten years
7 x (a—2) = 5 X (a + 10).
hence.
PROBLEMS

Solve and check the following:

1. To what number must 22 be added so that the sum may
be 507

2. From what number must 15 be subtracted so that the
remainder may be 47 ?

3. What number increased by 9 equals 28 ?

4. What number diminished by 17 equals 35?

5. What number if doubled and the result diminished by 27
gives 49 as a remainder ?

6. What number if trebled and the result diminished by 36
gives twice the original number ?

7. Three times a certain number, less 17, equals twice the
number, less 1. Find the number.

8. Five times a certain number, increased by 6, equals twice
~ the number, increased by 15. Find the number.
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9. Four times a certain number, plus 9, equals seven times
the number, minus 33. Find the number.

10. A certain number added to 9 gives the same result as
that obtained when the number is subtracted from 71. Find
the number.

11. If 6 is added to twice a number, and 10 be subtracted
from four times the number, the results are the same. Find
the number.

12. The sum of two numbers is 67, and their difference is 5.
Find the numbers.

Solution: There are two unknowns in this problem, but both can
be represented in terms of the same letter, thus:
" Let n = the smaller number.
Then n + 5 = the greater number, since the
smaller is 5 less than the greater.
The sum of the two numbers is 67.

Therefore n+n+5=07.

Combining, 2n+ 5= 67.

Transposing, 2n =67 —-5.

Combining, 2n = 62.

Dividing by 2, n = 31, the smaller number,
and n+ 5 = 36, the greater number.

Check: 31+ 36 =67; 36 —31=5.

13. The sum of two numbers is 74, and their difference is 12.
Find the numbers. ‘

14. The sum of two numbers is 45 ; the second is 3 less than
the first. Find the numbers.

15. The sum of two numbers is 44, and one exceeds the other
by 8. Find the numbers.

16. The sum of three numbers is 83. The second is 4 less
than the first, and the third is 9 greater than the first. Find
the numbers.

17. The sum of three numbers is 66. The second is 3 less
than, the first, and the third is 18 greater than the second.
Find the numbers.
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18. The sum of two consecutive numbers ig 37. Find the
numbers.

19. Find three consecutive numbers whose sum is 39.

20. Tind four consecutive numbers whose sun is 99.

21. Tind two consecutive even numbers whose sum is 30.

22. Find three consecutive odd numbers whose sum is 87.

23. Find four consecutive even numbers whose sum is 100.

24. A rectangle whose perimeter is 38 feet is 3 feet longer
than it is wide. Find its dimensions.

25. A rectangle whose perimeter is 128 feet is 16 feet longer
than it is wide. Find the dimensions.

26. The length of a rectangle is 7 feet more than twice the
width. Its perimeter is 104 feet. Find the dimensions.

27. The length of a rectangle is 5 feet more than four times
its width. Its perimeter is 90 feet. TFind the dimensions.

28. At Pittsburg on June 21 the day is 6 hours and
6 minutes longer than the night. How long is the night?
the day ?

29. A’s age is twice B’s, and C is 7 years older than A.
The sum of their ages is 67 years. Find the age of each.

30. A’s age is three times B’s, and C is 10 years older than
B. Tive years hence the sum of their ages will be 60 years.
Find the age of each now. . :

31. A is 10 years older than B, and C is 6 years younger
than B. Four years ago the sum of their ages was 46 years.
Find the age of each now.

32. A’s age is 2 years more than twice D’s age, and C’s age
is 7.years less than A’s. Six years hence the sum of their ages
will be 70 years. IFind the age of each now.

33. In 1907 the yield of corn in the United tates exceeded
the yield of oats by 1838 million bushels, and the yield of
wheat was 120 million bushels less than the yield of oats.
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The total yield was 3981 million bushels. Find the number
of bushels of each.

34. The north frigid zone and the south frigid zone have
the same width, as have also the north temperate zone and
the south temperate zone. The torrid zone is 47 degrees wide,
or twice the width of the north frigid zone. Together the
width of the five zones is 180 degrees. Find the width of each.

35. If the whole number of people in the United States is
taken as 1009, 129, more people are engaged in agriculture
than in the industries, 89, more in the industries than in
commerce, and the rest, 249, in other pursuits. Find the
per cent of people engaged in agriculture, industries, and
commerce.

36. In a certain year Montana produced 110 million pounds
of copper more than Michigan, and 139 million pounds more
than Arizona. If the total production of the three was 514
_million pounds, find the amount each produced.

37. The height of the Eiffel Tower, Paris, is 120 feet less
than twice the height of the Washington Monument. The
latter is 105 feet higher than the Great Pyramid in Egypt,
and 107 feet higher than St. Peter’s in Rome. If the sum of
their heights is 2443 feet, find the height of each.

38. The area of the coal fields of China and Japan is 6000
square miles greater than the area of the coal fields of the
United States. The area of the latter exceeds twice that of
all other countries (except China and Japan) by 38,400 square
miles. If the total area of the coal fields of the world is
471,800 square miles, find the area of the coal fields of China
and Japan, of the United States, and of the other countries.

39. In a certain year the production of copper in the United -
States was 5573 tons less than five times that of Spain and
Portugal. These two countries produced 808 tons less than
twice.the output of Japan. The other countries of the world
produced 4615 tons less than five times the output of Japan.
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If the world produced 486,084 tons, find the output of the
United States, Spain and Portugal, Japan, and the other
countries.

40. The area of Asia is 982,000 square miles more than
twice that of North America. The area of North America
exceeds that of South America by 1,186,000 square miles, and
that of Europe by 4,383,000 square miles. The total area of
the four continents is 35,692,000 square miles. Find the area
of each.

41. The number of United States troops engaged in the
Civil War was 15,621 less than nine times the number engaged
in the War of the Revolution, which was 266,841 less than
the number engaged in the War of 1812, If the total number
of United States troops engaged in the three wars was
3,658,811, find the number engaged in each.

42. St. Peter’s Cathedral (Rome) has a capacity 29,000
greater than that of St. Paul’s Cathedral (London), and 17,000
and 22,000 greater respectively than the Cathedral at Milan
and St. Paul’s church (Rome). The combined capacity of all
is 148,000. Find the capacity of each.



CHAPTER VII
PARENTHESES

24. Removal of parentheses. In solving exercises and
problems it is often necessary to inclose several terms in a
parenthesis. Sometimes it is necessary to inclose this paren-
thesis with other terms in a second parenthesis, or even in a
third. To avoid confusing the different parentheses, brackets,
[ ), and braces, { }, are also used.

The parenthesis, the brackets, and the braces are called
stgns of aggregation. For convenience, brackets and braces
are often spoken of as parentheses.

In the solution of equations and in other exercises it is
frequently necessary to remove all signs of aggregation; this
removal requires some special study.

The value of 12 4 (5 — 3) is the same as that of 12 + 5 — 3,
or 14. Similarly e +(® —¢)=a +b —c.

The plus signs preceding the parentheses in 12 4+ (5 — 3) and
a + (b — ¢) belong to the parentheses and vanish with them, whereas
the plus signs understood before 5 and b within the parentheses are
supplied when we write 12+ 5 —3 and a + b —c. In the expres-

sion 12 + (— 5 — 8) the sign of 5 ‘'must be retained, and we have
124 (—5—-8)=12—-5—-3=4.

Therefore we have the

PriNcipLE. A parenthesis preceded by a plus sign may be
removed from an expression without changing the signs of the
terms which were inclosed by the parenthesis.

In the expression 12 — (5 — 3) the binomial (5 — 3) is to be
subtracted from 12. Hence we change the sign of the subtra-

hend and find the sum of the resulting terms.
b5
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Thus 12 — (5 —8) =12 — 5 + 3 = 10. This is obviously correct,
for 12 —(5-3) =12 -2 =10.

Similarly @ — (b — ¢) becomes a — b + ¢ when the signs of the sub-
trahend, (b — ¢), are changed.

The minus signs preceding the parentheses in 12 — (5 — 3) and
a — (b — ¢) vanish with the parentheses, and the plus signs under-
stood before 5 and b within the parentheses are changed when we
write 12 — 5+ 3 and a — b + c.

Therefore we have the

PriNciPLE. A parenthesis preceded by a minus sign may be
removed from an expression, provided the sign of each term
which was inclosed by the parenthesis be changed.

These principles may also be applied to remove the paren-
theses used to inclose the numbers in Chapter II.

‘When one parenthesis incloses another, either the outer or
the inner parenthesis may be removed first. It is best for the
beginner to use the

RuLe. Rewrite the expression, omitting the innermost paren-
thesis and changing the signs of the terms which it inclosed if
the sign preceding it be minus, leaving them unchanged if it
be plus.

Combine like terms that may occur within the new innermost
parenthesis.

Repeat this process until all the parentheses are removed.

-

EXAMPLES

Remove the parentheses from :
1. 8—B8—-2a)4+(4—5a).

Solution : 8—(3—2a)+(1—aa)—8—3+2a+4—5a
=9—3a.

2. 5a—[2a+(—3a—40)—(a—8b)+ 4a].
Solution: 5a—[2a+ (—8a—4b)—(a—8b)+4a]
=ba—[2a—8a—4b—a+8b+4a]
=ba—[2a+40]
=5a—2a—4b
=3a—145b.
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EXERCISES

Remove the parentheses and combine like terms :

1.

© PN TR ® P

e e R e e
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14 —-(6 —3)— 5. L
104+(7T—4)— (9 —T7).

L (T—34+2)—(6—4)+11
11la—(4a—9a)+(6a — a).
(2a—5a)—(4a—a—"Ta).
a—b—c¢)+(@2b—3c¢).
a—b—(c—d)y+(a+0b)— (0 — o).
(@—y)—(2y—3x)+(x—4y).

x—(x—y+22)—Bz—y+4)4(x —6)

. T—[8—(3—10)]— (13 — 25).

a+[2a—(B3a—20)]+Bb—2a).

(B —6y)—[—2x—(4z—y)— 22)]

.[Bx—Qy—2)]—-[—By—2x)— 5x].

[(a+3)— (& —5)]—[a+3+(@—5)]

T —[—6—{—44(6—-10)} +11].

. —bx4+[4+10x — {+ 11— (22 — Tz +4) — 3z} — 22]
17.

~ 18.
19.

{4a—[2a—(3a—20)4-4a]— (40— 6)}.
2w—3y—[{+ 3z —Tx —(y+42)— 92} + 2]
by —Ta)— {83z —[4x+(Ty —4x)— By — 3x)]}.

Sometimes it is necessary to remove some of the signs of
aggregation in an expression, leaving others. In the following
remove the parentheses, leaving the brackets, and 31mp11fy
the results as much as possible:

20.
21.
22.
23.
24.

[(@+B)+c], [(a+D)— e

[4z+ (32— 5y)], [42 — (32 — 57)]
[(@—28)+Bc—d)], [(a—28)—(3c—d)].
[z —3)+(By — D], [(4z —8)— By —T)].
[@ — et + (7 — 209, [(@ — a) — (42 — 2a?)]



58 FIRST COURSE IN ALGEBRA

25. Inclosing terms in parenthesis. Obviously
16 +9 —-5=164(9 — 5)=16 + 4 = 20.
Similarly a+b—c=a+(b—c).
From this we have the
Principre. Two or more terms may be inclosed in a paren-
thesis preceded by a plus sign, without changing the sign of
any of the terms. :

The expression

17T+8—-83=17T—(—8+4+3)=17T—(—5)=17+5 = 22,
Similarly a+b—c=a—(—0b+oc).
From this we have the

PrixcipLe. Two or more terms may be inclosed in a paren-
thesis preceded by a minus sign, provided the sign of each term
thus inclosed be changed.

EXERCISES

In the following inclose in a parenthesis preceded by a plus
sign all the terms containing the letters  or y, and inclose in
a parenthesis preceded by a minus sign all the terms contain.
ing the letters a or b:

1. 22 —a® — 2ab — b2 3. y?— 40>+ 4adb — a
2. 12ab + 22— 902 —4a% 4. 10ad + x*— a® — 25 b%
22 —0* —4a?+4y?—4ab—4uxy.

. dab+xt— 402+ y*—a®— 2ay.

1622 —a® — 162y — 8>+ 2 ad + 4 2

2? — 0 —10xy + 12 ab — 36 a® + 25 3%

®» N o
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CHAPTER VIII
! MULTIPLICATION

26. Product of terms containing unlike letters. We assume that
the factors of a product may be written in any order. This
principle is called the Commutative Law of Multiplication.

That is, 2.4=4.2.

Similarly  axXxb=bXa

As 3 % b is written 30, a X b is written abd, x? X y? is
written x%?% and @ X 0 X ¢ is written abec.

Further ) 2a2x3=2x%x3x%xa%2=06a?
and 2ax3b=2x8xaxb=0ab

Similarly 622-5y%=06-5-22-9% = 30 a%5.

Also 4ab-322=4-8-ab-22 =12 abz2.

We have also assumed that the various operations of multi-
plication in any product may be performed in any order. This
principle is called the Associative Law of Multiplication.

That is, (3-2)4 = 3(2-4). Similarly a (b-¢)=(a-0)c. This
merely tells us that ¢ multiplied by the product of 6 and ¢ is
the same as the product of ¢ and & multiplied by ec.

Biographical note., S1k Wirrianm Rowan Hamivron. It is strange that
of all the topics treated in this book, the last to be thoroughly undier-
stood by mathematicians are those appearing in the first chapters,, But
in all the sciences it is often most difficult to answer the questiRzs that at
first sight seem quite obvious. Any child can ask what elrﬁctrlmty is,
but the wisest scientist cannot tell. He can only explain whét electrlclty
does. It is easy to ask how the earth came to be revolvin'g around the
sun with the moon revolving around it, but even the deer;est students of
astronomy differ in their theories of how it came to be. And 50 in mathe-
matics, long after many of the more complicated processes of algebra
were completely understood, the simple laws of operation of numbers
were surrounded with haze. One of the men who did most to clanfy the

59
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nature of these laws was Sir William Rowan Hamilton (1805-1865). He
was born in Dublin, Ireland, where he lived most of his life. He was a
precocious boy, and at the age of twelve was familiar with thirteen lan-
guages. He devised kinds of numbers that do not follow the same laws
as those that we use in algebra, and so threw a flood of light on the nature
and properties of these common numbers. He was the first to recognize
the importance of the Associative Law, and called it by that name. Most
of his works are very advanced in character and are difficult to read.

27. Product of terms containing like letters. By the definition
of an exponent (§6), a*=a-0,and a®* =a-a-a.

Therefore a’?xa®=a-aXa-a-a=ab=a%t+s
Similarly bXB3XW=bXb-b-bXb-b-b-b-b=0b=0pl+3+5,
In like manner 32x 84x385=83-8x3-83-83-3x8-3-8-3.3 =381
= 82+4+5,
Also ay? x y3 = ay® = ay?+8, .
and 2abxX8a2="6a% = 6al+?,
“and 4 2%yz x 5 zyd = 20 ziytz = 20 22+ 1yl +3;,

Therefore ;;ve have the

PrincIipPLE. The exponent of any letter in the product is equal
to the sum of the exponents of that letter in the factors.

This is expressed in general terms, thus:
na X nb = na+d,

The law of signs for the multiplication of positive and nega-
tive numbers, given in § 15, applies to literal terms as well.

Thus +2a?x (+8a%=+6a".
+2a2x (—3a%)=—-6a".

",-‘ —2a’X (+38a%=—64d"
S —2a?x (—3ad®)=+64d"

For th}; multiplication of two monomials we have the
\

RuLe. Keeping in mind the rule of signs for multiplication,
write the p%\o\duct of the numerical coefficients followed by all
the letters thét occur in the multiplier and the multiplicand,
each letter having as its exponent the sum of the exponents of
that letter in the multiplier and the multiplicand.
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ORAL EXERCISES

Perform the following indicated multiplications:

1. (3)(—9). 9. (—9a)(— 10) 17. (50*) (7 a®).
2. (—2) (5) 10. (—3ax)®i7 > - 18. (—4x)d
3. (—7)(—3). 1. (4a)(—2a). 19. (a®) (— 20 a).
4. (—4=x)(3). 12. (6 abe)® 20. (—4a%)(—6a?).
5. (—4x) 13. (—11a)(22). 2L (+6y)*
6. () (—5a). 14. (Tx)(— 3 ). 22. (4z)(by).-
7. (83 a)(— 6). 15. (—2a)® 23. (— 3a%r)2
© 8. (— 2y 16. (—2a)(—3a?. 24. (32%)(—y).
25. (5x%)(— 2a°). 28. (2 ax?)®
26. (— 6x%yH)>2 29. (5a%)(— 4a®) (—3a).
27. .(— xty) (—x2y?). 30. (3 ax)(— 4a’x)(— 2 ax®).

28. Multiplication of a polynomial by a monomial. Clearly

2(5 + 38) is equivalent to 2-5 + 2.3, each being equal to 16.
: Similarly a(b 4 ¢)= ab + ac. This principle is called the
Distributive Law of Multiplication.

Therefore, for the multiplication of a polynomial by a
monomial, we have the

Ruie. Multiply each term of the polynomial by the monomial
and write tn succession the resulting terms with their proper
signs.

Example: 32°—2azy+4y—5a—6

2 xy .
Product, Ga3y — 4222 + Say? — 10 axy — 121y

Note. It should be kept in mind that the laws of operation that
have been mentioned in this _cha,pter, though evident from arithmetic
only when the letters represent positive integers, are also valid when
the letters stand for negative numbers, fractions, algebraic expres-
sions, or other kinds of numbers that we shall introduce later. The
principle which states that the operations on all numbers follow the
rules expressed by the commutative, associative, and distributive laws
is often called the Law of Permanence.
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EXERCISES
Multiply : '
1. 243Dy 22 5. —42* + 5z — 6 by 62
2. Ta* — 5 by 3% 6. ® — 322+ 4 by — 5t
3. 52— 2x by — 4% 7
4. Txy — 2z by 3ay. 8. a* — a%? + b* by — a%2
9. —a%® 4 2ax — T0% by — 4 abx.
10. Ta® —82®* —122x 4 6 by — 2 «®
11. —9a® —12ax + 42 2% by § ax®.

. 2* — 22y + y® by — 3wy.

Perform the multiplication indicated :

12. 422 — 3). 16. —3z(2z —T).

13. 2x(x — y)- 17. —3(x* — 22 — 6).

14, — 8Bz —T). 18. Say(x® — 62 +.9).

15. —9(—4a+10). 19. — 3z (ax — bx + 3 cx?).

20. — 7 ab(ax? + bx 4+ ¢).

29.- Multiplication of polynomials. Clearly (5 + 3) (7 —4)=
8.3 = 24. The multiplication may also be performed as fol-
lows: (5+3)(T—4)=5(T—4)+3(7T—4)=35—-20+ 21 —
2 =24.

Similarly (22 +3)(4x —5)=2x(4z—5)+ 34z —5)=
822 —10x +12x — 15, or 822 + 22 — 15.

In general terms (a+40)(c+d)=a(c+d)+b(c+ d)=
ac + ad + be + bd.

This gives for the multiplication of polynomials the

Ruie. Multiply the multiplicand by each term of the multi-
plier in turn, and add the partial products.

Example: 3z — 2y

2z 43y
Multiplying by 22, 622 —4zy first partial product.
Multiplying by 3 y, + 9zy — 6 y? second partial product.

Complete product, 62? + 5xy — 6y sum of partial products.
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30. Powers. A power of a number is the product obtained
by using the number as a factor one or more times.

For example, 8, or 23, is the third power of 2; 81, or 34, is the
fourth power of 3, and 32 25, or (2 «)%, is the fifth power of 2 2.

31. Arrangement. A polynomial is said to be arranged accord-
ing to the descending powers of a certain letter when the expo-
nents of that letter in successive terms decrease from left to
right. Thus 22* — 52% — 62 4 8 is arranged according to the
_ descending powers of x. Again,4 — 2y + »* and «® — 3 x%y +

3 xy? — y® are arranged according to the ascending powers of .

Whenever it is possible to arrange the multiplier and the
multiplicand in a similar order it should be done, as the addi-
“tion of the partial products is then much more easily performed.

32. Check of multiplication. The work of multiplication can
be checked by giving a convenient numerical value to each
letter involved and finding the corresponding numerical values
of the multiplier, the multiplicand, and the product. The prod-
uct of the numerical values of the multiplier and the multipli-
cand should equal the numerical value of the product.

The number 1 is more convenient than any other number
to use in checking, but it will not check exponents, since
a® = x® = x' ete., if ® =1. It checks merely the coefficients.

If a check on both coefficients and exponents is wanted, the
number 2 is the most convenient.

EXAMPLES
1. Multiply 32® — 5 4 2> — 2x by 6 + 2? — 5a.

Solution: Arranging both multiplier and multiplica,n& in descend-

ing powers of # and multiplying, we obtain : Check: z = 1.
328+ a?—2x-5 =-3
22—52+6 =49

825+ at— 223 — bHa? —
— 152t~ 5234+ 10224+ 252
+ 1828+ 622— 122 — 30
Product, 83z°— 1424+ 1123+11224+ 132 —-30=—6
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2. Multiply 1023y*— 2y°+ Saty —4a®® by 3a®—Ty®—6a%y.
Solution:
Arranging terms and multiplying, Check: z =y =1.

Saty + 10 2%2 — 4 22° — 248 = 9
8a%— 6y — 79> =—-10
1527y + 80 252 — 12 25%° — 6 2% ~90
— 30 282 — 60 z%? + 24 2tyt + 12 220 '
— 70 2% — 35 z%y* + 28 22%y% + 14 98
1527y — 72253 — T62%% — 11 aty* + 40 2245 + 14 48 = — 90

33. Degree. The degree of a term with respect to any letter
which does not appear in the denominator is determined by
the exponent of that letter in the term.

Thus z, 3 zy, and 4 a%zz are of the first degree in z, and 3 zy? is
of the second degree in y.

The degree of a term with respect to #wo or more letters
which do not appear in the denominator is determined by the
sum of the exponents of those letters in that term.

Thus 5a% is of the fourth degree in z and y; 4 a%c?® is of the
gixth degree in a, b, and c.

34. Homogeneous expressions. Terms are homogeneous if
they are of the same degree with respect to the same letter
or letters.

Thus 3 a%3, 4 al*, and ab are homogeneous terms.

A polynomial is homogeneous if its terms are homogeneous.

For example, 2% — 32%? and 3 a*+ a%?+ ' are homogeneous
polynomials.

An important property of homogeneous expressions is:

The sum, the difference, the product, or the quotient of any
two homogeneous expressions is a homogeneous expression.

This property is useful in checking exponents in multipli-
cation.

Thus, if it be required to multiply 22 — 22y + 32 by 2® — 3 2% +
3 zy% — 38, we know beforehand that every term of the product will
be of the fifth degree.
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EXERCISES

Multiply and check results:

29.
30.
31.
32.
33.
34.

®» NS ;s W oo

.x+4by x4 3.
. 2xz+3by x4+ 3.

4+ Thy 3o+ 2.
3z —5by3x+8.
3x —2by 2« + 3.
6—4aby 5a—T1.

. 2z+ybyax+3y.
.22 —3yby3x—2y.

17.

9.
10.
11.
12.
13.
14.
15.
16.
a%x? — 2 a% + 4a® by ax + 2 a.

65

3z —4%by 22 —3.
—3x+1laby bz —a.
ax — bx by cx + dx.
—cx + d by bx — cx?
4x— 1 by 6=+ 3.

z? — 52 + 6 by x — 3.
3a?—3x—T7by 2z+4.
2 —xy+ y* by x4+ y.

18. 3x® — 2 — 5 by 22® — 5%
19. 22 — T+ 12 by 2* — 3z — 5.

20.
21.

a*—Ya+ibyad®—a+ .
x? — xy + y* by 2 + zy + ¥

22. 3a®+ 522 —x+2bya?—2x 4 1.
Expand :

23.

(x®* —ax —b)(22* — 3z —4).

24. Bx —a® 4 a* — 6)(5 — 2 — 3 ).

25. (4@—5a2+7+a3)(6+a”—a»}-az).,
26. (bx —44+82%)(8—524+ 2% — 9x).
27. (2% — y*x) (day — 5 x?y) (3 x%y — Tay?).
28. (ac?'—l—yz—i—zz—my—wz—yz)(w+g/+z).

(a + b + o).

(o+d— B

(@ —2b+3c—4d)y>
(x 4+ y + 2)%

(@+y)+ @ —y)>*

20 — b4 3)%
2z — 3ay)

36.
-37.
38.
39.
40.
41.
42.

(+ 2y —(x— 29)2
(Ao —3y) —(Bz+4y)
( — 3y — (22 — 1)2.

(x* — 3) (= + 4).

(2% + B)%

(2a% — 3).

(2% — 3x)



CHAPTER IX
PARENTHESES IN EQUATIONS

35. Simple equations involving parentheses. The removal of
parentheses is really an easy matter which is governed by
simple rules. In handling parentheses, however, it is very
easy to acquire careless habits, which are difficult to over-
come. Accuracy in such work can be attained only by espe-
cial care in removing each parenthesis that is preceded by a
minus sign.

EXAMPLES

1. Solve the equation 5(2x — 1)~ 3 (42 — 6)=T.

Solution: Multiplying by the coefficients 5 and 8, this becomes-

0z —-5)-(122z-18)=T7.

Removing parentheses,

10z-5-122x4+18=17.

Combining, —2x413="T.
Transposing, —22=7-183=—6.
Dividing by - 2, z=3.
Check: 5(2-3—1)—3(4-3—6)="7.
Simplifying, 25-18=17,
or ' 7T="1.

Sometimes the square of the unknown number appears and
then vanishes, as in the following.
2. Solve the equation 44 (n—38) (n—5)=15—(T—n)(2+n).
Solution: Expanding,
44 (n?— 8n + 15) =15 — (14 + 5n — n?).
Removing parentheses,
4+n2—8n+156=15—14 — 5n + n2
Subtracting n? from each member and combining,
19—-8n=1—-5n.
66
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Transposing and combining,

—3n=-18.
Dividing by — 3, n=6. :
Check: 44+(6—-38)(6—-5)=15—(7—6)(2+6).
Simplifying, 44+3=15-38,
or 7="1.

EXERCISES '

~ Solve and check :
1. 5@ — 1) = 30.

. 34+2(@—3)=1
. T3z — 2)+ 11 = 60.
. 4(22—5)+15 =3 (z+10).
12y —2@y—T7)—16=0.
L9y —3(2y —4)=20—4y)+ 2
L4204y —3)=3(y—5).
LT (y—38)—2(4+y)=9.
B(n—T)+ 24 +4n=0.
5n—92n+4)=2(n—-09).
cTn—12 —2(n— 5)=n—19.
.4@2n—T)—83@n—8)+4=2n—3.
.8h—24h+8)=3h— 24
B@Bh+1)—Th=38(0—T)+4
=2 —B8)=(+3)(h+2).
LR+ +3)—(h+2)(h+1)—42 = 0.
. (@ 4 4) (% + 6) = (x + 18) (= + 13).
(e —=TYB+E)—(k—B)(k+T)+5=0.
. 2z —b)(da — T)=8a? + b2.
By +5Ey+ T —Cy+3)6y+11)—2 =0
. (n+3)(6n+5)—(2n+4) (37 — 8)=38. '
. (& + 3)?—(z + 5)?=— 40.
. @+ 2 —(x—4)?+48=0.
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EXERCISES

1. The length of a rectangle is @ and its breadth is . What
is its area ? its perimeter ?
2. The length of a rectangle is x — 4 and its width is 3.
‘What is its area ? its perimeter ?
3. What is the area of a rectangle whose length is 22 — 4
and whose breadth is @ 4+ 2 ? the perimeter ?
4. Each of four horses cost $100. What was the cost of
all?
5. Each of » horses cost $80. What represents the cost
of all? .
6. Each of a books cost & cents. What represents the cost
of all ?
7. What is the total cost of = hats at @ cents each, and
¥ hats at b cents each ?
8. What is the cost of a horses at & 4+ 10 dollars each ?
9. Represent the total cost of « chairs at & + 2 dollars each,
and y chairs at a cost of ¢ — 3 dollars each.
10. What is 55 of 16 ? of x ?
11. What is 3% of « +120? of 122 — 3002 ?
12. A is n years old. What will three times his age 4 years
from now be ?
13. If two sums of money are 2 dollars and 1000 — « dollars
respectively, express the following as equations:
(¢) 49 of the first sum equals $180.
(b) 8% of the first sum equals 59, of the second.
(¢) 59 of the first sum is $20 less than 49, of the second.

14. A picture is 10 inches wide and 12 inches long and has
a frame 2 inches wide. What are the outside dimensions of
the frame ?

15. If the frame in the preceding were x inches wide, what
would represent the outside dimensions of the frame ? the
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area of the picture and frame ? the area of the picture ? the
area of the frame ?

36. Problems involving parentheses. The following problems
involve two or more unknowns and the use of parentheses.
One of the unknowns can always be represented by a single
letter and the others by binomials involving this letter and
one or more numbers. It may be necessary in some of the
problems to inclose each of these binomials in a parenthesis
and to think of them and use them as if they represented a
single number. When the student can use a binomial in this
way as readily as he uses a single letter, like «, he has made
considerable progress in the algebraic way of thinking.

PROBLEMS

1. The sum of two numbers is 88. Three times the less
equals twice the greater, plus 29. Find the numbers.

Solution: Here are two unknowns, the greater number and the
less. Each can be represented in terms of a single letter as follows :

Let n represent the less number.
Then 88 — n must represent the greater.
By the conditions of the problem :

Three times the less = twice the greater + 29.

Hence 3n=2(88 —n)+29.

Simplifying, 3n =176 — 2n 4 29.

Combining, 3n=205—2n.

Transposing, 8n + 2n = 205.

Whence n = 41, the less number,
and 88 — n = 47, the greater number.

Check: 414 47 =288; 3:41=12-47+ 29, or 123 =123.
" 2. The sum of two numbers is 49. Twice the greater, minus
13, equals five times the less. Find the numbers.
3. The sum of two numbers is 143. Ten times the less added
to five times the greater equals 950. Find the numbers.

"« 4. Separate 45 into two parts such that five times the greater
plus four times the less may equal 207.
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5. The sum of two numbers is 88. Three times the greater
equals five times the less, plus 29. Find the numbers.

6. Separate 93 into two parts so that seven times the less,
minus 7, equals six times the greater.
7. Separate 48 into two parts so that twice the greater,
minus 7, equals three times the less, minus 5.
8. The sum of two numbers is 12}. Seven times one num-
ber minus ten times the other equals 45. Find the numbers.
9. Separate 121 into two parts so that four times the one,
increased by 8, equals three times the other.
10. Twice a certain number minus five times another number
equals 240. The sum of the numbers is 15. Find the numbers.
11. The sum of two numbers is 14. Nine times the one
minus eleven times the other equals zero. Find the numbers.
12. The square of a number plus the square of the next

consecutive number is 17 greater than twice the square of the
. smaller number. Find the numbers.

~ 13. The difference of the squares of two consecutive numbers
is 75. Find the numbers.

14. The difference of the squares of two consecutive numbers
is 23. Find the numbers.

15. The difference of the squares of two consecutive odd
numbers is 104.- Find the numbers.

16. The difference of the squares of two consecutive odd
numbers is 40. Find the numbers.

17. The product of two consecutive even numbers is 56 less
than the square of the greater number. I'ind the numbers.

K

18. The product of two consecutive odd numbers equals the
square of the smaller increased by 46. TFind the numbers.

19. A square has the same area as a rectangle whose length
is 8 inches greater and whose breadth is 4 inches less than the
side of the square. Find the area of each
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Solution: There are three unknowns in this problem, — the side
of the square, the length of the rectangle, and the breadth of the
rectangle. The three can be represented in terms of the same letter
as follows:

Let s = the side of the square in inches.
Then s + 8 = the length of the rectangle in inches,
and s — 4 = the breadth of the rectangle in inches.

Now the area of the square is s-s, or s? square inches.

Similarly the area of the rectangle is (s 4 8) (s —4), which, ex-
panded, equals s2 + 45 — 32.

By the conditions of the problem the area of the square equa,ls
the area of the rectangle.

Therefore =48+ 4s—32.
Subtracting s? from each member,
0=4s—32.
‘Whence s = 8, the side of the square,
and s + 8 =16, the length of the rectangle,
and s — 4 = 4, the breadth of the rectangle.

Therefore the area of the square is 8 - 8, or 64, square inches, and
the area of the rectangle is 16 - 4, or 64, square inches.
The check is obvious.

20. A square field has the same area as a rectangular field
whose length is 30 rods greater, and whose breadth is 20 rods
less, than the side of the square. How many acres are there
in each field ?

~ 1. A tennis court, for two players, is 24 feet longer than
twice its breadth. The distance around the court is 210 feet.
Find the length and the breadth of the court.

22. A tennis court, for 4 players, is 6 feet longer-than twice
its breadth. The perimeter of the court is 228 feet. Find the
dimensions of the court.

23. The breadth of a basket-ball court is 20 feet less than
its length. The perimeter of the court is 80 yards. Find the
dimensions.

24. The perimeter of a football field is 780 feet. Its length
is 50 yards less than three times its breadth. Find the length
and the breadth.
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25. The value of 15 pieces of money, consisting of nickels
and dimes, is 90 cents. Find the number of each.
Solution : There are two unknowns in this problem, the number

of nickels and the number of dimes. Since their sum is 15, the two
can be represented in terms of one letter, thus:

Let d = the number of dimes.

Then 15 — d = the number of nickels,
and 10 - d = the value of the dimes in cents.
. Also (15 — d) 5 = the value of the nickels in cents.

The value of the nickels and dimes together is represented by
10d + (156 — d) 5.

By the conditions of the problem the value of the nickels and
dimes together is 90 cents.

Therefore 10d + (15 —d)5 = 90.

Solving, d =3, the number of dimes,
and 15 — d =12, the number of nickels.
Check : 3.10 +12-5 =804 60 = 90.

26. The value of 38 coins, consisting of dimes and quarters,
is $5.30. Find the number of each.

27. A collection of nickels, dimes, and quarters amounts
to $6.05. There are 5 more nickels than dimes, and the num-
ber of quarters is equal to the number of nickels and dimes
together. Find the number of each.

28. The value of 40 coins, consisting of nickels and dimes,
is $2.90. Find the number of each.

29. A is 20 years older than B. In10 years A will be twice
as old as B. TFind the age of each now. o

30. A is four times as old as B. In 20 years A will be twice
as old as B. Find the present age of each.

31. A’s age is 8 years more than twice B’s age. Sixteen
years ago A was four times as old as B. Find the age of
each now.

32. A part of $800 is invested at 3¢/ and the remainder
at 49%. The yearly income from the two investments is $30.
Find each investment.
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Solution: Let 2 = the number of dollars invested at 8%.
Then 800 — z = the number of dollars invested at 4%.
Hence .08 z = the yearly income from the 8% investment,
and .04 (800 — x) = the yearly income from the 4% investment.
Therefore, by the conditions of the problem,
.03 z + .04 (800 — z) = 30. @

Multiplying each member of (1) by 100, in order to free the
equation of decimals, we obtain

3z + 4 (800 — z) = 3000. e
Solving (2), z = 200,
and 800 — z = 600.
Hence the 3% investment is $200 and the 4% is $600.
Check: 200 600
.03 .04
6.00 24.00 $6 + $24 = $30.

33. A part of $1400 is invested at 59, and the remainder
at 69,. The total annual income from the two investments is
$76. Find the amount of each investment.

34. A sum of money at 69, interest and a second sum at
8% yield a total annual income of $53. The first sum exceeds
the second by $125. Find each.

35. A 59, investment yields annually $15 less than a 6

investment. If the sum of the two investments is $1240,
find each.



CHAPTER X
DIVISION

37. Division of monomials. Division of numerical terms was
explained under Positive and Negative Numbers. On page 22
will be found the rule for this division.

Just as 2 + 3 is written §, so @ + b is written as a fraction,

2, and this result can be simplified no farther.

b 2
Similarly a? + x? = %2 )
2a
and : =33
But 1268+ 402 = if
In like manner, —12a + 606 =— gj‘f Here the quétient is

a fraction, and the minus sign indicates that the fraction is
negative,

Similarly 92z +(—3y)=— §y£,
and —24ﬁy+(~6£y=+4;y-

By the definition of an exponent, ¢®* = a-a-a-a.a and

a’=a-a.
d-d-a-a-

Then a® + a?= =a or a®~2%
- ’
Similarly 26+ 2 2XZX2X2X X0:23=26—3
Ax2ZXZ ’
and ax® + 2% = g;—” = ax, or ax®~%

In like manner, 6by° + 2y°=3by?% or 35-y5-%
74
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These examples illustrate the
PrincipLE. The exponent of any letter in the quotient is
equal to its exponent in the dividend minus its exponent in the
divison
The foregoing principle expressed in general terms is:
. na - nb = na-b,

What this equation means when b = a and when b is greater than
a will be explained later. ’

The law of signs in division may be indicated as follows :
4+ ab+(+a)=+0.
4 ab <+ (—a)y=—0.
—ab+(+a)=—10..
—ab+(—a)=+0.

From what precedes we see that ax? <+ x* = “—;f—?‘f =aq.

Hence a letter which has the same exponent in divisor and
dividend should not appear in the quotient.

Therefore for the division of monomials we have the

Ruie. Divide the numerical coefficient of the dividend by
the numerical coefficient of the divisor, keeping in mind the
rule of signs for division.

Write after this quotient all the letters of the dividend except
those having the same exponent in divisor and dividend, giving
to each letter an exponent equal to its exponent in the dividend
minus its exponent in the divisor.

If there are any letters in the divisor unlike those in the divi-
dend, write them under the preceding result as a demominator.

ORAL EXERCISES

Perform the indicated division:

1. —10+ 2. 3. —16 =+ (—4). 5. —4a%+ 202
2. 12 +(— 3). 4. 8a®+ a’ 6. 6 2%+ (— 3 x).
7. — 18" =+ (— 62 8. — 25 ax® + b ax.
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9. 12 ax® + (— 3 bx?). 13. — 36%° + (— 6 2%%).
10. — 28 ay* + (— Tey®). 14. 63¢%d® + (— 9 bed®).
11. T0x*® + (— 10 2%%). 15. 64 a7 + (— 16 ad").
12. 48 ax® =+ (— 16 bx*). 16. — 28 a®%"? + (— T a'd%).

15 x?y8 — 17 a®8¢" , o +?
17. 75 xytz 21. 51 a’0% 2.
4:2 x24]/56 39 x13'1/26z89 x°
e e v
z® — 11 a1t 3 alx?e
19. ';z" 23. W' 27- azxa b
. maa. . 121 d11b22083 6 x2a+3
20. e R4, ———— ot 11 algigt 8. —— CPTN

38. Division of a polynomial by a monomial. The division of
the binomial (18 — 12) by 3 can be performed in two ways:

Thus (18 —12)+83=106+3 =2,
or (18 —12)+ 83 =18 — 12 =6 — 4 =2
ax | bx

Similarly  («x + bx)+x = . + 2 = + 0.
Therefore, for the division of a polynomial by a monomial

we have the

RuLre. Divide each term of the polynomial by the monomial
and write the partial quotients in succession.

EXERCISES

Perform the indicated division:

6a? —4a 4y — 12 o* 25 x?y + 30 xy?
1. ——- 3, —— - 5 ————.
2 —4x —5ay
9 92 —18z* 4 9ax® —12a° 16 bx* — 36 «*
. —3z T —3ax? ’ 4 ba*

14 2%y* — 28 xf° 4 2ty — 8 2% 4+ 12 2%y*
9. — " 8. : =
T x?y® 4 iy
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«dcd? — a’c® ax® — ba® + cx?
—— 0. - ——
cd -
1. 15 a%? 4+ 9 a*? — 30 a®?
— 3 a%?
18 16 a0t — 24 a®b%" — 48 a®"c?
’ 8 a’bic
- 8bxyz — 51 a?y2? + 102 28y2® — 170 by
13. Y Yy
— 1T xyz
14, 4(:1:—3)+a(:1:——3)
x—3
15. 3x(3x 4 4)— 47/(31:4—4)
3x+ 4
16, ba(2a® —y)— 3022 —y)
2 x? —y
a + b)Y — 3(a + b)® 2@ —y) — 35 —y)®
17 .18 gl
) (a+0) —T(®—y)°
18. 16(‘300—4)‘—24(3x—4)5—48(3x—4)7
— 8Bz —4)*
20 — 5(ac® — 2d)® 4 x(ac® — 2d)

5(ac® — 2d)

ol 4ot — Sx"“—Gx“—Z_

228
3at — 2%+t — xv+2 4 g?
22. e .
Gzia—-3 — 12 m4(l+4 — 18 x8a+5
23. ! :
J— 3x a

39. Division of one polynomial by another. Division is the
reverse of multiplication, and the process of dividing one
polynomial by another will be best understood by finding
the product of two polynomials and then dividing it by one
of them; the other, of course, will be the quotient. A close
inspection of the steps in the multiplication (A) which
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follows will make clear the necessity for each step in the

division (B). : PEPR

2z —3
828 — 1022+ 122
— 1222+ 152 — 18 [€:9)

828 — 2222 4271 — 18

Now let 82% — 22224 272 — 18 be the dividend and 422 — 5«
+ 6 the divisor. Then the quotient must be 22 — 3.

Dividend, 828 —2222+ 272 — 18|422 — 5 + 6, Divisor
(422-5x+6)2x, 828 —10a%4 122 |2z — 8, Quotient
— 1222+ 152 — 18 B)
(422—5x+6)(—3), —1222+152—18

The term having the highest power of z in the dividend, 823,
was obtained by multiplying the term having the highest power of
z in the multiplicand by 2 2. If the multiplication were not before
us, we could obtain the 2z by dividing 82% by 42a?; that is, by
dividing the term of highest degree in the dividend by the term of
highest degree in the divisor. Multiplying the entire divisor by 2 z,
we get the first partial product of the multiplication (A). Subtract-
ing, we get — 1222 + 15z — 18. If the multiplication (A) did not
tell us that the second term of the quotient was — 8, we could ob-
tain it by dividing — 12 22 by 4 2?; that is, by dividing the term of
highest degree in the remainder by the term of highest degree’in the
divisor. Multiplying the entire divisor by — 8 and writing the product
under the remainder, we get (422 — 5z + 6)(—3), or — 12224 152
— 18, for the second partial product of the multiplication (A). As
there is no final remainder the division is said to be exact.

The process of dividing one polynomial by another is ex-
pressed in the

RuLE. drrange the dividend and the divisor according to the
descending (or ascending) powers of some common letter, called
the letter of arrangement.

Divide the first term of the dividend by the first term of the
divisor and write the result for the first term of the quoticnt.

Multiply the entire divisor by the first term of the quotient,
write the result under the dividend, and subtract, being careful
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to write the terms of the remainder in the same order as those
of the divisor. ’

Divide the first term of the remainder by the first term of
the divisor for the second term of the quotient and proceed as
before until there is no remainder, or until the remainder is
of lower degree in the letter of arrangement than the divisor.

If there is no remainder, the result of division may be
expressed as follows:

M = Quotient.

Divisor

If there is a remainder, the result is expressed as follows:

Du‘fu.iend — Partial Quotient - Ren‘la.mder )
Divisor Divisor

This last corresponds to what is done in arithmetic in
dividing 17 by 5, which is written 47~ = 3%. This means that
17 = 3 + %, the plus being understood.

Note. We saw on page 1 that it is customary to represent the
product of two letters by placing one after the other with no sign
between them. Thus ab means a times . But addition, not multi-
plication, is implied by placing the fraction £ after the number 3.
This practice comes down to us from the -Arabs, who denoted all
additions by placing the number symbols in succession without any
sign of operation. The later Greeks also had the same notaticn.

EXAMPLES
1. Divide 38z + 2x* —Ta? — 24 — Ta®* by 6 + x? — 5.
Solution : Arranging terms and dividing,
Dividend, 22 — 723 — T7a?+ 38z — 24|22 — 52 + 6, Divisor
224 — 10234+ 12 22 222+ 3z — 4, Quotient
323 —1922 4 382
328 — 1522+ 182
— 422+ 202 — 24
— 422+ 20z — 24
Check: Let x =1. Then the dividend = 2, the divisor =%, and
the quotient =1; and 2 +~ 2 =1.
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The student must avoid checking by any number which
makes the divisor zero. ‘
2. Divide 8xy? + 8a® — Ty* —12a% by 42 + 32 — 4 ay.
Solution: Arranging terms and dividing,
Dividend, 8% — 12 2% + 8ay? — 7 y®|4 2% — 4 zy + 42, Divisor
828 — 8a%y + 2ay? 2 x — y, Partial Quotient
— 42% 4+ 6y — T3
— da%y+dayt— P
2zy? — 6 y%, Remainder
2zy? — 6y
422 — 4oy + 3?2 ’
Check: Let 2=y =1. Then the dividend =— 8, the divisor =1
and the quotient =—38; and — 3 +1=-3.

The total quotient is 2z — y +
GENERAL CHECK FOR Di1vision. (a) When the division is
exact. Multiply the divisor by the quotient. The product
should be the dividend.
(b)) When there is a remainder. Multiply the divisor by

partial quotient and add in the remainder. The result should
be the dividend.

EXERCISES
Divide :
1. 224+ T72 412 by = + 3.
2. m2—2x—15byx—5.
3. 22+ b2 4 6 by = + 3.
4. —Tx+ 6+ 2byx —1.
5 62 —13x + 6 by 22 — 3.
6. 252* + 302 — Thby 7+ 522
7.120> — 21 +19a by 4a — 3.
8 —8+2+4x —2a?by x — 2.
9. a®*+3a% 4+ 3al?+0® by a + 0.
10. 2% — 152 + 65x — 63 by = — 7.
11. 52+ 52 —252% —1 by 522 — 1.
12. 22% —142% + 142 +12 by 22 — 4.



13.
14.
15.
16.
17.
18.
19.
20.
21,
22.
23.
24,
25.
26.
27.
28.
29.
30.
31.
32.
33.
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3a®+28a%+ 89a — 140 by 3a — 5.
37Tx+6a% —24 — 2322 by 22 — 3.

53a +8 —53a*+12a* by 4a®* —Ta —1.
15a® —56a*+ 99a — 70 by 3a®> — 7 a + 10.
23a? + a* — 55a + 11 a® — 140 by a* — 5.
4a®*4+1+a*+4a+6abyl+a®>+ 2a.-
at—8a+ 240> —32a +16 by o* —4a + 4
40 —31la*+21 +a* +4a® by x* — 3 — T
11 — 42224 102* — 272 — 36 by 9 + 22 — b .
2t — 3a%x® + at by 2% — ax + o>

at 4+ 4 0* + 3 a?? by 20* + a* — ab.

16 z* — 60 2%y% + 25 y* by 42> — 10y — 5 3%
9 a* + 49 b* 4 26 a?? by 702+ 3 a® + 4 ab.
da® — 44 a*b* +100 5° by 2 a* — 10 6% + 2 a2
252 —102% + 40x — 18 by 5z — 6.

2 —y* by x — y. 34. a* +y*by x4+ ¥.
a® —1250* by a — 50. 35. x* —y* by x + ¥.
a® + 343 0® by a® 4 T0. 36. 2 —y*by x —y.
z* —16 by = + 2. 37. &+ by x + v.
¥’ —5y2—3000 by y — 5. 38. 2®* 4+ y* by x —y.
ot +ytby @ —y. 39. * —ySby x + y.

40. x° — y* by . — .

41. z?* — 52+ 6 by a® — 3.

42. 2% — Tz + 12 by a8+ — 4.

43. 2224 22+ 4 3x* + 3x by a* + 2.



CHAPTER XI
EQUATIONS AND PROBLEMS

40. Equations involving literal coefficients. The most general
form of a simple equation in one unknown is one in which the
unknown occurs with literal coefficients. The solution of such
an equation frequently involves division of polynomials.

EXAMPLE

Find the value of # in ax +4a = a?+ 22 4+ 4 and check
the result.
Solution : arx+4a=a 42z + 4.
Transposing, ar —2z=a%*—4a+4.
Writing the coefficients of x as a binomial,
(@a—2)z=a>—4a+4.

Dividing both members by the coefficient of z,

: po @ datd

a—2
Check: Substituting a -- 2 for z in the original equation, it becomes
a(a—2)+4a=a>+2(a—-2)+4.

Simplifying, a?—2a+4a=a*+2a—4 +4.
Combining, a?+2a=a?+2a.

a—2.

EXERCISES

Solve for « and check:

1.24+2a=26a. 4. cx +c*=6¢c3
2. x4+ a=0>0. 5. 5(b—2x)=100.
3. bx +b=4b0b. 6.0x —(b+c)=5b—ec.

. o1 3ax —ab=2ax — ac.

08, 4bax — Ta% = 6 ab? + 3 bx.
82
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9. ax + bx = ac + be.
10. a%x +1 —a*t —ax = 0.
11. ax + 2ab = 2 a® + bx.
12. ax —a®* —4=3a —=.
13. 40%* 4 (a + bx) ¢ = (a — bx)ec.
14. ax —ac+bc=2ac — 5 bc + 2 bx.
15. (x4 a)(@+b)=2a®+ 2 a®+ 3ab.
16. 15(x —a)—6(x +a)=3(5a — 3 2).
172 42 —cx —8+4+2a+6¢c=06a — 3ac+ 2cax.
18. 9ab +(z — 3a)(x — 30)=(z + 3a)(x — 3a) — 9 a’
19. (ba—4b)x—50*+4a*+ 6ad)=
100> —3(2a®*+ 3bx)—a(2x —10)
20. a%x +3ax +10a =a® 4+ x + 3.

41. Uniform motion. If a train travels for 8 hours at an
average rate of 40 miles an hour, the total distance traversed
is 8 x 40, or 320 miles. This illustrates uniform motion
involving :

1. Time measured in seconds, minutes, hours, ete.

2. Rate (velocity), or the distance traveled in a unit of time,
‘one second, one hour, or one day.

3. Distance (total) measured in standard units of length as
feet, or inches, or meters, or kilometers, ete.

Time (¢), rate (r), and distance (d) are connected by the

relation d=rxt

On this simple equation a large number of problems in
algebra and in physics are based.

Biogfaphical note. Sk Isaac Newrox. Sir Isaac Newton (1642-1727)
was probably the keenest mathematical thinker who ever lived. He was
the son of a farmer of slender means, and as a boy was rather lazy. It is -
said, however, that his complete victory over a larger boy in a fight at
school led him to feel that perhaps he could be equally successful in his

studies if he really tried. His ambition and interest being onee roused,
he never ceased to apply himself during the rest of his long life,
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His most important scientific achievement was the discovery and verifi-
cation of the laws of motion. In his great work called the ‘* Principia ) *
he showed by mathematical reasoning that all bodies, great and small, —
the planet revolving around the sun, as well as the apple falling from the
tree, — follow the same laws. His greatest discovery in pure mathematics
was that of a method called the calculus, which is the basis of most of the
advances in mathematics and in theoretical physics made since his time.

But important as was Newton’s mathematical work, his most signifi-
cant contribution to mankind was an idea, — the idea that the world in
which we live is not independent of the rest of the universe, but that
every smallest particle of matter is connected with the most remote
planet and star; that we cannot think of ourselves as the center of all
things, but that we merely occupy our place in a system of universal law.

EXAMPLE

A pedestrian traveling 4 miles per hour is overtaken 14
hours after leaving a certain point by a horseman who left
the same starting point 8 hours after the pedestrian. Find
the rate of the horseman.

Solution: This is a problem in uniform motion, involving the
distance, the rate, and the time of a pedestrian and a horseman
respectively. By a careful reading of the problem one discovers that
the time for each was a different number of hours, that each went
at a different rate, but that each traveled the same distance. Hence
the equation will be formed by expressing d in terms of r and ¢ for_
both the pedestrian and the horseman and then equating the two
expressions for d.

By the conditions :

¢, or time in hours i or;::c;g;mles Distance, d=rxt
Pedestrian 14 4 56=4x14
Horseman - 6 z 6.z
Hence 6z =56,
and z = 93.
Check: 4-14 =56; 9} -6 = 56.

* A copy of this book, presented to the College by Newton himself, may be
seen in the library of Yale University.
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PROBLEMS

A and B start from the same place at the same time and
travel in opposite directions :

1. A goes 8 miles per hour and B 10 miles per hour. 'In
how many hours will they be 120 miles apart ? 180 miles apart ?

2. A travels twice as fast as B. In 5 hours they are 135
miles apart. Find the rate of each.

3. A travels 2 miles per hour more than B. After 8 hours
they are 96 miles apart. Find the rate of each.

4. A goes 4 miles per hour more than B. After 6 hours the
distance between them is 168 miles. Find the rate of each.

5. B goes 3 miles per hour less than A, and travels 2 as
fast as A. Find the rate of each. After how many hours will
the distance between them be 168 miles ?

6. A travels 3 hours and stops, and B travels 5 hours. Then
they are 77 miles apart. A’s rate is twice B’s. Find their rates
and the distance each has traveled.

7. Btravels 9 hours at a rate of 4 miles per hour less than A.

A travels an equal distance in 3 hours less time, and then stops.
How far are they apart at the end of 9 hours ?

A and B start at the same time from two points 144 miles
apart and travel toward each other until they meet. Find the
rate of each :

8. If they travel at the same rate and meet in 8 hours.
9. If A travels 2 miles per hour less than B and they meet
in 9 hours.

10. If B travels three times as fast as A and they meet in
12 hours.

‘11. If they meet in 6 hours and B travels 24 miles more
than A.

12. If they meet in 8 hours and B goes 2 miles per hour
more than A.
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13. If they meet in 9 hours and A travels 4 miles per hour
more than B.

Find the number of hours from the start until the time of
meeting :

14. If B goes 6 miles per hour more than A and travels
twice as far as A.

15. If A travels 6 miles per hour and B 9 miles per hour,
but B is delayed 4 hours on the way.

16. If A is delayed 3 hours and B is delayed 5 hours, and
their rates are 7 miles and 9 miles per hour respectively.

17. A and B start from the same place at the same time
and travel in opposite directions. A travels 3 miles per hour
and B 4 miles per hour. In how many hours will they be 42
miles apart ?

18. A and B start at the same time from two points 72 miles
apart and travel toward each other. A travels 8 miles per hour
and B 10 miles per hour. In how many hours will they meet ?

19. The distance from Kansas City to St. Louis is 285 miles.
A train running 37 miles per hour leaves Kansas City for
St. Louis at the same time a train running 38 miles per hour
leaves St. Louis for Kansas City. In how many hours will
they meet ?

20. A starts from a certain place and travels 8 miles per
hour. Four hours later B starts from the same place and
travels in the same direction at the rate of 10 miles per hour.
How many hours does B travel before overtaking A ?

21. Two bicyclists 108 miles apart start at the same time
and travel toward each other. One travels 10 miles per hour,
the other 12 miles per hour. The latter is delayed 2 hours on
the way. In how many hours'will they meet, and how far has
each traveled ?

22. A passenger train starts 2 hours later than a freight
train, from the same station but in an opposite direction.
The rate of the passenger train is 42 miles per hour and
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the rate of the freight train is 24 miles per hour. In how
many hours after the passenger train starts will the two trains
be 246 miles apart ?
23. A messenger going at the rate of 8 miles per hour has
journeyed 2 hours when it is found necessary to change the
- message. At what rate must a second messenger then travel
to overtake the first in 6 hours ? '
24. A passenger train and a freight train start together
from the same station and move in the same direction on
parallel tracks at the rate of 45 miles and 18 miles per hour
respectively. How much time will have elapsed before the
passenger train will be 144 miles ahead of the freight train ?

(Problems 25-32 may be solved without using equations.)

- The distance from P to Q is 108 mniles. A and B leave P at
the same time and travel at different rates toward Q. The one
who reaches Q first at once returns. Find the distance each
has traveled when they meet:

25. If A’s rate is 9 miles per hour and B’s is 15.

26. If B travels five times as fast as A.

27. If A travels 56 miles more than B.

28. If they meet 24 miles from Q and B travels faster than A.

Find the rate of each if A travels faster than B:

29. If they meet in 6 hours halfway between P and Q.

30. If they meet in 6 hours 2 of the way from P to Q.

31. If they meet in 6 hours 12 miles from Q.

32. If they meet in 6 hours 96 miles from P.
- 83. If A travels 4 miles per hour more than B and meets B
in 12 hours.

Find the distance each travels: ,

34. If they meet in 6 hours and A travels 2 miles per hour
more than B.

35. If A travels 4 miles per hour more than B and they
meet in 9 hours.
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The velocity of a bullet eontinually decreases from the in-
stant it leaves the gun. This is due to the resistance of the
air. In the following problems consider the velocity of sound
as 1100 feet per second.

36. Two and one-half seconds after a marksman fires his
rifle he hears the bullet strike the target which is 550 yards
distant. Find the average velocity of the bullet.

37. One and three-fourths seconds after a marksman fires his
revolver he hears the bullet strike the target 50 rods distant.
Find the average velocity of the bullet.

38. A marksman fires at a target 1000 yards distant. The
bullet passes over a boy, who hears the sound of it striking
the target and the report of the gun at the same instant. The
velocity (average) of the bullet is 1650 feet per second. Find
the distance of the boy from the target.

REVIEW EXERCISES AND PROBLEMS

1. Simplify 5 —Tax+30—10¢c —14a+12y — 8z +
120 — 112 4+ 90.

2. Simplify 2¢d —a? + Ted* —12 ab + 17 ad — cd + 4 ¢*d..

3. Add10x —9+4ax —2¢d, — 6ax —15x + 12 ¢d, 10 —
ar +5ed,and —6ed +112x —19 — 7 ax.

4. Adda®*—3+4e*—a, —a+3a*—5a®, —3a?+ 6a®—
2048, —a—5a*—2a%+4+5,and 2a® —3a%?4+4a — 5.

5. Add 4x® 4 Bx?* 4 Cx and Ax? + Bx + C.

6. Addd T(a —0)—10(c—d)+ 8 —y), —6(c—d)—
4(a —b)—T(x —y),and 12(x — y) —15(c — d) + T (a — ).

7. Add —2(z + )+ 3(x — y)— 4(a + b), 8(x —y)—
9@+ y)+4(a+ D), and —(a+ )+ (x — y) —10(x + ¥).

8. Add Yax + ax®— §a*x® 4 a, } ax® —ax — D a + 2 a’x?
and o’*x? + § ax® — 1 a.

9. What must be added to 2 x* — 3 xy + y? — 1 to give 2? +
10xy — 9 —52?
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. 'What must be added to 3a’y — 7 ay® + # — 5 ay to give

—ay+12ay® —ay —15°

11

. What must be added to — 17 a%ecd® — 4 ad?c®d® + 3 abed +

ax to give 3 ab%?d® — 127

12

. What must be added to 27zy + 13 v — 12 + ab togive 0 ?

Remove the parentheses and collect terms:

~13
14

15.
16.

17
18

e+ dy—(a—0b)+4a—(a+ 3b)+ec

152 — 2122 —16y)+ay + 33w — day) — .
ab—Tax+4y —22)4+ 42+ 5B ab—x — y).

[x —(—4x+8y+22)+0—-4Bx—=z)]—50.

. [ab—{—bac+T(d—a)+4ca+Td} —6ba]+13a.
{5t —2[—4— (22— 32)]+ 5} — (& + 42 — 2).

"Perform the indicated multiplication :

19.
20.
21.
22.
23.
R4,
25.
26.

(o — 4 x%® + 4y*) (2t + 4a?y? + 4y,

4t —2*+5)Ba —x + 7).

(@404 c)(@ + 04 ¢ —ab — ac — bc).

(x 4 ) (& — @y + @hy? — 2%y + 2Pyt — xyt + o).
Bx—9xt+a?—4at —3x*+10)(—2® + 3z — 2?4+ 2a%).
Bz —4y)(9z* +16y*) (32 + 4 y).

(a —3b+2¢c) 27, (z— y") (x* + ). ;
(x—y+2)> 8. (x4 29"+ 32°) (x* — 3 3).

Divide :

29

30.

31

.6a®*—13a*+4a®+3a?by 2a®—3a*+ a. _
—30a*—11a*+4 820>+ 12a — 48 by 3a* 4+ 2a — 4.
. 10224 202® —112° +102° — 32* 4+ 2 by — 32> — 2+

2x 4+ 5xd.

32.

a® —3a® 4 a* — Ta’+ 3 by (a® —1)%

33. a® — 5a* +10a®%* — 10 a%® + Tal* — 0° by (a — b))%
34. (6a*+5a—06)(2a>—13a+20)by (3a —2)(2a —5).

35.

x® — 2742+ 64 + 362y by « — 3y + 4.
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Find the value of y in the following equations:
36. 6y —20+5y—18=36y—4 —40y+ 9.
37. 4y —306 —y)+2=6(y—2)— 13y + 24.
38. 6y—4(1—2y)+10=42y—5)—4y+1
39. (y+T)(y—1)=(+8)(y— ) — 2.
40. (y—3)’=@"—6y+9 G +y)— 84
41. *+ > —(y+ 1) — (e +1)2=0
42. 3ay+6ac+ 40> =3ab 4 4 by + 8be.
0N,
. 2a ’
43. When ¢ =1, b = 410, and ¢ = —11.
44. When a =5,b=—0, and ¢ =— 8.
b—\/b‘—4ac
2a

45. Whena =3,0 =25, and ¢ =— 8.

46. Whena =2, =7, and ¢ =— 22.

417. If =12, m =18, and v = 20, find the value of s in the
equation fs = L mv?

48. If a = 32.2, m =7, t =40, find the value of ¢ in the
equation e = § m (at)2

49, If s = a+3+c’ ﬁndthevalueof'\/s(s—a)(s—l/)(s—c)

when @ = 3,56 =4, and ¢ = 5.

Find the value of z, if z=

Find the value of @, if x =

50. If the square of a certain number is increased by 38,
the result is equal to the product of the next two consecutive
numbers. Find the numbers.

51. The square of a certain odd number is 98 less than the
product of the next two consecutive odd numbers. Find the
numbers. .

52. If the square of a certain odd number is increased by 47,
the result is equal to the product of the next two consecutive
even numbers. Find the numbers.
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53. The product of two consecutive numbers is 42 less than
" the product of the next two consecutive numbers. Find the
numbers. .

54. The ages of two persons are respectively 42 years and
15 years. In how many years will the elder be twice as old
as the younger ? '

55. The ages of two persons are respectively 36 years and
16 years. How many years ago was the older person three
times as old as the younger ?

56. The ages of two men are respectively 52 years and 21
years. How many years hence will the older man be twice as
old as the younger ? *

57. The ages of two persons are 87 years and 42 years
respectively. How many years ago was the elder four times
as old as the younger ?

58. A collection of quarters, dimes, and nickels, containing
32 coins, is worth $3.60. There being twice as many nickels
as quarters, find the number of each.

59. A bullet is fired from a rifle at a speed which would
average 1280 feet per second. Six seconds later the marksman
hears it strike the target. The velocity of sound is 1120 feet
per second. Find the distance to the target.

60. The leader in some games proposed to tell the age
of the others thus: each was to add 12 years to his age, to
multiply the sum by 3, to subtract 36 from the product, and
then to add his age. Each in turn announced his final result
and the leader at once gave the correct age. What did he do
to each result to obtain the proper age ?

61. The per cent of the population of the United States
under 20 years exceeds by 59, the population between 20 years
and 60 years. The per cent between 20 years and 60 years is
nine times the per cent above 60 years. Find the per cent of
the population under 20 years, between 20 years and 60 years,
and over 60 years.
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62. The length of the St. Gothard tunnel exceeds that of
Mount Cenis (Italy) by 9000 feet. The length of the St. Goth-
ard tunnel is 1320 feet less than twice the length of the
tunnel at Hoosac, Massachusetts. If the sum of the lengths
of these tunnels is 113,760 feet, find the length of each.

63. The heig'ht of the first cascade of the Yosemite water-
fall exceeds that of Staubbach Falls by 520 feet and is 60 feet
more than four times the height of the falls of the Zambezi.
The height of the latter is 32 feet more than twice the height
of Niagara Falls. The sum of the four heights is 3004 feet.
Find each.

64. The combined weight of a cubic foot of mercury, a cubie
foot of water, and a cubic foot of alcohol is 962.2 pounds.
Aleohol weighs 11.5 pounds per cubic foot less than water,
while a cubic foot of mercury weighs 32.7 pounds more than
sixteen cubic feet of alcohol. Find the weight of each per
cubic foot.

65. If the average annual rainfall at Boston were 3 inches
less, it would be one third the rainfall of Neahbay, Wash-
ington. The annual rainfall of Boston is 1 inch greater than
that of St. Louis and 1 inch less than five times that of San
Diego, California. If these places together have a total annual
rainfall of 219 inches, find the rainfall at each place.

66. From tables which have been compiled it is found that
a person 10 years old may expect to live 5.39 years longer
than one 21 years old and 15.31 years longer than one 45 years
old; and a person 45 years old may expect to live .94 of a year
less than twice as long as one 65 years old. If four people
(one at each of these ages) may expect to live a total of 109.42
years, how many years may each expect to live ?



CHAPTER XII
IMPORTANT SPECIAL PRODUCTS

42. The square of a binomial. The multiplication
a +0
a +0
a4+ ab
ab + b?

a?+ 2 ab 4 b
gives the formula

(@a+b)?=a*+2ab+ 0.
This may be expressed in words as follows:
1. The square of the sum of two terms is the sum of the
squares of the terms plus twice their product.

‘milarl
Similarly (a—b) = a® — 2 ab + b,

which may be expressed in words as follows:

I1. The square of the difference of two terms is the sum of
their squares minus twice their product.

EXERCISES
Square the following either by I or IT:
1. 16.
Solution: 162=(10+6)2=100+36+2-10-6=256.
2. 49.

Solution: 492 = (40 + 9)2 or (50 —1)%

Using the latter, (50 — 1)2 =2500+1—-2-50-1=2401.,
3. 15. 6. 19. ' 9. x +1.
‘4. 17. 7. x4+ 9. 10. a + 2.

5. 18. _ 8. x —ec. 11. * + 3.

92
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12.
13.
14.
15.
16.
17.
18.

19

FIRST COURSE IN ALGEBRA

c—4.

2¢® 4+ d.
3z —y.
x4+ 2y.
a—45b.
ys— 2.

2a 4 1.
. 3a? 4 2.

“ 20.
21.
22.
23.
24.
25.
26.
27.

404 3.
2a% — 30.
3¢t —4ak
2% — 6.
3xy + v
Ta? — 3yt
8% + 2.
6ay — 2a

28.
29.
30.
31.
32.
33.
34.
35.

4y — 22
3at — 5ab.

22 — 62%.
41.

92.

101.

202.

1001.

Perform mentally the indicated division :

36.

31.

38.

39.

a+b
a2—2cw+c“"
@—c -
@ —da+4
a—2

3z —1

a2+2ab+lﬂ.

9z2—6x+1.

40 y*+ 40y + 400
’ 20+ y
9a? —12xy + 447
2y—3z '
4a*—20a + 25
—5+2a
da?—12ay 4+ 94?2
3y—2x

41.

42.

43.

Find a binomial divisor for each of the following trinomials:

44.
45.
46.

47

x? — 2xy + o
a?+2a+1.
a®+ 4a 4 4.

At 441,

48. 16 x* — 8x + 1.
49. 162* — 8 zy + y>
50. 9a*— 622 4+ 1.
51. 16 % — 404°% + 25.

State the two binomials whose product is:

52
53

54. 2 — 10 + 25.
58. 16 z*y® — 24 z¥ya +9 a’

.2+ 2cd + dx
Lt —2a 41,

*

55. 4a®> —4a +1.
56. 4x*412x + 9.
57. 9a%® —6ab+1.

59. 25 a*l® — 60 a®%* + 36 ¢t

" It is often convenient to use. the word #ferm in a broader
sense than that in which it has been used in the work thus far.
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_ For example, in the expression (¢ +b) =3 (a +2b)+4(a+30)
the binomials (« + b), — 3 (a 4+ 20), and 4 (a + 8 b) are often spoken
of as terms, and the entire expression is then called a trinomial.

If in (a +b)(a + b) = a®+ 2 ab + % we substitute z + y for a, we
get [(x+y)+0][(zx+y)+d]=(x+y)*+2(x+y)b+ b2 Expand-
ing (2 + y)? by the formula, and expanding 2 b (x + y) also, we obtain
224+ 2xy + y> + 2bx + 2 by + b2

This means that if we regard (z 4+ y) as a term and apply the
formula for squaring the sum of fwo terms, we can square the tri-
nomial x + y + b mentally.

Similarly (z+y —0)2=[(z+y) —b][(z +y) —b]

=@+y)?—-2b0@+y)+b?
=22+ 2xy + y* — 20z — 2 by + b2

EXERCISES

Using one of the formulee on page 93, square the following
trinomials : ’

1. a+06+4c 5. a —0+c. 9. 2a+0—4ec.

2. a§0—ec. 6. a —b—ec. 10. 3a — 20+ 5e¢.
3. a+06—1. 7. a +20 — 3. 11. 20 — 30 —4ec.
4 a+0+1. 8. a—20+ec. 12. 40— 1 + 2ab.

43. The product of the sum and the difference of two terms.
The multiplication

a +0b

a —b

a? 4 ab
—ab — b

e — 2

gives the formula
(a+ b)(a—b)=a*— b2
This may be expressed in words as follows :

III. The product of the sum and the difference of two terms
equals the difference of their squares taken in the same order
as the difference of the terms.
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EXERCISES

Expand by the preceding formula:

1
2
3

17.
18.
19.
20.
21.
22.
23.
24.
25.

. (10 — 4) (10 + 4).
L (T+2)(T—2).
. (12 — 3)(12 + 3).

14. 72.68.

15. 75-85.

16. 97-103.
A+ (=)
.4 —x)(x +4).

. 2c+a)(Zec—a).
. Ba+0)(d—3a).

. (404+2¢) (40— 2¢).
. Bxy — 2) Bzxy + 2).

. (4ab—3)(4ab + 3).
. (a* — %) (a* + 63).-‘
. (a® + a®)(— a® + af).

. (6 +38)(6 —3). 4
. (844)(8 —4). 5
.9 —2)(9+2). 6
o 7. 22.18.
Solution : 2218 = (20 + 2) (20 — 2) = 400 — 4 = 396.
8. 35.25. 11. 35-45.
9. 33.27. 12. 5248,
10. 36-44. 13. 65.75.
(x + 3) (x — 3). 26
(a + 5) (a — 5). 27
Qx4 4)(2x—4). 28
Bn+ 5)(3n —5). 29
@ +y) (= —v) 30
(x —a)(x + a). 31
(@ — 1) (x + 1). 32
@+ 2)(a — 2). 33
(a® 4 3) (a® — 3). 34
35. (2®* —2y)(=®*+ 2y).
36. (4ab — a®) (4 ab + a®).
37

38
39
40

Perform the indicated division:

41. (a® — 0% +(a + D).
42. (¢ —d¥ =+ (c —d).
NCEYSEAGCE X)X

43

44
45
46

. (Bed*+2d)(— 2d + 3 cd?).
. (6cd + 3)(— 3+ 6cd).

- (xy +2y) (2y — day).

. (8abe — 2bc) (2be + 3 abo).

. (86 —a®) + (6 — a).

. (92 —16) =+ (4 4+ 3 x).

(@t — 1)+ (a? — 1)
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Find a binomial divisor for each of the following binomials :

47. 2% — 9. 49. 422 —9. 51. 16 — «®.

48. 2* —1. 50. 25 — 16 22 52. y% — 4.

State the two binomials whose product is:

53. ¢ — d> 55. n? —16. 57. 360% — 1.

54. n? — 4. 56. 9 — 4o 58. a® — 9.
59. 25 — 4 2% 60. 100 — 9«2

If in (a+0d) (e —b)=a%—b? we replace a by z + y; we get
[+ +b][(z+y)—b] = (z+y)?%—b?; which, when (z + )2 is
expanded, becomes 22 + 2 2y + 3% — b2

Similarly, replacing b by (z + y), we get

[at+@+ylle—(+y]=a—(+y
Ixpanding, =a?— (2 + 22y + y?).
Removing the parenthesis, =a%—22— 22y — y2%
Perform the indicated multiplication :

6L [(z+ ) +11[(= +9) —1].

62. (x+a+3)(x+a—3).

63. [(x —a)+ 3][(x — a)—3].

64. (x+4+c)(x+4—o).

65. 2a—0b+4¢c)(2a—0b—oc).

66. [t+ B +c)][x—0@+0)]

67. [x+®—c)][x—(®—0)]

68. [3+ (@ —1)][3 — (@ —1)]

69. [d2 4+ Qy—2)][dx— 2y —2x)].
70. [10 — (@ — 5)][10 + (& — 5)].

State the two binomials whose product is:

71. 492* — 1. 76. By — 2)* — b2
72. 64 2% — 25, 7.0 — (x4 y)%
73. (¢ +0)* —1. 8. 0 — (x — y)%
4. (x—y)?—4 9. ¢* —(x + c)

5. (2x —1)? — ot 80. 4 —(x — 2)%
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44. The product of two binomials having a commen term. The

multiplication
xr +a »

x +0b
x? 4 ax
+ bx + ab
2+ (a + b)x + ab

gives the formula
(x+ a)(x + b) = x> + (a+ b)x + ab.
This may be expressed in words as follows :

IV. The product of two binomials having a common term
equals the square of the common term, plus the algebraic sum
of the unlike terms multiplied by the common term, plus the
algebraic product of the unlike terms.

EXERCISES
Expand by the preceding formula:

1. z+1)(=x+2). 6 (n+1)(n—2). 1l (a—1)(a—2).
2. (x+2)(x+3). T (n—2)(nst3). 12. (a—2)(a—3).
3. (x+3)(x+4). 8 (n—38)(n+4). 13. (¢ —3)(a—4).
4. (x+4)(x+5). 9. n—4)(n+5). 4. (a—4)(a—35).
5. (x+5)(x+6). 10. (n—5)(n+6). 15. (a —4)(a—6).

16. Qy+3)2y+4). 23. Ba—5)(Ba+1).

17. 2y +2)(2y+ 3). 24. (4a+3)(4a—b5).

18. Ba+1)(Ba+4). 25. (4a —5)(4a —6).

19. (2n+3)(2n+5). 26. (4ab+1)(4ad—6).

20. (2n+3)(2n—5). 27. Bx—2)(Bxz+5).

2. Zn+3)(2n—4). 28. (4a—30)(4a+50).

22. (2a+1)(2a—5). 29. 5a—06b)(5ba—T0).

Perform mentally the indicated division:

30. m2+3m+2. 31 w2+5m+6. 39, x2+4ac+3.

xz+1 : ) z+ 2 z+ 3
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2 2 2
33, x +6x+5. 35. % 7:13.-{-12. 37, x 5m+4_
x4+ 1 x—3 x—1
2 2 2 =4
34 x —|—7m+12. 36. x 5w+6' 38. x 6w+o.
x4+ 3 xr—3 x—5
2 _ 2 _
39. x 7x+6. 40. x 790—}-12.
x—6 x—4

Find an exact binomial divisor for each of the following
trinomials :
41. 22+ 3x 4+ 2. 45, x4+ T2 +10. 49. 22 — 62 + 8.
42. 22 4+ 5x 4 6. 46. x* 4+ 8x +15. 50. 22 —8x 4+ 15.
43. 224+ Tx 412, 47 2* —3x 4 2. 51. x* —8 = 4 12.
44. 22+ 62 + 8. 48. 2 — 5x + 6. 52. 2 — 9x 4 14.
State the two binomials whose product is:
53. 22+ 82+ 7.  56. 22 —11x +10. 59. x? + 9 + 20.
54, 22 4+92x+ 8.~ 57 22 —10x 416. 60. 22— 9x -+ 18.
55. 22 —10x + 9. - 58. x> +10x 4+ 21. 61. 2>+ 9x 4 14.
v 62, 22 —12x + 32. 63. 2+ 112 + 10.

45. The square of any polynomial. The multiplication

a +0—c
a +b—c¢
a4+ ab— ac .
ab + 02— be
— ac — beH4c?
a?+2ab— 2ac 4 b2 — 2bc + ¢
gives the formula

(@a+b—cf=a +b0*+c*42ab—2ac— 2 be.

This may be <xpressed in words as follows:

V. The square of any polynomial is equal to the sum of the
squares of the terms, plus twice the algebraic product of each
term by each term that follows it in the polynomial.
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EXERCISES
Expand by the preceding formula:
L (a+0+c) 5. (a —b — o) 9. Ba—38b+1)2

2. (a+b+1)% 6 Qr+y—1):X10. (a—b+c—d)
3. (a+b4 2)% 7. dx+y—2)% 1L (x4+y—a+1)%
4. 2a+0b—c)% 8. (a—bec+d)> Y 12 (e —y+0b—3)2
46. The cube of a binomial. ' The multiplication
a +0
a +0b
a®+ ab
ab + b?
a®+ 2ab 4 b
a +0
a®+2a% + ab®
a® + 2 ad? + b®
a® + 3a% + 3 ab® + b®

gives the formula (a + b)* = a® + 3 a?b + 3 ab® + b°,

Similarly . (a—b)® =a®*—3a’+ 3ab® — b
EXERCISES
Expand by the preceding formula:
—+1. (x4 y)> 6. (x — 2)% 11. (2 —1)3%
2. (x —y)t 7. (x—3)% 12. Bz + 2)%
+ 3. (z41) 8. (z + 3)% 13. (8z — 2y)*
4. (x —1)=% 9. 2z + y)2 14. (z% x + 3y)>-
- 5. (x4 2)% 10. (x — 2y)=% 15. (bx — 2y)>

16. Express in words the formula for the cube of the
binomial a + 0. .

17. Express in words the formula for the cube of the
binomial @ — b.



CHAPTER XIII

FACTORING

A

47. Definition. Factoring is the process of finding the two
or more expressions whose product is equal to a given ex-
pression. -

The subject of factoring is very extensive. In this chapter
we shall consider only the more common forms of factorable
expressions and only such factors as do not contain irrational

numbers and fractional terms.(see § 91).

Thus fractional expressions like %——-a% %—4, ete., will be
. @

regarded as prime,* though the Student can readily prove that

1+a (}——a ='l—a9_ and that +2 l—‘.2 :1—4 Pos-
3 3 9 a a?
sibly he can see that (\/ 3+a) (\/3 - a) =38—a?, and perhaps that

(z+V29)(z —V2y) =22 —2y% But here also 3 — a2 and 2% — 22
are considered prime because their factors contain the irrational

numbers V3 and V2.

48. Roots of monomials. In factoring it is often necessary
to find the square root, the cube root, and other roots of vari-
ous monomials.

The square root of a monomial is one of the two equal factors
whose product is the monomial.

Since +2:-4+2=4and —2-—-2 #4, the square root of 4 is + 2,
which means plus 2 or minus 2.

Similarly the square root of 9 is + 3 and the square root of a2 is + a.

That is, Lvery positive number or algebraic expression has two
sgquare roots which have the same absolute value but opposite signs.

It is customary to speak of the positive square root of a
‘number as the principal square root, and if no sign precedes

* An integral expression is here regarded as prime when no two rational
integral expressions (see page 122) can be found (except the expresswn itself
and 1) whose product is the given expression.

101
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the radical the principal root is understood. When both the
positive and the negative square roots are considered, both
signs must precede the radical.

Thus '\/e—l =2, not —2; —Vi=— 2, not + 2.

Since a8+ b = (— a¥) (— a%) = a1, +Val® = & db.

Similarly a®? * a®%® = a'%%, and + Va'2® = +a%3.

That is, The exponent of any letter in the square root of a
monomial is one half the exponent of that letter in the monomial.

Hence for extracting the square root of a monomial we
have the

RuLe. Write the square root of the numerical céeﬁim’mt
preceded by the double sign + and Jollowed by all the letters of
the monomial, giving to each letter an exponent equal to one
half its exponent in the monomial.

A rule much like the preceding one holds for fourth root,
sixth root, and other even roots.

Thus :};'\/4 8la*= + 3a, and ;1:\/6 212 = 4 22,

In the chapters on Factoring and Fractions where square roots
arise only the positive square root will be considered.

According to the definition of square root the two factors of a
term, either of which is its square root, must be equal. Consequently
they must have the same sign. Since the product of two terms hav-
ing like signs cannot be negative, we cannot extract the square root
of a negative term. Hence we do not consider the square root of
such terms as — 4, —9a?, and — 16 2y* in this chapter.

The cube root of a monomial is one of the three equal factors
whose product is the monomial.

In this chapter only a single cube root of a number is considered ;
that is, the principal cube root.

Since 3.3.8=297,v/27 = 3. .

Andas —3-—8.—-8=—297, ~/—27 =—8.

That is, The cube root of a monomial has the same sign as
the monomial.
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Similarly %% - a%8 - a%% = a%?, and ~/a%® = a2

That is, The exponent of any letter in the cube root of a
term 1is one third of the exponent of that letter in the term.

Hence for extracting the cube root of a monomial we have the

Rure. Write the cube root of the numerical coefficient pre-
ceded by the sign of the monomial and followed by all the letters
of the monomial, giving to each letter an exponent equal to one
third of its exponent in the monomial.

A rule much like the preceding one holds for fifth root,
seventh root, and other odd roots.

Thus '\/8 —8=-2, '\/5 21 = 22, and V7 128 221 = 2 13,

EXERCISES

Find the value of the following:

Vit
9at
. V25 a®at.
Vit
V9t
V16 2.
V49 x4y,
. V81 xi2g™®,
. V121 ¢®ds.
. V169 5.
. V196 4.
NG
. V256 ci2.

G o o

© ® 3P o oR

S
[ U - B = ]

. V400 a2t

15
16

17.

18

19.

20

21.

22
23

24.

25
26
27
28

. V3240,
. V625 by1e2s,
Van,

. Vatn,
Vs,

. VarpEn,
~/8.

. V= 8dk
. V2T
~/64.

. V=125,
. V/216.

. ~N— b

. V= as

- 29

30
31
32
33

34.

35
36

37.
38.

40

41.

42

. Na'.

. V512 2.

. V=729 a®".
. V1000 a%®.
~/ 2T aPbPet®
. VB aPe,

. V=125 a%%¢
/a5,

o,

~/a,

. V320
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49. Polynomials with a common monomial factor. The type
form is . ab + ac — ad

Plainly ab + ac — ad = a (b + ¢ — d).

This gives, for factoring expressions having a common
monomial factor, the

RuLe. Determine by inspection the greatest monomial factor
which occurs in each term of the polynomial.

Divide the polynomial by this monomial factor.

Whrite the quotient in a parenthesis preceded by the monomial
Jactor.

Example. Factor 9 x%y — 36 2
Y y

Solution: By inspection the greatest monomial factor of each term
is 9y. Dividing the binomial by 9 y, the quotient is 22 — 4 y.
Therefore 9x%—36y2=9y(a?—4y).

EXERCISES
Factor the following:

1. 3z 4+ 6. oll. 3y*—15y+ 63"
Vogat — et ¢ 12. 10ab —140¢ — 8 2

3. S — 2% 13. 35 4+ 3y'z + 6 y%2%

4. xy+ 2 14. 4a%® — 6 a®y® +12 a'a®y?
5. 56° — 1508 15. 1228 4 30 a%2" — 18 ¢%°.
6. & — c%y. . 16. 6¢° + 10 ¢!® — 20 2

7. «® — x + 2% 17. 8yt — 4yt —12y2

8. ¢ — ¢+ 18. o* 4 2® —2? + 2.

9. 3y — 9yt +12. 19, — 8yb—4yd +1245+ 645
10. ¢+ 2bc — c. 20. 1405 — 4907 + 210% — 788

21. — a%%® — 3axdy? — 2 aPxbyS2® + b atrtytz.

~ 22, — 18 a®Pct — 45 atey® — 36 alclrz — 63 atoxy.
23. 32c"x? 4 80 ¢'%x — 112 ¢®) + 48 c'%.
24. 56 a*b®x® — 28 a*x + 112 afx®y? — 196 a’x®

N
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50. Polynomials which may be factored by grouping terms.
The type form is ax + ay + bx + by,

Plainly ax+ay+dx+dy=a(x+y)+ o(z+ y).

Dividing both terms of a(x + y)+ b (z + y) by (= + y), the
quotient is a 4 &.

Therefore ax + ay + bx + by = (x + y) (a + D).

The preceding example illustrates the

RuLe. Arrange the terms of the polynomial to be factored,
in groups of two or more terms each, such that in each group a
monomial fuctor may be written outside a parenthesis, which in
each case contains the same expression.

Then divide by the expression in parenthesis and write the
~ divisor as one factor and the quotient as the other. )

Polynomials which may be factored by grouping terms,
according to the foregoing rule, usually contain either four,
six, or eight terms.

It is important to note that one can obtain two apparently differ-
ent sets of factors for a given expression. Thus

(@a—38b)(c—d)y=0Bb—a)(d—c)=ac—3bc—ad + 3 bd.
But the difference between the first pair of binomials and the second
pair is only one of sign, and it is customary in this and in similar

cases to regard either pair of binomials ag a different form of the
other pair. "

The relation that the process of factoring bears to the proc-
esses of multiplication and division of polynomials should be
constantly kept in mind. In multiplication we have two fac-
tors given and are required to find their product. In division
we have the product and one factor given and are required to
find the other factor. In factoring, however, the problem is
a little more difficult, for we have only the product given,
and our experience is supposed to enable us to determine the
factors. For this reason a very careful study of several forms
of products is necessary.
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There is no simple operation the performance of which
makes us sure that we have found the prime factors of a
given expression. Only insight and experience enable us to
find prime factors with certainty. '

A partial check, however, that may be applied to all the
exercises in factoring consists in actually multiplying together
the factors that have been found. The result should be the
original expression.

EXERCISES

Factor the following (see Exercises 23-31, p. 32):

L. 2(x+y)+a(x+y).
b+ 2y)+(x+2y).
c(c—ar)—d(c—a).
2¢(3b—d)+3a(3b—d).
6d(c+x)—(c+m)+4k(c+w)
—5(2a—30)+Ta(2a—3b)— 3b(2a—3b)

7 k(a—5b)+ 30 — a).
This can be written & (a — 0) — 3 (a — b).

8. h(x —y)+ k(y — ).

9. 5a(c—2d)— 6(2d — o).

10. 3y (k — 4 1)+ (4% — k).

11. 2¢(4%k —3c)—5h(3c—4k).

12. By (bx —0)—T(h —5x)+62(bx —b).
13. ab + bx + ac + cx.

Solution: ab + bz + ac + cx = (ab + bx) + (aé + cx)
=bla+2)+c(a+x)
=(a+x)(b+c).

o ok w D

14. ax — bx + a — b.

Solution: ar — bz + a — b = (aer= bz) + (a — D)
=z(a—b)+1(a—10)
=(a—=0)(z+1).



FACTORING 107

15. 428 — 3wy — 8 a%y + 632

Solution: 4 2% — 3zy — 8a% + 6 y?
= (42° — Bay) + (— 82% + 647
=z(422—3y) +2y(— 422+ 3y)-
=z(4a®—3y)—2y(42?—3y)
=(4a*—3y)(z—2y).

Expressions similar to 18, 14, and 15 may be grouped in more than
one way. For example, the terms of 15 can be grouped thus: "

(42— 8a%) + (—3xy+ 637
=422z —=2y) +3y(—2+2y)
=422 (z-2y) -3y (x—2y)
=(z—2y) (42 =3y).

16. ax + bx + ay + by. 20. ax +3a —bx — 3b.

17. ¢h + 2% 4 cx + hx. 21, 222 +10xy — 4o —20y. -
18. dh — ch + bk — ck. 22. 6ab—2ac+3b—ec.

19. bx + 2 — ab — az. 23. 36ax +45ac —4x —be.

24. 6a®+ 14 ab — 15a%y — 35 by.
25. 3ax — ay — 6 bx + 2 by.

26. 12ax — 6ay — 50 cx + 25 cy.
27./27 — 31— 104 + 15k,
28. 10dh — 45 hk — 22 cd + 99 ck.
29. 28 hw + 9 ky — 21 hy — 12 k.
30. —2ax + Ta?+160x — 56 ab.
31. 62k +152y —10 ky — 9 ha.
32. —21laxr +12c¢cx —4cd + Tad.
33. Tgy — TThy —cg +11ch.

34. 5a® +10a — 5a* —10.

3% 3a—5 ax® — 6 ax + 10 ax*.

" 36% 4 abxy — 24 dwy — 3 abgh + 18 dgh.
37. 8acxy — 20 bx’y — 6 abe® 4 15 b%cx.
38. ax + bx + cx + ay + by + cy.

39. ¢g + 2c¢h + ck — gx — 2 ha — k.
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40. 3ab —bx + 20y — 3 ac + cx — 2 ¢y.

41. 4ax —ac+ 2ay +12bx — 3 be + 6 by.
42. ax — Gcy — 2bx + 4 by + 3 cx — 2 ay.
43. —2x2+6ay+cz+4xy —3az—2e¢y.

51. Trinomials which are perfect squares. The type form is
a® = 2ab + b2
This, by § 42, gives us the two expressions:
a®+ 2ab + 0% = (a + b)?
a® — 2 ab + 0% =(a — D)2

If an algebraic expression is the product of two equal factors,
it is said to be a perfect square.

A trinomial, arranged according to the descending powers
of one letter, is a peifect square if the absolute value of the
middle term 1is twice the product of the absolute values of the
square roots of the other two terms.

Thus in the type form above, 2ab =2 - Vat- Ve

Similarly the trinomial 4 22 — 20 zy* + 25 y* is a perfect square,
since 20 zy? = 2-'\/@-'\/%};‘: 2:2z-5y2

EXERCISES

Form perfect trinomial squares of the following by supply-
ing the missing term:

L@ +d. 3.4+ ()+1 5 4?4 (?)+ 25.

2. a4+ (?)+ 4. 4. 284+ (?)+ 9. 6. 9a° +(?)+ 442
7. 100 a* + (?) + 86 32 14. 12135 —88 9% +(2).
8. 49 4 (?) + 64 % 15. 100 a® + 240 a’s® + (?).
9. 2+ 2a + (). 16. (?)— 6y +9.
10. 42 — 6y +(?). 17. (?)—10 5"+ 25.
1L 42— 40y + (D). 18. (?)+164* + 4.
12. 99% + 836y +(2). 19. (?)— 80 k%A% + G4 At

13. 16 2' — 16 2% + (?). 20. (?)+ 104’k + 169 %2
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For obtaining one of the-two equal factors of a perfect
trinomial square, we have the

RuULE. Arrange the terms of the trinomial according to ihe
descending powers of some letter in it.

Euxtract the square root of the first and third terms and con-
nect the results by the sign of the middle term.

EXERCISES

Factor the following:
1. 2+ 2cd 4+ d2 4. a® —10a + 25. 7. 9 — 6z 4 a2
2. 2% 4 2xy + YL 5. a®* + 8 a +16. 8. 16%4*+1— 8k
3. 2+ 22 +1. 6. 4r2+4h+1. 9. 422120+ 9.

10. «* + 1+ 222 16. cfd*® + 2 ¢%d° 4-1.

11, a® — 628 4 9. 17. 24 2%2 +16 y* + 9t

12. 2502 4+ 4 k% — 20 hk. 18, x* 4 4 y* 4 4 2%y~

13. 942 — 247k +161% 19, 4y’ — dayt + 1.

14, x? — 24 22% 144 2% 20. 25 h%? — 30 W8kz + 922

15. 12%° + 92° + 42°  21. 121 ¢%d* — 220 ¢*d%* 4 100 g*

22. 169 a* -— 156 a%z*y® + 36 x®y°.

It is only in the beginning of factoring that polynomials
are classified for the student. In the practical work of han-
dling fractions and solving equations he must determine for
himself the type of the polynomial to be factored. It is there-
fore very important that he fix in mind the various types and
the manner of factoring each. Moreover, he should remember
that the polynomials which arise in practice often have three
or more factors. Miscellaneous review exercises afford excel-
lent practice in recognizing types and in determining all the
prime factors.

The suggestions given on page 120 will prove helpful, though
only the first three of the types there given have as yet been
considered.
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REVIEW EXERCISES

Separate into prime factors:

1. 28 4+ 22% 4 2. 7. 16 2® — 24 28 + 9t

2. a® — dat 4 428 8. 28 2% — 28 3 + Tt

3. 2a*+12a? +18. 9. Sax + 3 ay + 3bx + 3by.
4. 3a®+18 a + 27. 10. dex — 4oy + 4dx — 4 dy.
5. 2% — 20 x* 4100 a2 11. ax —a +x — 1. ‘
6. Sea® —T0ca® + 245¢c. 12, 63xy — 844> + 98yz.

13. 30ax — 34bx —15a + 1750.
14. ax — bx + cx + ay — by + cy.
15. 14 anx — 21 bny — Tn.

16. 3ax — 50y — 5ay + 3 bx.
17. 56 a? — 40 ab + 63 ac — 45 be.

52. The quadratic trinomial. The type form is
x* 4+ bx +c.
Suppose (x+h)(x+ k)= a®+ bx + c.
‘Then x4+ (h 4+ k)x + hk = x* 4 bx + c.
Since this is an {dentity we may assume that the corre.
sponding terms in each member are equal.

That is, - (b + k)x = bz,
or h+k=256;
and hk =ec.

Therefore, if two numbers exist whose sum is 4 and whose
product is ¢, the trinomial «% 4 dx + ¢ can be factored ; if such
numbers do not exist, the trinomial cannot be factored. Many
trinomials of the form «? 4 b= + ¢ are prime; for factoring
such as are not we have the )

RuiE. Find two numbers whose algebraic product is ¢ and
whose algebraic sum is b.

Write for the factors the two binomials which have x for the
common term and the numbers just obtained for the unlike terms.
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EXAMPLES

1. Factor 2?4 Ta 4+ 12. .

Solution : Here it is necessary to find two numbers whose product
is + 12 and whose sum is + 7. Now 12=1-12, or 2-6, or 3-4.
Obviously only the last pair gives 7 for a sum.

Therefore 224+ Tz+12=(x+3)(z+ 4).

2. Factor 2 — 12z + 32.

Solution: Since 82 is positive its two factors must have the same
»ign; since — 12 is negative both factors must be negative. Now
32=1-32,0r2:16, or 4-8. By inspection of these products, — 4
and —8 are found to be the required numbers.

Therefore 22— 1224+ 82 =(z—4)(x — 8).

3. Factor x? — 6 x — 40.

Solution: The product, — 40, is negative; hence the required
factors have unlike signs. The sum, — 6, being negative, the nega-~

tive factor of — 40 must have the greater absolute value. Now
40=1-40, or 2-20, or 4-10,0r 5-8. We see that 4 + (—10) =—6.
Therefore 22— 6x—40 = (z + 4) (x — 10).

4. Factor 2? + 13 x — 48.

Solution: The product is negative; hence the required factors
have unlike signs. The sum being positive, the positive factor of
48 must have the greater absolute value. Now 48 =1-48=2.24
=38:16=4-12=6-8. We observe that 16 + (— 3) = 13.

Therefore 2+ 182 — 48 = (x — 3) (v + 16).

EXERCISES
Factor:

1. 224+ 5x 4+ 6. 5. 22419« 4 18. 9. x2 4+ x — 30.
2. 22 +9x 4+ 20. 6. 22 —18x +17. 10. 2 — 22 — 35.
3. 22 —Tx+12. 7. 22— x — 6. 11, 22 + 112 — 42,
4, 22— 9x+14. 8. 22 — 3z — 40. 12. 6 — 52 — x2

Solution : Arranging the-terms, this becomes — 22 — 52 + 6. The
minus sign in the term — 22 prevents our obtaining its square root.
" Taking out the common factor — 1, and factoring as usual,
—22—8x+6=(—1)(@*+5z—6)=(—D(@—-1)(z+6)
=(~z+ 1)z +6)=(1—2)( +6).
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13.
14.
15.
" 16.
17.
18.
19.
20.
21.
22.
23.

Factor:

1. a* 4 628 4 922

2 28 — 52?4 6.

3. 302 —90 — 30.

4. 3 ax® — 3 ax® — 6 ax. 10.
5. 425 — 42® — 360 x. 11.
6. 3x* — 21 2% — bd a2 12.

FIRST COURSE IN

14 — 52 — o2
21 +4x — 22,
24 +10a — a®
10 + 3z — 2%
T2 4+c¢—ck

x? 4+ — 90.

28 + 2 — 11 «.
27 — 12 x 4 22
8z 4 x? — 48.
z? — 2z — 90.

2 — bax + 6 a%

24.
25.
26.
27,
28.
29,
30.
31.
32.
33.
34.

ALGEBRA

x4+ Tax +12a%

a*x? — 2 ax —15.

h2k? — 9 hk 4 20.

xt — bax? — 14,

x? + 2t —110.

x® — 11 2% - 18.

b*x® — 3 bxy — 28 y2
72k? — B hkax — 36 2.
a®0? — 5 a’bx — 24 x?.
htd? + 10 A%dg® — 24 ¢
9 kPty® 4 kot — 22 4%

REVIEW EXERCISES

7. 4a%* — 64 a'y® 4 256 a”
8. 3x — 3ax — 18 a%x.

9. 56 x 4 x? — «8.

140 A2 4 23 A% — At
3 2% — 3t 4 60 2%
32 a%? 4 2 a? — 16 a%x.

13. 4 ay’x? — 40 ay?’x 4 100 ay?

14. 3a* — 32® 4 822 — 3=

15. 2a2® — 4 ax? — 12 ax + 24 a.
16. Sxyz —15y2 + 10 xzz — 30 .

53. The general quadratic trinomial. The type form is
ax® + bx + c.

A trinomial of this type can always-be factored by grouping,
if two numbers can be found whose product is ac and whose
algebraic sum is b If such numbers do not exist, the trinomial
is prime.
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EXAMPLES

1. Factor 622 4+ 17x - 7.

Solution: Hereb=17andac=6-7=42. Now42=1-42=2.21=
3.14 = 6-7. Obviously the only pair of factors whose sum is 17 is
3 and 14. }

Therefore we write 622+ 172 +7=622+32x + 142+ 7
=322z +1)+72x+1)
=@z +1)Bz+17).

2. Factor 322 +10x — 8.

Solution: Hereb =10 and ac =8(—8)=—24. Now24=1-24=
2:12=3-8=4-6. Since the product, — 24, is negative the parts
into which + 10 is to be separated must have opposite signs.
Obviously 412 and — 2 are the required numbers.

Therefore we write 822+ 10x —8 =822+ 122z — 22— 8

v =8zx(x+4)—2(x+4)
=(z+4)@Bz—2).

For factoring a trinomial of the form ax? 4 bx 4 ¢ the pre-
ceding examples illustrate the

Rure. Find two numbers whose product is ac and whose
algebraic sum is b.

Replace bx by two terms in x whose respective coefficients are
the numbers just found, and factor by grouping terms.

A vperfect trinomial square and a trinomial of the form
2? 4+ bx + ¢ are special forms of ax? + bx + ¢. Therefore the
exercises on page 109 and those on pages 111-112 could be
factored by the rule just given.

EXERCISES

Factor: )

1. 222452+ 3. 7. 92% + 18z + 8.
' 2. 322+ bz 4 2. 8. T2+ 9ax 4+ 2a2
3. 222 —Tx + 3. 9. 422+ 16z + 15. <
4 24+ 62+ 9. 10. 222 — 32 — 2.

5. 3224+ 8x + 4. 11, 222 —x — 3.

6. ba®--8x 4 3. ~ 12, 42* —Ta —15.
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13. 3t + 722 — 6. 27. 6% + 232 — 55.

14. 32* + S5xy — 2y~ 28. 6 4 23 2% + 21.

15. 32 —x — 2. 29. 102 — T —12.

16. 222 — 5z — 3. 30. 4+ 11lecg — 392

17. 222 4 xz — 322 31. 8a?+ 26xy + 152

18. 6% —xz — 2. 32. 3524 22x 4+ 3.

19. 252% — 20z 4 3. 33. 1422 —z — 3.

20. 49x% — 21x + 2. 34. 21a* — 2% — 2.

21. 36x% — 36z + 5. 35. 22x* —3ax —T.

22. 6t +1322+ 6. 36. 1822+ 65« + 7.

23. 92 — 6% — 8.. 37. 262 + 9 — 2.

24. 5x%2+4+ 22 —16. 38. 142> — 39« 4 10.

25. 32% — 11z — 20. 39. 352 — 39z — 36.

26. ba* + 18 2% + 16 32 40. 42x* = 9x — 6.

REVIEW EXERCISES

Factor:

1. 4ax*+ 8ax + 3a. Uor daty? — 4oy — 12042
2. 2c%% 4 % — 3% 8. T0x® — 85 2% — 30 xy?
3. 48 ax* — 120 ax®*+ 7Ha. 9. 182 — 3922 + 18 .
4. 18 ¢®d — 30 ¢d — 28 d. 10. 36 a* — 6 2® — 12 22
5. x* 4+ x® — 110 2% 11. 42* — 20 2® — 24 22,

6. T5x® 4 60 x% 412 . 12 5ax® + 5ax + 5a.
54. A binomial the difference of two squares. The type form is
a® — b
By § 43 a? — 0*=(a + b) (a — D).
Hence the

RuLe. Regarding each term of the binomial as positive,
extract its square root.
Add the two square roots for one factor, and subtract the

second from the first for the other.
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EXAMPLES
1. Factor a® — y*

Solution: 28 — y* = (2! + y?) (2* — y?), by application of the rule.
= (z* + y?) (2% + y) (22 — ¥), by application of the
rule to z* — y2%

2. Factor 256 x® — 45

Solution : 256 216 — y8 = (16 25 + y*) (16 2° — y*)
= (1628 + y*) (42t -+ y?) (42t — %)
= (162° + y) (42t + ) (202 + ) (222 — ).

‘ EXERCISES

Factor :

1. %% — 2 12. o%* —121. 23. 225a* —160%"2

2. 2t —1. 13. 100 -- 25, 24. a2 — 4%

3. k*—4. 14. ot — 4% 25. x® — ytn,

4. ot — 2% 15. 64 2% —169. 26. at — %

5. 1-—a? 16. a® — 8. 27. a®" —1%n,

6. 1 —4q2 17. 1 —16 % 28. at" — 10,

7. 4a*— 9. 18. 16 2* — o5 29. 4" — gin,

8. 25 — 2% 19. a1 — 4, 30. 9ux?" — 44,

9. At —81. 20. x'® — 4 4 31. (a +0)*—4.
10. 16z* — 25. 21, 144a%* —9. 32 (x—y)? —4

=
[

L3668 —49d8. 22, 196 — xS, 33. (a —20)2—9at
3. 4(x+y)*—1. 385 25(8b—c)?!—64.
36. 4 —(a + ).
Solution: 4,— (a + )2 =[2 + (a + B)][2 — (a + b)]
=@+a+b)(2—a—1b).
37. 81 — (= — )~ 38. 40> — (22 + y)>
Some polynomials of four or six terms may be arranged as

the difference of two squares and factored as in the preceding
exercises.
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1. Factor:
Solution :

2. Factor:

FIRST COURSE IN ALGEBRA

EXAMPLES
a®+ 2ab+ b2 —

az+2ab+b2—02:(a+b)2_02
=(¢l+b+c)(a+b—-c).

a?+ 2ab + 02— — 2cd — d™

Solution: a2+ 2ab + 02— 2 — 2cd — d?
=a2+2ab+ 12— (c2+ 2cd + d?)
:(a-i-l))z—((:+d)2
=(@+b+c+dy(atb—c—Jd).

EXERCISES

Factor:

1. (¢ —b)*— 92>

2. 1642 — (b + 2 k)2
3. 25a*— (20— 3¢)%
Solution: (5z +2y)*— (8z — Ty)*

=[Bz+2y+@z-TPI[Gz+2y)—B2—Ty]
=(Gr+2y+3z—Ty)(Gr+2y—3a+Ty)

7.
8.
9.

10.

11.

17.
18.
19.
20.
21.

=(B8z—5y)(22+9y).

(@ —0yP—(a+ )%
(a—bp—(@+ )

(¢ +20)*—(a — 30)%
(2a —30)*—(83a — 20D)"
(Bh+3k)?—(2c—9d)~

4.

5.

6.

12.
13.

14.
15.
16.

Solution: g2 — ¢ + 22— 2ay =2 — 2y + y* — c*

492° —(Tc — 2d)%
1—(5h—8k)*
5z +2y)°—Bz—Ty)*

(40 —a)*—(Ta —6D)~
4(a —20)*— (22 —y)*
9(a+0):—(2a —50)%
(@ —20)*—4(a+ b)%
y:—ct+at — 2ay.

=(@—yt—c
=@—y+c)y(@—y—c).

224 2ax + a® — Yy

224 2x+1—42%

¢ —2c¢d + d? —16 a’
422 —12cx + 9c* — 2572

x? —y® — 2ax + o’

22.
23.
24.
25.
26.

k*— gt —4kh 4+ 402
6xy —c*+ 9ax® 4 32
12ad — 4702 4+ 402 + 9 a®
1— 4ax+ 4a®x? — 2
40* —20cd + 25d* —9d*
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27. 9d* — 25a®? — 6¢d + 2 28. 12ab + 22 — 4 a% — 9 0%
Solution: 12ad + 22 — 4 a2 — 902

22— 4a?+ 12ab — 9 b2

22— (4a®—12ab + 9 5?)

22 —(2a—30b)?

(x+2a—3b)(x—2a+ 3D).

o

29. o — b — 2hc — 2 33. 922 — 4y —a® — day.
30. 2* — o> — 2ac — % 34. 6 +9y? —9 — 2%

31, ¥ — 0%+ 4bec — 4% 35. dbc+1—4c* — 0%
32. 2bc — ¢ — b2 + at. 36. 4b6c — 402 + 4% — 2

37 2 —a’+ y* — 4 — 22y + 4 a.
Solution: 22— a%?+ 42 — 4 — 2xy + 4a

=a22—2xy+y—at+4a—4
=@2—-22y+y)—(a?—4a+4)
= (@ — )"~ (a—2)*
=@—y+a—2)@x—y—a+?2).

"38. a®+2ab +0*—c¢*— 2c¢d — d*

39. 9k* —6hk + A% —4c2—4ded —dn

40. 22 —1+4+y? —a*+ 22y + 2a.

41. 1+ 2bc+2a — * — 1* 4 o

REVIEW EXERCISES

Factor :
1. x® — 2. 3. a® —2xt 4+ 1. 5. x% — x.
2. at — 22 4 1. 4. x® — 8% +16x. 6. x% — x2
7. xt —10 2% 4+ 9. 13. 4 7% + 48 n% — 28 n*.
8 x* —13x* 4 36. 14. 16 x* 4+ Sx% — 3.

9. 3a%x* — 12 a*x? +‘12a°. 15. a® — a 4+ b — b.
10. 18 a%? — 24 a%x — 10 a® 16. o® — % — 42 4 4.

11. 3z* — 1522 4-12. 17. 3a® 4+ 3a® — 27a — 2T.
12. 12a — 39 ay — 51l ay™ "18. 2a* + 3a% — 8ab —12b.
19. 4022 —a*+ 81 +10a*x — 36 a — 2522
20. 12¢d® — 6a%s — a® 4+ dc? + 9d° — 9.
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55. A binomial the sum or the difference of two cubes. The type
form is
a® £ b3,

a® + ® divided by (@ + 0) gives the quotient a® — ab + 4%
and a® — b® divided by (a — ) gives the quotient a* 4- ab 4 0
Therefore  a® + b® = (a + b) (a® — ad + 07),
and a® — b® = (a — b) (a® + ab -+ b?).

EXAMPLES
1. Factor «® + 8.

Solution: 2® + 8 =28+ 28 =(z + 2) (22 — z -2 + 2?)
=(z+2)(x2— 2z +4).
2. Factor 27x% — 1.
Solution: 2728 —1=(82)8—18= Bz —1)[(32)°+ 3z-1+12]
=@Bx—1)(922+ 32 +1).
3. Factor 64 «® + 125 35
Solution: 64 2% + 125 y% = (4 z)® + (5 y?)®

= (kz + 5yt [(42)*— (42) (53®) + (34D
= (bz + 55D (1622 — 205y + 55 4%).

EXERCISES
Factor:
1. x® 4 1. 6. x® — y° 11. 1254 + 8 a8
2. 2% —1. 7. 2+ 845 12. 216 — 27 a%
3. a*— 8. 8. x® + 3" 13. =% + °
4. 27 + 0% 9. 8a® — 27Ty~ 14. a® +0°
5. 64a% —1. 10. 27a® 4 6405 15. a® — 08,

Hint. This expression may be regarded as the difference of two
cubes, (a2)?— (b?)%, or as the difference of two squares, (a®)? — (%)
W henever an expression may be regarded in both these ways the latter is
always preferable. Thus a® — b% = (a® + %) (a® — b7), ete.

16. a® — 64. 20. x'% 4 y'% 24. 32 — g,
17. 6425 + 1. 21. 27z —1. 25. a8 4 9%,
18: 1 — 642", 22. %12 — 5 26. 8abe — g,

19. a%°® — 64. 23. x%¢ 4+ 1. 27. 27 x*™ — 64.
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REVIEW EXERCISES

Factor:
1. a8 4+ 228 4-1. 8. x® 4 x® 4+ 8x2 + 8.
2. 2% — 22%°® + oS 9. w’—m;—16x3+16.
3. a2t . 10. x® — Ta® — 8.
4, 26 — a2 11. 8% — 3 — 23 2%
5. 8% — 64. 12, ot 42 —x — 1.
6. 8% 4 216 «® 13. x® — a%y?
7. x® — x®y? — x?y® + o5, 14. 2% 4 64 o2

15. 1 +3 2 4 3224 a8
Solution: 14+ 32+ 322+ 28 =(1+ 28) + (B2 + 3 4?)

. =(l+2)(1—2+22)+32(1+ 2)
=(1+2)1—2+ 224 3x)
=(1+2z)(1+ 22z +2?)
=Q+2)QA+2)(A+ ).

16. 1 — 3x 4+ 3x? — x8. 22. 28 — 92?4 272 — 27.
17. 2® 4+ 3 x% + 3 xy® + ¥4 23. x® +12x% + 48 x + 64.
18. x® — 3% + 3xy? — 3 24. 64 — 482 + 122 — at.

19. a® + 222+ 4 + 8. " 25 82° — 1222+ 62 — 1.
20. 8 —4 x4 222 —ab. 26. x2* + 2° + 22 — 1.

21, xz® 4 9% 4 27T x 4 27. 27. a8 + a® 4+ 2 — a?

56. General directions for factoring. Since the various methods
of factoring cannot be stated in a few simple rules, they must
be learned by means of such type forms and typical solutions
as are given in the preceding pages. When once these have
been thoroughly mastered, readiness in factoring becomes a
matter of experience. Usually a student finds it comparatively
easy to factor a list of exercises classified under a particular
type form, yet a list of miscellaneous exercises he finds diffi-
cult. This often indicates inability to determine the type of
an expression by its form. Until the student, by careful study
of the type forms, has acquired the ability to do this, he will
make little progress.
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The following suggestions will p‘rove helpful :

1. First look for a common monomial factor, and if there is
one (other than 1), separate the expression into its greatest
monomial factor and the corresponding polynomial factor.

I1. Then by the form of the polynomial factor determine with
which of the following types it should be classed and use the
methods of factoring applicable to that type.

ax + ay + bx + by.
. a® £ 2ab+ b2

.xP 4+ bx+oc.

ax® 4+ bx + c.

o o

a® — b2
5. {a2+2ab+b2—cz.
a*+2ab+b0*—c*—2cd—d
6. a® =+ b3.

I11. Proceed again as in II with each polynomial factor
obtained until the original expression has been separated into its
prime factors.

MISCELLANEQUS EXERCISES

Factor:
1. x* + 64 y* + 16 2%~ 12. 9% — 6% — 35.
2. 4a%c* 4+ 4a%? —120a2% 13. a® — 4096.
3. 9 + 27z 4 14. 14. a?<+2 1,
4. 3zt 4 2 — 2. 15. 42* — 13 2% 4 9yt
" 5. 32 — Thu. 16. 216 + 3.
6. z2 + 2 a%x? 4 2%t } 17. =® — 512,
7. x® — 27. 18. 2* — 4+ 9 — 6.
8. x? —xz + 22y — 2 y2. 19. al — 2alk + 200 — 4 0k.
9. 2ac —bc+ 6ad — 30d. 20. 4ot — 2545
10. 25 z%? + 16 x* — 40 «%y. 21. a®?—25¢24+10ab+ 2502

V11, @t — 152® + 56 22 22. y° — 343.



23.
24.
25.
26.
27.
28.
29,
30.
31.
32.
33.
34.
35.
36.
37.
- 38.
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9zt — 9u? — 28. 39. 2S¢ — kB
9a?y? + 39 xy® — 30 32 40. a® — 0* —12 ab + 36 0%
3aby? + 632%%—300y%  41. 5A% 4+ 21 7k — 20 K2
12—-15a+4+16x—20ax.  42. 2% — a® — 2.
2cx + 3dx — 2 cy — 3dy. 43. 22%? — y* — at
yt 4+ 28 — 2% 44, 508 — A%l — QK® + 5 Ak
81c1° — 64 d°. 45. 322 — 17« + 10.
100 2® — 220x%y® + 121y% 46, 9P — 2~
27y® — 512, 47. 27a—18ab® — 3a° + 3ab’.
81 — 16 «®, 48. 14+ 22% — 32t
25a* — 3025 2", 49. ot — 2* —12.
16¢" —4¢® — T2 ¢ 50. 16 2* + 8x* — 3.
¢ + c*d + 3 ed? + 3d5. 51. 1024 — 64 2% + &S,
14 81a® —18a* 52. B2 — 1% — k* 4+ 1.
xt +122% — 64. 53. 12 — 2% — 412
¢ — 512¢'% 54. 3 — 2 4 8y — o~



CHAPTER XIV
SOLUTION OF EQUATIONS BY FACTORING

57. Definitions. A term is rational if it may be obtained from
unity and the letters involved by means of the four funda-
mental operations without the extraction of any root.

Thus 15z, a.2_b’ %, and \/4a? are rational, while /2z,
Va— b, and '\/ﬁ are irrational. .

An algebraic expression is rational if its terms are rational.

An irrational term or an irrational expression may be
rational with respect to a certain letter or letters.

Thus 4 22 — Vaz + 2 a is rational with respect to z. The equation
422 — az + 2a =0 is an equation rational in .

A term is integral if it has no literal denominator and the
exponents of the letters are positive integers.

4
Thus §5i and 4 ax? are integral terms.

(It will be seen later what z—2 and 2% mean, and why they are not
integral terms.)

“An expression is integral if its terms are integral.
A nonintegral term or expression may be integral with
respect to a certain letter, if that letter does not occur in any

denominator.

Thus the left member of 23— 8z _ % = 0 is integral with respect
a a

tc; z and the equation itself is integral in z.

The degree of a rational integral equation in one unknown
is the same as the highest power of the unknown in it.

An equation of the second degree is called a quadratic equation.

The equations 22 — 6 z = 18 and axz® + bz + ¢ = 0 are quadratic.
122



SOLUTION OF EQUATIONS BY FACTORING 123

An equation of the third degree is called a cubic.

For example, 22 =1,2°— 522+ 62+ 2 = 0, and az® + ba? + cx +
d = 0 are cubic equations.

An equation of the fourth degree is called a biquadratic.

Thus zt =16, 2* + 322 =4, and az* + b2’ + ca? + dr + ¢ = 0 are
biquadratic equations.

One important application of factoring is determining the
roots of equations of the second or a higher degree.

In the solution of equations by factoring use is made of the
following

PrincipLe. If the product of two or more factors is zero, one
of the factors must be zero.

‘Two or more, or even all of the factors may be zero, but the
vanishing of one is sufficient to make a product zero.

EXAMPLES

1. Solve the quadratic equation x* + 52 = 6.

Solution : Transposing, 2+ 5z — 6 = 0.

Factoring, (x—1)(x+6)=0.

Suppose the first factor, « —1, has the value zero. Then its
product with the second factor is zero, no matter what value z + 6
may have. Hence the value of x which makes z — 1 equal to zero is
a root of the quadratic.

Setting z —1 = 0, we obtain z = 1.

Then -1 (E+6)=01A-1)1+6)

=(0)-(7)
=0.

Similarly if the second factor,  + 6, has the value zero, its product
with the first factor is zero, no matter what value x — 1 may have.
Setting z + 6 = 0, we obtain z =— 6.
Then (x—1)(z+6)=(—6—1)(— 6+ 6)
= g —7)-(0)

Check : Substituting 1 for zin2?24+ 5x=6,1+5=6.
Substituting — 6 for z in 22 + 5z = 6, 36 — 80 = 6.
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2. Solve the cubic equation x® + x? =4 2 4 4.

Solution: Transposing, 2%+ a?—42—4=0.
Grouping, @42+ (—4z2—4)=0.
22@x+1)—4@+1)=0.
(xz+1)(22—4)=0.
@E+1) (@ +2)(E—2)=0.
Setting each factor equal to zero,
z+2=0, whence z=—2;
z—2=0, whence r=+2;
z+1=0, whence r=—1.
Therefore —2, +2, and — 1 are the roots of the equation
2+ a2=4x+4.

When z =— 2, —8+4=—8+4.
Check : When z =2, 8+4=8+4.
: When z =—1, —14+1=—444.

For solving an equation in one unknown by factoring we
have the

RuLe. Transpose the terms so that the right member is zero.
Then factor the left member, set each foctor which contains an
unknown equal to zero, and solve the resulting equations.

It must be kept in mind that a 700¢ of an equation is a
number which satisfies the equation.

Thus the equation z% + 8 z + 2 = 0 has the two roots — 2 and — 1,
since each of these numbers, if put for z, reduces the equation to an
identity. R

The two preceding examples indicate that in solving equations by
factoring, two factors will arise for a quadratic, three for a cubic, four
for a biquadratic, etc. Further, if the factors of a given equation are
unlike, each will yield a different root. Some of the factors, however,
may bealike. Thus 22— 6 2 + 9 = 0 can be written (z— 3) (z—8) = 0.
Iere each factor gives the same root, 3, and though this equation is
of the second degree, it has only one number, 3, for a root. Therefore,
an equation usually has the same number of distinct roots as the number rep-
resenting its degree, but never more than that number.

One should never divide each member of an equation by an
expression containing the unknown, for in this manner roots
may be lost,
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EXERCISES

Find the roots of the following quadratic equations :

.22 —9=0. 5. 22 —Tax=—12. 9. 8 — 9z =—2x%
x? =16. 6. 2 —x = 20. 10. 122 —28 =—a?
22— 3x=0. 7. 322 — 15z = 0. 11. 42> =16x.
Lt =T 8. 5:::2-{'—3590:0. 12. 22 —a?=0.
13. x? =902 © 20, 922 =3x+ 2.

14. 22 — 2ax 4+ a®=0. 21. 1622 — 12 2 = 10.

15. a2 4+ 4 0% =4 bx. 22. 50 x + 24 = 25 2%

16. x2+ax+3x+4+3a=0. 23. x%2 4 bx = 0.

17. 22+ bex=4x + 4 0. 24. 22 — ax — bxr = 0.

18. 22+ ax + bx + ab=0. 25. 2?4 3x = ax.

19. 422 4+8x4+3=0. 26. 4o = x%+ 4.

Solve the following cubics :

27. 2* —9x = 0. 29. 2 —5a? 462 =0.
28, ®+at=4x+ 4. 30. 22 — 2?2 =32a — 16.

31. ba? +a® =454 9.
Find the roots of the following biquadratics :
32. 2t —b5x24+4=0. 34. 2t —36x2=0.
33. 9+ =t =102% 35. 2t + 1527 = 8x®
36. 2t —2224+1=0.

37. Point out the error in the following:

Let xz=1.
Then 2 = z.
Subtracting 1, ?—1=2—1.
Factoring, @—D(E+1)=x—1.
Dividing by = — 1, z+1=1.
Therefore 1+1=1,

or 2=1.
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PROBLEMS

1. The square of a certain number plus the number itself
is 90. Find the number.

2. If from the square of a certain number twice the number
be taken, the remainder will be 35. Find the number.

3. If to the square of a certain number the sum of twice
the number and 5 be added, the result will be 148. Find the
number. ’

4. Four times the square of a certain number is equal to
" seven times the number. What is the number ?

5. A certain number is added to 20, and the same number
is also added to 21; the product of the two sums is 930. What
is the number ? ’

6. A certain number is subtracted from 17, and the same
number is also subtracted from 23; the product of the re-
mainders is 216. Find the number.

7. From 27 a certain number is subtracted, and the same
number is added to 21; the product of the results thus obtained
is 540. Find the number. R . .

8. If a certain number be added to 15, and the same number
be subtracted from 22, the product of the sum and difference
thus obtained will be 70 more than 23 times the number. F’\nd
the number. :

9. The difference of two numbers is 6, and the difference
_ of their squares is 120. Find the numbers.

10. If from the square of three times a certain number, five
timres the number be taken, the result will be eight times the
square of the number. Find the number.

11. The depth of a certain lot whose area is 2500 square

" feet is four times its frontage. Find its dimensions.

12. The area of the floor of a certain room is 24 square
yards. The length is 6 feet more than the breadth. What are
the dimensions of the floor ?
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13. The area of a rectangular field is 216 square rods. The
field is 6 rods longer than it is wide. Find its dimensions.

14. The sum of the squares of two consecutive numbels is
145. Find the numbers.

15. THe sum of the squares of two consecutive odd numbers
is 290. Find the numbers.

16. The sum of the squares of three consecutive odd numbers
is 251. Find the numbers.

17. An uncovered square box 8 fnches deep has 185 square
inches of inside surface. Find the other inside dimensions.

18. Remembering that the faces of a cube are squares, find
the edge of a cubical box whose entire outer surface is 294
‘square inches.

19. A rectangular box is four times as long and three times
as wide as it is deep. There are 608 square feet in its entire
outer surface. Find its dimensions.

20. A box is 3 inches longer and 1 inch wider than it is deep.
There are 62 square inches in its entire outer surface. Find
its dimensions. '

The altitude of a trlangle is the length of a perpendicular

from any vertex to the side opposite. This side is called the
base.

t

S

Q

4

o.

A C

In the adjacent figures BD is the altitude and AC is the _
base of each triangle.
If a is the altitude of a triangle and b its base, the area of

b
the trlangle is %-
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21. The area of a triangle is 30 square feet; its altitude is
6 feet. Find the base.

22. The altitude of a triangle is three times the base and
the area is 54 square feet. Find the base and the altitude.

23. The base of a triangle is five times the altitude and the
area is 40 square feet. Find the base and the altitude.

24. The area of a triangle is 75 square meters; the base
is six times the altitude. Find the altitude and the base.

.
25. The area of a triangle is 24 square feet; the altitude is
2 feet longer than the base. Find the altitude and the base.

Hint. Let z = the base in feet.
Then z + 2 = the altitude in feet,

2

and 2(@+2) yor £ +22 = the area.
2 2

2
Therefore T2 oy,
Multiplying each member by 2, this equation becomes

2?24+ 22 = 48.

96. The altitude of a triangle is 3 feet longer than the
base and the area is 6 square yards. Find the base and the
altitude.

27. One leg of a right triangle is 2 feet longer than the
other and the area is 24 square feet. Find the legs.

28. The area of a right triangle is 30 square feet and one
leg is 7 feet longer than the other. Find the legs.

29. The area of a triangle is 2§ square feet and the base
is 6 inches longer than twice the altitude. Find the base and
altitude.

30. The area of a triangle is 4 square yards and the altitude
is 6 feet more than three times the base. Find the base and
the altitude.

31. The area of a triangle is .015 square meters. The altitude
is 5 centimeters shorter than the base. Find the dimensions.
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A trapezoid is a four-sided figure, two of whose sides are
unequal and parallel.

The bases of the adjacent trap- c
ezoid are the two parallel sides &
and c.

The altitude, a, of the trapezoid
is the perpendicular distance be- b
tween the bases.

a(b+c)

2

32. Find the area of a trapezoid whose bases are 10 and 18
and whose altitude is 12.

The area of a trapezoid is

33. The altitude of a trapezoid is 8 inches, its area is 96
square inches, and one base is 4 inches longer than the other.
Find each base.

Hint. Let z = the length of one base in inches.

Then z + 4 = the length of the other base in inches,
and 3C +2x +4 » or 8z +16 = area of the trapezoid.
Therefore 8z + 16 = 96.

34. One base of a trapezoid is 12 feet, the other base is twice
the altitude, and the area is 112 square feet. Find the altitude.

35. The altitude of a trapezoid is § the shorter base and the
latter is § of the other base. The area is 360 square feet. Find
the bases and the altitude.

36. One base of a trapezoid is 4 feet longer than the altitude,
the other base is 6 feet longer than the altitude, and the area is
66 square feet. Find the bases and the altitude.

37. The bases of a trapezoid are respectively 8 feet and
12 feet longer than the altitude, and the area is 16 square
yards. Find the bases and the altitude.

38. One base of a trapezoid is 4 feet longer than the other,
the altitude is § the sum of the bases, and the area is 4 square
yards. Find the bases and the altitude.
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39. The area of a trapezoid is 10 square yards, the altitude
equals one base, and the other base exceeds the altitude by
2 feet. Find the bases and the altitude.

49. One base of a trapezoid exceeds the other by 10 feet,
the altitude is 2 feet longer than five times the shorter base,
and the area is 22 square yards. Find the altitude and the
two bases.

41. The area of a trapezoid is.09 square meters. One base
is twice the other and the altitude 10 centimeters less than the
longer base. Find the bases and the altitude.



CHAPTER XV
HIGHEST COMMON FACTOR AND LOWEST COMMON MULTIPLE

58. Highest common factor. The degree of a rational, integral
monomial is determined by the sum of the exponents of the
letters in it.

Thus az? is of the fourth degree, and 4 a®x%? is of the eighth degree.

The degree of a rational, integral polynomial is the same as
that of its term of highest degree.
Thus 6 azy? + 4 a®s* — 3 ax?yz is of the seventh degree.

The highest common factor (H.C.F.) of two or more rational,
integral expressions is the rational, integral expression of high-
est degree with the greatest numerical coefficient which is an
exact divisor of each.

Thus the H.C.F. of 36 a%? and 48 a®% is 12 a%. The H.C.F. of

—4zand 2®— 522+ 6xis 22— 2.

The problem of finding the H.C.F. of polynomials which can-
not be factored by inspection will not be considered here, as
it is not necessary to find the H.C.F. of such expressions in
elementary work.

EXAMPLES
1. Find the H.C.F. of 24 2%%, 48 x*y%® and 72 xby52%

Solution: Factoring, we have
24 %% = 23. 3 2%,
48 24y%8 = 24. 3 atyb,
T2 8y52% = 23. 325y522,

Here the highest power of 2 common to each expression is the
third, of 3 the first, of x the third, of y the second, and of z the first.
Therefore the H.C.F. of the threé expressions is 2°- 8 - 2%%, which
equals 24 z%%. .

131~
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2. Find the H.C.F. of 22* — 12 x® 4- 18 2® and 4 «® — 36 «®
Solution: Factoring, we have
27t — 12234+ 181% = 2% (x — 3)%,
4 2% — 86 2% = 2%3(x — 8) (x + 3).
Therefore the H.C.F. is 2 2% (z — 38), which equals 2 28 — 6 22
The method of the preceding solutions for finding the H.C.F.
of two or more rational, integral expressions is stated in the

RuLE. Separate each expression into its prime factors. Then
Jfind the product of such factors as occur in each expression, using
each the least number of times it occurs in any one expression.

EXERCISES
Find the H.C.F. of the following: .
1. 12, 18. 3. 96, 144. 5. 125, 225.
2. 24, 56. 4. 84,196. 6. 64, 96, 256.
7. 90, 108, 324. 11. 32 a®bc* and 48 a??d.
8. 12x* and 18 «®. 12. 125 m™n% and 100 ng*.
9. 16 z%y* and 24 a%°. 13. 18 1%k?, 36 h*k, and 24 2°K®.
10. 27¢% and 21cd* 14. 9yt 5425y, and 15 x5

15. 27 a%%c? 54 a®h%d, and 81 a?%c®.

16. 2? —9and «® — 5w + 6.

17. 224+ 3z — 10 and a* + 6 = + 5.

18. x® — 4z and «® — 8x2 +12 .

19. 2¢34+12¢2+18cand ¢ — 2¢2 —15e¢.

20. 8 +yfand 2 +4y+ 4.

21. z* — 2x*+1and z* — 22 4+ 1.

22. ab +3b+ac+3cand 2ab+ 66 —2ac — 6e.

23. 2 +3cd+2d% 2+ 5ed + 6d% and ¢ + ed — 2d2

59. Lowest common multiple. The lowest common multiple

(L.C.M.) of two or more rational, integral expressions is the

rational, integral expression of lowest degree which will exactly
contain each.
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EXAMPLES
1. Find the L.C.M. of 24 x®? 36 x*y, and 54 x?y%.
Solution : 24 2%y2 = 23. 3. 28?2,

36 zty=22. 8% 21y,
54 a%y% = 21- 33 2%y2.

Since the L.C.M. must contain each of the expressions, it must
have 2% as a factor. If the L.C.M. has 2% as a factor, it will con-
tain 22 and 2! which occur in the second and third monomials respec-
tively. Similarly, the L.C.M. must contain as factors 8%, z%, 32, and 2.
. Therefore the L.C.M. is 23- 33 z%y2%, which equals 216 z%y%.

2. Find the L.C.M. of 9 a?y + 18 aby + 9 4%y, 15 ax? — 15 ba?,
and 2a2 — 4 ab + 2 0%

Solution: 9 a% + 18 aby + 9b% = 8%y (a + b)?,

. 15422 —15b22 =3 -52%(a — b),
202 —4ab+20?=2(a— )%

In order that the L.C.M. may exactly contain each of the three
expressions, it must have 2!, 82, 51, 22, y, (a + b)? and (a — b)? as
factors. Hence the L.C.M. is 2-3%.5' 2% (a + b)2(a — b)%, which
equals 90 a%2?y — 180 a?b%x?%y + 90 bialy.

The method of finding the L.C.M. of two or more rational,
integral expressions is stated in the following :

RuLe. Separate each expression into its prime factors. Then
find the product of all the different prime factors, using each foc-
tor the greatest number of times it occurs in any one expression.

EXERCISES
Find the L.C.M. of :

1. 12, 18. 3. 20, 28. 5. 64, 120, 216.
2. 32, 48. 4. 96, 144. 6. 128, 160, 200.
1. 2%y, xy?, xyt 12. 36 ab?, 42 abe, 63 be.

8. 6 cd?, 4 c’de, 10c%d%>. 13. 4 a, a® — ab.
9. Sabe, 3b%, 12 c2 14. 12 ax, 3 a®x? — 3 ax®.

10. 18 m? 15 mn?p, 20 m®p> 15. cx + cy, dy + dzx.
11. 20, 18 zy*, 27 ax®y. 16. 3z + 3z, 6 a’x + 6 a®.
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17.
18.
19.
20.
21.
22.
23.
24,
25.
26.
27.
28.

FIRST COURSE IN ALGEBRA

x? — xy, ax + ay.

x?— 9,22 — bz + 6.

¢®— 4, 2 — 8¢ — 20.

4azx, 42> —1,and 42? +4x + 1.

2+ 1,2t —1, and x* — 22 4 1.

4 —c% c®+8,and ¢*+ 6¢ + 8.

ac — 2bd + 2ad — be, a® + ab — 2 b%

x? — 9% a® — 38, and «® 4 22y 4 32

ax? 4 bacgj, 2 ax + 2 by, and a’x® — %%
228 — 22, 3t + 152° — 1827 and a? — 36.
8 —yh y*—4,and 4y° + 2 y° + o~

22 —62* 4+ 4a?y and 2 —4y* — 62 4 9.



CHAPTER XVI
FRACTIONS

60. Algebraic fractions. The expression %; in which « and

b represent numbers or polynomials, is an algebraic fraction.
It is read “a divided by 4,” or “a over d.” A fraction is an indi-
cated quotient in which the dividend is called the numerator
and the divisor the denominator. The numerator and denomi-
nator are often called the terms of a fraction.

As division by zero has no meaning, the denominator of a
fraction can never be zero.

The reduction of a fraction to lower or to higher terms, the
addition of fractions, and the subtraction of fractions in both
arithmetic and algebra depend on the

PrincipLE. The numerator and the denominator of a fraction
may be multiplied by the same expression or divided by the same
expression without changing the value of the fraction.

3 3.4 12 18 18+6 3

Th _—— = — d —=—0—+——r=—=_.

u 17242 16 "3 306 5

L a__a-n_an a_a+n__a/n

larl ==, d -=——=-"—.

Similarly b ‘n bn an b b+n b/n
Since %, g, and = are each equal to 1, each of the four preced-

n

ing illustrations is really a multiplication or a division of a fraction
by 1. This produces no change in the numerical value of any frac-
tion, though it may change its form.

61. Reduction of fractions to lowest terms. A rational fraction
is in its lowest terms when no rational factor except 1 is com-
mon to both numerator and denominator. '

Cancellation is the process of dividing the numerator and the
denominator of a fraction by a factor common to both.

135
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EXAMPLES

Reduce to lowest terms:

72 a’x?y®
. 242 B
108 a’xy 9 o s
Solution: [2XTY° _ IV T 2ap
" 108 a%ziy? %”%”ﬁf;:/y’ 3 a2
x
9 2c¢®—32¢ ’
45+ 16t — 128 ¢

I 2¢5—82¢  _ 2e(P+)(eD(e=T) _ 44
) 4¢84+ 16¢i—128¢* tc‘f(c’+8)(,c;|tﬂj@42') 2¢3+16¢
c
For reducing a fraction to its lowest terms the preceding
examples illustrate the
RuLre. Separate the numerator and the denominator into their
prime factors and cancel the factors common to both.

Cancellation as used in the rule means an actual division of
the numerator and the denominator by the same expression.
Therefore only factors which are common to the numerator and
the denominator can be cancelled.

The terms (the parts connected by plus or minus signs) in
polynomial numerators and denominators, even if alike, can

2 7 .
never be cancelled. For example, %0 = é Here it would
' 9
be incorrect to « cancel ”” thus : 5+2

» as the resulting fraction
z+a+4c?
y+at8e® O

6+2
would be #. Similarly, in the fraction
. cellation is possible.

We have seen that we may multiply or divide both numerator
and denominator of a fraction by the same number without affecting
the value of the fraction. But we should never forget that adding
the same number to or subtracting the same number from both
numerator and denominator changes the value of the fraction. Also
squaring both numerator and denominator leads to a different value.
Compare this statement with the operations that may be performed
on each member of an equation as given on page 33.
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EXERCISES
Reduce to lowest terms :

1 _as_b 4 45 cd562_
T at © 20 ctd?
2 12 2%y® 5 36 a®?
T 18y’ " 54 abbct
3 32 a'b*e 6 2a )
" 48 a®c? "2a+42
422 +4x+1

10. i1 .
1 2a? — 20?2 )
‘40— 8ab+ 402
12 18 ax® + 9(1;//'
" 120x® + G by
x* — 25
13. 2 —x— 80
¢ —bed + 4 d?
W —""w%es
2x* — 2x — 180
1B =162
21 4102 + 2
=9
3 _ K2
17 4d¢ 5¢ 4e+5

8¢t —102+12¢ —15

18.

19.

20.

21.

22.

23.

24.

25
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. 3ay +3y*
. —3?/4
21d2+14c_

14.¢

g 2" =1
"a?—2a+1

x —

(x—y)

a? — b?

(a —0)*

2 — d?

et —d?

¥ —2

(y—=2)7°

x3—8'

x? —4

x“—l_

x? —1

m‘i yé.

28 — o8
642°+1

' 1—|—8x+169c'2.

62. Changes of sign in a fraction. The sign of a fraction is
the plus or minus sign placed before the line separating the

numerator from the denominator.

Hence there are in a frac-

tion three signs to consider, —the sign of the fraction, the
sign of the numerator, and the sign of the denominator.
Now in division the quotient of two expressions having like
signs is positive, and the quotient of two expressions having
unlike signs is negative.
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+8_ -8

Therefore + o =4 4; -8 _ 4.
ere01e++2 + 4 +_2 +4;
-8 +8
—_———=—(—4)= 4;——————:—-— = .
T2 (—dH=+ —5 (—4H=+14
Or, in general terms,-ifi—(;;:-{-z—‘_;:—ﬁ:_{%.

These examples illustrate the

PrincipLe. In a fraction the signs of both numerator and
denominator, or the sign of the numerator and the sign before
the fraction, or the sign of the denominator and the sign before
the fraction may be changed without altering the value of the
JSraction.

Hence any fraction may be written in at least four ways, if
proper changes of sign are made.

2a —2a —2a + 2a

Tk = =— =— .
e +x—3 -|‘-~—a:+3 z—3 —z+3.
Similarly
+ 22—5 _ —2z+5 __ —2x+45 __ 2z-5
z—2y+4  —z+2y—4 2—2y+4 —z+2y—14
EXERCISES
Write in three other ways each of the following:
—x @ ¢ —d
. — . . 5, ——5——.
1 y 3 a—0b —2¢+d
x x—3 x—y
L— 4. . —
. 5 2ot 4 R
x? — 5246 8 o —x 42t -2

':1:2—790—}—12“ x“—xﬂy—l.

63. Equivalent fractions. Two fractions are equivalent when
one can be obtained from the other by multiplying or by divid-
ing both of its terms by the same expression.

2 a
3 b

The lowest common denominator (L.C.D.) of two or more

fractions is the L.C.M. of their denominators.

2
For example, = and % are equivalent fractions; also ib and
a

.
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EXAMPLES

Reduce to equivalent fractions having the lowest common
denominator:

Solution: The L.C.M. of the denominators is 12 ab%? Multiplying
both numerator and denominator of the first fraction by the factor
2 ac, which is found in the L.C.M. but not in the denominator of
10 a%¢
12 ab%c
nator of the second fraction by the factor 3 4%, which is found in the

908
12 ab?c?

the fraction, gives 5+ Multiplying both numerator and denomi-

L.C.M. but not in the denominator of this fraction, gives
10 aZ% 98
12 ab2c? 12 adb%c?

Hence the required fractions are

3z —1 5
2 andx2—5x+6'

" 22° — 18«
Solution : Factoring the denominators and rewriting gives
3z—1 5
and .
2z(z+3)(x— 3) (x—=3)(x—2)

By inspection the L.C.D. is seen to be 2z (z + 8) (x — 8) (z — 2).
Multiplying both terms of the first fraction by the factor z — 2,
which is found in the L.C.D. but not in the denominator of the frac-

Bzr—1)(z—2) , or 322 —Tzx 42 .
2z(z+3)(x—38)(x—2) 2xt— 423 — 1822 + 362
Multiplying both terms of the second fraction by 2z (z + 3), found
in the L.C.D. but not in the denominator of the fraction, gives

5.2zx(x 4+ 3) 1022 4+ 302

@—8)(z—2)2z(z+8) 22— 42°— 182> + 862

tion, gives

Therefore, to change two or more fractions (in their lowest
terms) to equivalent fractions having the L.C.D., we have the

RuLe. Rewrite the fractions with their denominators in fac-
tored form.

Find the L.C.M. of the demominators of the fractions.

Multiply the numerator and the denominator of each fraction
by those factors of this L.C.M. which are not found in the
denominator of the fraction.
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EXERCISES

Change the following fractions to equivalent fractions having
the lowest common denominator: )

Q111 o, 24U, 2=2y
"2°3°6 " Bayt 2aty
5 7 2 +m? 44 m?
2. »24, 32 11. 2m  4dn
4 2¢ 2 4
3. 3d 5d 12'ac+2 3z + 6
3a+b 3a 4 5
LT 16 P L
5 Sz+y 4x+3y 14 3e 4
T e —d¥ c+d
4 3 3 5
6. 5a% abe 15. x+3 22+ bx+6
. be 124 2 3y
7 ) 16. — ) 5
- 3mn®’ 11 m*n? x*—xy xt— 2xy 4+ P
3a 20 ¢ 3ec+ 2 4 —¢
% 20 3a% ™em Ve @ F_Tatod
30 9a d Tab 1. 22+ 5 2¢ — 4

" %ed ode' M Bedet o1 B3+ 22

Note. The problem of operating with fractions presented great
difficulties to all the early races. The Egyptians and the Greeks,
even down to the sixth century of our era, always reduced their
fractions to the sum of several fractions, each of which had 1 for a
numerator. For instance, § would be expressed as }+1. The
Romans usually expressed all the fractions of a sum in terms of
fractions with the common denominator 12. The Babylonians
resorted to a similar device, but used 60 for the denominator. In
some way they all attempted to evade the difficulty of considering
changes in both numerator and denominator. The Hindus seem to
have been the first to reduce fractions to a common denominator,
though Euclid (300 B.c.) was familiar with the method of finding
the least common multiple of two or more numbers.
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64. Addition and subtraction of fractions. If two or more frac-
tions have the same denominator, their sum is the fraction
obtained by adding their numerators and writing the result
over their common denominator.

1 2 4 7 a, 2a 3a _ 6a
— - - = — d = —_— —_—=—

Forexample,9+9+9 g’ an b+b+b )

If two fractions have the same denomir.la.tor, their difference
is the fraction obtained by subtracting the numerator of the
subtrahend from the numerator of the minuend and writing
the result over their common denominator.

. 3 b _a—19

For example, g—gz?,and(c—l—; c

If it is required to add or to subtract two fractions having
unlike denominators, the fractions must be changed to equiva-
lent fractions having a common denominator; then their sum
or their difference is obtained as above.

For example, to find the sum of 1 + 3 + £, we reduce the fractions
to equivalent fractions having a common denominator by multiplying
both terms of 1 by 2, of 4 by 3, and of ¢ by 4. The fractions become
% 12> and P respectively, and their sun is 13.

In adding unlike algebraic fractions, as ;—j and 5, we treat them in

a similar way. Multiply both terms of % by d, and both terms of 2

by b. The fractions become o ang % respectively, whose sum is

bd bd
ad + be e . a ¢ _ad be . ad — be
. ly - — <2 =— — —, which 1 .
d Similarly PN Sk > e w which equals
EXAMPLES

1. Simplify 62; L + 3904;?/5 Y.

Solution: The L.C.D. is 122%. The work of reducing the two
fractions to equivalent fractions whose denominator is 12 2%y, and of
adding the resulting fractions, follows.

6z+1 32—5y (6z2+ 1)4]/+ Bz—5y)3z

3 z? 4 zy 3224y 4ay-3zx
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6z +1 3x—5y:24xy+4g/+9x2—15xy
3a? 4 zy 12 2%y 122%y
242y +4y+922—152y Yay+ 4y + 9a?
B 12 2%y - 12 2%y '
Check: Setting the original expression equal to the final result
and substituting 1 for both z and y we obtain:
6x+1 3z—5y_ O9ay+4y+9a®

3 a2 4 zy 12 2%
6+1,8—5_ 9+4+49
5 1 T T 1
T,oz2_22 22 22
3 4 12 12 12

At this point the student should read the rule on page 143
and then solve Exercises 1-20, p. 144.
22 —3 3 —4 — 2
z2—9 _w2l—5m+6+w+3.
Solution : Rewriting the fractions with their denominators in the

22—-3  3z—4 _2-The
(x+3)(z—3) (@—-3)@*—2) z+38
L.C.D.is(z + 8) (x — 8) (x — 2). The work of reducing these frac-
tions to equivalent fractions and finding their algebraic sum follows.

2. Find the algebraic sum of

factored form, we get

22— 38 _ 3z—4 -2
@+3)@—38) (x—3)(@x—-2) a+3
@Cz=3)(=—-2) @Bz—HEx4+3) —2@@—3)(z—2)

C@+3)E—3)(E-2) @E-3)@E-2(@+3)  (z+3)(z—3)(z-2)

222 —Tx4+6—-(8224+5x—-12)+ (=222 +10x—12)

h z+3)(z—38)(z—2)

222 —T2+4+6—-322—52+12—-2224+ 102 — 12

B (x+8)(@—38)(x—2)

_ —3a2—22+46 Cor —382?—22+6
@+3)@E—-38)(@=—2) 22— 222 — 9z + 18
Check : Proceed as in Example 1, substituting 1 for z.

2z—-8  3z—4 -2  —322—2z+6
22— 9 22—Bz+6 2+8 2 —222—_0z+18
2-3  83-4 -2 _ —3-246

1-9 1-5+4+6 1+3 1—-2—9+18
1+1_1:1_
K} 2 2 B
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.

In checking work in fractions, such values must be chosen
Jor the letters as will make no denominator zero. This pre-
vents the substitution of 2, 3, or — 3 for « in checking the
foregoing example.

—— x?—bx
3. S.lmphfy 3z —4 — R
3r—4 2*—da

Solution: This may be written

z+2
The L.C.M. of the denominators is z + 2. Multiplying both terms
of the first fraction by z + 2 and leaving the second unchanged, we get:

31_4_x‘3—5x:(3x—4)(x+2)_3:2—59: .

z+2 1(z+2) z+ 2
_ 322422z —8— (22— 52)
- x4 2
322+ 22 —-8—2a%4 5z
B x4 2
2224+ 72x—8
Toat+2

Check: Let 2 = 2.
Sx_4_x2—5x_2x2+7x—8'

x4+ 2 r+ 2
6—4—4—10:8+14—b~
242 242
2_—(3:&.
4 4
14 = 14
Ey T

Therefore, to find the algebraic sum of two or more fractions
(in their lowest terms), we have the

Rure. Reduce the fractions to equivalent fractions having
the lowest common. denominator. Write in succession over the
lowest common denominator the numerators of the equivalent
fractions, inclosing each numerator in a parenthesis preceded
by the stgn of the corresponding fraction.

Rewrite the fraction just obtained, removing the parentheses
in the numerator.

Then combine like terms in the numerator and, if necessary,
reduce the resulting fraction to its lowest terms.
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EXERCISES
Find the algebraic sum of :

2x 3z 3e c 1 r—3 2x—35
1—3—+? 3.7-{-1)—1—5' 5. 1 + 6
2 22__5_@_ a. 4 22_1277&_{)_@' 5a+7_9a,+.7:
3 6 4 16 8 24 T 14 2
5¢ 3c—x  x—3¢
T 75 T 10
8 4m—3_7—9m_3a+5m—4
’ 6 9 27
2 3 a b ¢
9.;4—4?;5‘ 12.Z+E—;'
3 4 8 7 5 6
e R B T ma T
x 5 a 3 5 6
15 3x—1 T7T—2x* bx®—8
T 6a? 4 23 9 a*
4¢2—9 6—¢c -4
16. 2¢d  B5E cd?
34+x 3 S5z 7
7. o+ 9
3 2 3a—b 2
B 5 %+5 0 ety

In the solution of exercises similar to 21-30 the student
should follow the method of Example 2, p. 142.

21 10 1 )
T 25 —m? wm 4 16m + 55
3 5 c—¥5 2¢—3
22. a2—16+a2—6a+8. 24 ®—6¢c  *_8c+12 |
. 2 2 B
93. 2m+1+ 4 RPYR Bay+y* Sz —3y

x?—1 x2—3x + 2 9 —6x+ 2? 9 —3«x
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x+2 1 3—x
26. z? + w +x2+9w+1
a+0 a—20 2a —0
27. aﬁ—ab+az—2avb+bf—a'3—b2
28 m—2mn _m""—3’n2 3m—n(
"mi4mn+nt mP—nd m—n
29 c“’—}—cd—l—d‘“’_ c—d ~203+5cd
el —ed+d? 2c¢+4+2d ¢+ df
—2 2 2
30. ”’;+?’8—‘” . 33. 2 F"
—y (x—) m—n
)2 _ 2
31. 1ﬂ+— 34. 3a+1b — %
Hinrt. See Example 3, p. 143.
., 43 2 2_3x3;y8
32. x— 3 5 35. a4~y ety xy.
s Mi=2mt L
36. m 7n2+m+1+1 .
3 3
317.. m’ + 8 +m — 2n.

m? 4 2mn 4+ 40
a* 4 2 a?? — b*

2 __ _ 2
38. a a‘lJ—ab-l—bz ab + b2
‘+
39. x® + 2%y — —— —_/ +9cJ +y
2 c? 4 d? e, .
40. R c+d+o'
41 6+~ 6ri—g _3r—5s, 4

— 9rs + 142 r—Ts

3 4
42. -3 ——)—(2—T——)-
<:v 3 m+3> <w 7 x+4>
Hinrt. Removing parentheses, wegetz —8 — ——— 22+ 7+ 4
z+3 +4
3 4

Combining like terms, gives — z + 4 —
ombining like terms, gives — z + e S|
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43.
44.

2a 4da
45. (a_b—-5a>—<2a—a+b>-
46. <2a—31)+ Sa >—<3a+2b— ba >
a a —

2 2
47.(— L >< L +28+3r>.

'S
N N
.q

N

|

OO][\-)
NIEY
NERCIH
|

//

o‘ ~
+

03

&4

\_/

— ORI
Hint. These fractions may be written ; — i+ G +12) (:_ 5 .
Apparently the L.C.M. of the denominators is (2 — z) (z + 2) (z — 2),
but if both terms of the first fraction be multiplied by — 1, we

obtain 1-

;- The L.C.M. of the denominators of the fractions

1—=x z2
d
x—2an z2

:iis (x+2)(z—2).

5 3 3a 2a —1
49'm—3+3—x. 51. a2—4+2—a'

6 3 3¢ 4¢—2
50. @ —25 b—a 52.9—62_6——3.

x x x
2z—1 1+2z 1—4a?
7 4 —1 2243
x? —13x 4 42 T—x 66—z
3x —1 4 —1 x+2
m2+7x—8— 1—=2 +8+a:'

53.

54.

55.

Multiplying one factor of an indicated product by —1
changes the sign of every term of the expanded product.

Thus (z — 2) (z — 8) =22 — 5z + 6. Multiplying the terms of the
factor  — 2 by — 1, we have (2 —2)(z — 3), or — 2%+ 5z — 6.
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Multiplying the terms in two factors of an indicated product
by — 1 does not change the sign of the expanded product.

Thus (z—2)(z—38)=02— 5z + 6.
But (z—2)(—D(@E—-3)(—1D=C—-2)(3—2)
=22—5z+ 6.

In general, changing the sign of an odd number of factors
in an indicated product changes the sign of every term of the
expanded product; but if an even number of factors are thus
treated, the expanded product is unchanged.

1 1
56. + - L .
(a—0b)(@a—c) (b—c)ydb—a) (¢c—a)(c—10)
Hint. Apparently (¢ —0)(a—c)(b—c)(db—a)(c—a)(c—D) is
the L.C.D.; multiplying both terms of the second fraction once
by — 1 and those of the third twice by — 1 the three fractions become

1 + -1 _ 1
(@=b@—c) G—c)a=b) (a—c)y—c)’
of which the L.C.D. is (a — d) (¢ — ¢) (b — ¢).

57 2 1
@2 @-yne-)
58 3a _ 2a i
(a—3)(a—4) B—a)(t—a)
59. 2 + 3 — 4 : .
(m—n)y(m+4n) (m—m)y(m—7) (n—m)(T—m)
60. ¢ ! 3

F 10121 6c—F_ 8 G_-o9C—0

65. Reduction of a fraction to a mixed expression. A mixed
expression is an expression consisting of a rational, integral
part and a rational, fractional part. ’ b

In arithmetic 42 means 4 + 2, while in algebra @ means

. ab .. . . .
@ times —yor = Hence in algebraic mixed expressions the
¢

integral and fractional portions must be connected by a plus
or a minus sign.



148 FIRST COURSE IN ALGEBRA

If the numerator of a fraction (in its lowest terms) is of
the same degree as the denominator, or of a higher degree, the
fraction may often be reduced to a mixed expression.

2
@+ 02 2%+ 2
be reduced to mixed expressions.

4zt —628—22—1

3
cannet

Obviously such fractions as

Example: Reduce to a mixed expression.

23

4 __ 3 __ 2 2

Solution: Dividing,4z 62—« 1:4x_6+L_1
x8 =

z2+1

=4z—6— pe

To reduce a fraction (in its lowest terms) to a mixed expres-
sion we have the

RuULE. Perform the indicated division, thus obtaining a partial
quotient, until the remainder is of lower degree than the divisor.

Write the remainder over the divisor and connect the resulting
Jraction by a plus sign to the partial quotient, thus forming the
complete quotient.

The reduction of a mixed expression to a fraction is per-
formed as in Exercises 31-41, p. 145.

EXERCISES

Reduce to mixed expressions:

1522 — 102 + 2 24 a® — 6a*— 14
1 22—, PRt L
S5x 6a
3 . 7 a* + a%? 4 b* 1 5a®4+3a>— 6
e+ 1 ’ @ + ab — 0* " bat4+3a+2
d® 41 3yt —11 x® 4 o8
4. S 8 =3 2. 5
3 __ .8 3 4
g 212~y Y Gl ) T Y
3z +y a® + b x4+1-
4 2 4 4 2 2
v+ y +1_ 10 16 a +b. 14, (a +1)).

& g1 g pEpE
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66. Multiplication of fractions. In algebra as in arithmetic
the product of two or more fractions is the product of their
numerators divided by the product of their denominators.

Thus $.6=15
Sinllilarly %. 5 = % ,
and 5%:%%:75
In like manner n-%:%-%:%.
EXAMPLES

4 a’x® 35 4°
543 Y 16 a’z?
Solution: Canceling common factors,

z, Ty
4a%® 35y° _4/,(12:%#. 3555  Txy?

5y3-.16a322_/5’/y"‘)16;§,2_4 dia
4a

-4 =x+2 22" 182
—5x+6 x+3'w'2—|—4x+4'
Solution: Factoring and canceling common factors,
2?2 — 4 z4+2 22°— 18z
?—b5z+6 z+3 a2+da+4
_ LA 2y 2+ 22(x+8) (x—3)
G T A HEAD
=2z

1. Multiply

2. Simplify o

Check: Let z = 1.
2—4 x+2 228182z

:02—5z'+6.a:+3'x'3+4x+4_2x.
1-4 142 2-18
1—5+6 1+3 1+4+4
=33 =16 _,

2 ¢ 9 T

2=29.

At this point the student should read the rule on page 150
and solve Exercises 1-16, p. 151. He should then study Ex-
ample 3 and solve the remaining exercises.
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3. Simplify
2 2 2,8
<3a—b 3ab>. 8 a’y (@ — ) 9 bx

a2
3a—10*) 3ab*+ 6a%% — 9ad (@ 16 a®
./

Solution: Reducing the mixed expression to a fraction, this
becomes
9a?—b? 8 a?y®
Sa—1 Bat6a% @ () 16a"’
Factoring and canceling common factors,

S &y
Bty Ba—b) Al (a+b)(a—by ;bem
3a— b '3%@:’117’@%‘ 1- ?;ﬁ”{
(Note that (¢ — b) is contained in (b — a), — 1 times.)

We have left (Ba—by*(a+b)3bx _ 9abay®+6 abzy® — 8 Liay®

Ba—-0¥®)(—1H2a>» — 6a® + 2a%?
Check: Let z=y=a=2,and b = 3.
b2 — 3 ab? 8 a?y® 9 bz
8a— . : (a2 — 12
( ¢ 3a—b2> sartoan—9a O Dicay
_ 9a®xy® + 6 ab%ry® — 8 boxy?
: B —6a® + 2 a%?
g_0=Bh) 256 ., ., 54
( 6—9) 54+72— 12 256
' _ 864 + 864 — 648
O —48+4 72
(=9 H- (= 5) g = 18%%
45 = 45,

To find the product of two or more fractlons or mixed
expressions we have the

Rure. If there are integral or mixed expressions, reduce
them to fractional form.

Separate each numerator and each denominator into its prime
Jactors.

Cancel the factors common to any nwmerator and any
denominator.

Write the product of the factors remaining in the numerator
over the product of the factors remaining in the denominator.
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EXERCISES
Simplify :
4a* 122y ¢ a 4
,, 10a%* 18¢ o (220 2 (B
C 158 Ta? 3 (2a)5 \3
8y 956 16z a \4a 3¢
" 14 m®n* 25n° 4w 10. (4ax)* (5 ac’l)s.(— .'fz:>5‘
5n 6m?2 Tm 225¢* (227 c
22\* 12a° 20+4+4x 154
5. <%>-———16b%y8-8b‘y? 1. 5} a—fZ/T
a c\® 3¢ c2+5c+6
6. m‘(g)'lﬁ. 12. 9 02- 18 ed .
13 30—=6y _ 8(atyr?
da+2y 4a®>—24ay+ 2447
14, 02+606+982. 3c%e —12d% s
v 6(c+dy? c—2cd+ 3ce—6de
15. a2+4ab+4bzia2—5a+6.
9 — a? a® — 4%
16. 5c"’—20d2_02—2cd+4d2_
c® 4+ 8d? 25 cd*
x 4 2)? x? — 8
17. 3x8+(-64;2112x'(15_9“2>‘4_x2'
18. 8c—24d .<4 _i“’> 4c*+d*
¢2—6cd 4 9d? ¢c) 64c¢t —4dt

’ 6m — 9 36
19. <2m_3+2m><2m— 9+—2m+3>.

2 3 940
21. (1+5—55>'3(x2—18x+17)'
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x? — 8 4 18 x2y?
2 Sy '<3_2_m>'x2+2x+4'

aa—bs’ 6a+465b (@ —0)*?
(@ —0)P 2a*+2ab+ 20 o®— b2

23.

20—990 1 30
w (-5 o) Gt 5)
5z +10y\/ y+ 24 2yx 1
67. Division of fractions. In arithmetic $ +§=3.7 = 2k
and § +11 =2 4 = 3. Also } _1*:%+‘171‘=%'I7r=%%-
Similasly %+ %-9.9 “_d-andf; —el_a
MY P TATE T e 5" T
a

a n\ _ ___cd-l—'n _a _d ad
Als"b*(“ﬁi)fb‘( d >—b od+n_ bed+bn

For division of fractions we have the

RuLe. Reduce all integral or mixed expressions to fractional
Jorm.

Then invert the divisor, or divisors, and proceed as in mul-
tiplication of fractions. ’

EXERCISES
Perform the indicated operations :
1'6_.a'+_ili. 6:’3_.’19_’10_%2._@
86 T 1207 S5y 12y% * 3by?
, 90 ldab S e
"60 8w 2x)? * (4x?)°
2 ax 6 ax? 3m? 21 mb
3. <W>—W 8. T 10w 5 =+ 14 mn.

g 200 0. (V. (22Y (@Y.
b d b "\8a 3a) \z

2\ 2 22 _ _
, 5.2a,.<2_>+f4a!' 10 6a 3___2a 1.

18 22 " bx T 15028
4 — x? N 4 —4x 4 a? .
"8x* 4 a2t —a?—12
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az~7a+12;az_16
a—1 1 g

_a?—49a
be® + 9bc + 145

4o’ —dab— 8% <a—9_b2>,

12.
13.( 14__5{._'_0)

14. S L

o () (o) o)
« (7))

m? n? . mt 4 2min? 4+ nt\
1\ ) "\ Tt — 2 )

n m m*n — 4 mn

9':132—}-6:1‘/.2/_8?/2; B g _—
P ey < 2m+J>

6 6 .
to. (7+) (G ) (= - ) o
: ) “e a) ac

2(1/—5_._4(14_25“2. 5 2—w
202 +2 ° 4 —4dat =

= 2
mfﬂg@i«w_ﬂ>ﬁméwwwﬁm]

20.

m?® 4 mn bn 2m
by 155\ (4165 15\ dzt20y
<m - +4>-<4 2t x} 2x+5y>

M 15(/ 1562d+60d2 .
6 ¢2 902d+24cd2_20d8

I 11 5 1
<6x_11—;>7<2+3+9>7<m>'

2

2.

23.

[-X]

24,

-

68. Complex fractions. A complex fraction is a fraction con-
taining a fractional expression either in its numerator or in
its denominator or in both.
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EXAMPLE
x—3— 10
Simplify z.
’ 2 15
1—-=-3
. w x
Solution: Reducing the numerator and the denominator to simple
fractions, 10 22—38z—10
z—8—-=
z z .
1_2_1_5_12—%—15
z 2 22
Performing the indicated division,
22— 32— 10 z.
x (Y@= +2) ¥
?—2x—15 & Lz—5) (z + 8)
x2
2?4+ 2«x
T oz+3
Check: Let z = 1.
—3—10. 142 —12 3 3_3
Th 1 — N =y —_———
" T-3—i5 1+3 "1 4 7171

To simplify a complex fraction we have the

RuLe. Reduce both the numerator and the demominator to
simple fractions, then perform the indicated division.

EXERCISES

Simplify :

L i—d 99—, , =2
2+1 44 : 3.3
§+1 $t+4 -3+ 5

2.%_2 4.2_%'% 6. e

§—1 @G- —-12d*
g Zb—3b+43 10, 0.

21 -3% — 43 ¢c/d



11,

12.

13.

14.

24.

25.

26.
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e L
x
. 15. . 19. .
1 111 b_sa_,
2 a® a® at a b -
8
c+= —m—s-l-l ’1'§‘“-’L'
¢ 16. —~ 20 z .
1 ) n? 24 10 1
1+a +;7z~n F'i‘; o
2 2 2
_41)2 94 1 ta x+m +y
a a—2 y
7 17. 21. p
_ = = __ 9 L_
1-%a “tor2 y 1
a? b a
¥ @ 7 ity
= 18. — — = 2. -
(a—2
a,-i—-b— c _Ii a b_+2
a c - dab
(22 9, 9y Ty
-y 8 8 2z
3. . 217. .
T 8290 by
@ —y)° 4 1Y 7 3,
a—b_a+b x )
a b 28 2am+3bz+6ab+w2.
a—b  a-4d ) 1 _ 1
b a x+2a x+4+30°
LN\ (1-& 3a+ 40\ 690
1 ( 9 16 29 3a a
L _T¢ Cgg_ (Bat20)
144 3b
a 1—a 1_ 2 —1
14+a a 30 5m2—6m+1‘
a _1——a ) 1+3w—|—2
1+a a S5z —1



CHAPTER XVII
EQUATIONS CONTAINING FRACTIONS

69. Monomial denominators. Equations containing fractions
with monomial denominators are easily solved. Yet unless each
fraction preceded by a minus sign is handled with care, errors
will be frequent.

EXAMPLE
Solve the equation = <9 + 5 m> %2 + %ZC— =22

Solution: Performing the indicated multiplication, '
18 10z 6z—3 ba
wter 75 Ty

Multiplying each member by the L.C.M. of the denominators, 105,

and canceling,

18 1 102 5 6z—3

o1 .. 35
18 1054+ 1027 1o5— 22 e5=22-105.
= = e

270 + 50z — (6 — 8)21 + 17ox~2101.
270 + 50z — 126z + 63 + 175z = 210 x.

=2z

Combining like terms, ' 99z 4+ 338 = 210 2.
Then — 1112 =— 338.
Whence z = 8.
Check : 7<9+1_°> —@_—12+~_6

' 4 — 3 + 0—6,or6:6.

For solving equations containing fractions with monomial
denominators, we have the

Rure. Free the equation of any parentheses it may contain.

Find the L.C.M. of the denominators of the fractions and
madtiply each fraction and each integral term of the equation
by it, using cancellation wherever possible.

- Transpose and solve as usual.
156
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EXERCISES

Find the roots of the following and verlfy results:

1.

3.

z @
23

m+

x+5_

4

= 10. 4.

10.

11.

12.

13.

14.

2x~5§ 5.—-———5@440=0

2244 § Sbx—T7 7T

9

102 — 7 5(2 )_1590—11.

6 Talg—

15 -~ — 3 =

16.
17, —
a

18.
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2 2
19. 20— b — LB — 48+ 20 = 2EL =0,

a

20. (2 +5) (@ — 6)= (@ — §).
21, <x+§><3+g>=g(ac-— 5)+ 8.

2. x—PHE+3)=(@—1)(x+2)+1}%
28. @ —P@+3)—@—p —1§=0.
U @@ PE+ D+ =0

PROBLEMS

1. One fourth of a certain number plus {5 of that nunber
equals 16. Find the number.

2. The difference between } of a certain number and ., of
it is 70. Find the number.

3. The sum of two numbers is 38. One tenth of the greater
number equals } of the less. Find the numbers.

4. The width of a rectangle is # of its length. The perim-
eter is 216 centimeters. Find the area of the rectangle.

5. What number must be added to the numerator of the frac-
tion # so that the resulting fraction will be } of the number ?

6. Three fourths of a certain number is } the sum of the
next two consecutive numbers. Find the numbers.

7. A certain odd number divided by 11 is equal to 54 of
the sum of the next two consecutive odd numbers. Find the
numbers.

8. What number added to both terms of the fraction }¢
gives a fraction whose value is #?

9. Separate 42 into two parts such that } of their differ-
ence is .

10. One fourth the difference of three times a certain number
and 4 equals 1 the difference of five times the number and 4.
Find the number.
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11. Separate 112 into two parts such that their quotient is 2.

12. There are two numbers whose sum is 24. I1f their differ-
ence be divided by their sum, the quotient will be 32 less than
the difference of the two numbers. Find the numbers.

13. The quotient of 27 plus seven times a certain number,
divided by twice the number equals the quotient of 90 plus
five times the number, divided by three times the nuwmber.
Tind the number.

14. A’s age is § B’s age. In 10 years A’s age will be twice
B’s age. Find their ages now.

15. The age of A is £ that of B. Fourteen years ago A’s
age was } B’s age. Find their ages now.

16. A is 16 years older than B. Eight years ago B was 3 as
old as . A. Find their ages now.

17. Jupiter has 4 more moons than Uranus, and Saturn 2
more than twice as many as Uranus; Mars has 6 fewer than
Jupiter, and Neptune half as many as Mars. These planets
have together 25 moons. How many has each?

18. A triangle has the same area as a trapezoid. The alti-
tude of the triangle is 30 meters and its base is 8 meters.
The altitude of the trapezoid is } that of the triangle, and one
base equals the base of the triangle. Find the other base of
the trapezoid.

19. A marksman hears the bullet strike the target 3 seconds
after the report of his rifle. If the average velocity of the bullet
is 1925 feet per second and the velocity of sound is 1100 feet
per second, find the distance to the target and the length of
time the bullet was in the air.

20. A gunner using one of the best modern rifles would hear
the projectile strike the target 2640 yards distant in 92 seconds
after the report of the gun, provided the projectile maintained
throughout its flight the same velocity it had on leaving the
gun. Find this velocity if sound travels 1100 feet per second.
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70. Equations containing fractions with polynomial denominators.
The method of solving equations of this type is illustrated in
the examples which follow.

EXAMPLES

x? 22 1
22— 2 3a2+3x+3 6x—6

Solution : Factoring the denominators and rewriting,

2?2 _ 2z _ 1 .
2—D@*+z+1) 3@2+z+1) 6(@—1)

Multiplying both members of the equation by the L.C.M. of the

denominators, 6 (x — 1) (% + z 4+ 1), and canceling,

1. Solve the equation

3
zﬂ
T By e HEATED
2
2z 1
:/3/—‘2 . /ﬁ/(t—- ])M—WKM@@ Fa4d).
Then 32 =422—4dg—a2—2x—1.
Transposing, 82— 42%+4z+a22+z=—1
Combining like terms, Bu=—1, or ¢ =—1.
Check 75 —% 1
eck : = —_
—133—2 FH—§+3 —§—6
—5_~-10_=5
52 63 36
Multiplying by 252, —5=—40+35 or —5=—5.

In solving equations containing fractions with polynomial
denominators, the student should write the denominators and
their L.C.M. in factored form, as in the preceding solution.
‘With this exception, the rule on page 156 applies to all equa-
tions containing fractions.

‘Whenever both members of an equation are multiplied by an
expression containing the unknown, roots may be introduced by
the process. In fact, an apparent root may thus be obtained
for a statement which no number whatever can satisfy.
Such statements are frequently called “impossible equations,”
although, strictly speaking, they are not equations at all.
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3:1:—2 4x —

2. Solve po— P + L (A)
. 3z —2 dx—4

Solution : M_(J,’—E)‘: MM+ L. (z—2).

Then Sz —2=42—4+2—-2

Transposing, 3z—4r—2=—4—2+42.

Combining like terms, — 22 =— 4.

Whence z=2.

On attempting to check, the fraction 8z—2 becomes % Since

division by zero has no meaning, 2 is not a root of (A), nor can any
number be found which is.

The preceding example illustrates the need of checking; for an
equation has a root, and a false statement in the form of an equation
has none. Moreover the example emphasizes the point that any result
we obtain from the solution of an equation is a root, not because
we obtain it by correctly performing certain operations, as clearing
of fractions, transposing, etc., but because it satisfies the original
equation. 3z — 2

The reason that no root can be obtained for the statement 5 =

iz _24 + 1lis because an impossible number relation is implied therein.

This can be shown by solving the equation as follows:
3z—2 4zx2—4
— —1=0.
z— 2 z—2 0
Reducing the left-hand member to a fraction,
3r—2—4z+4—2+2

Transposing,

z—2 =0
—2z+4
o — T =0.
Or .  — 2
Factoring the numerator and reducing to lowest terms,
- %(MT =0
_r—2
or —2=

That is, the impossible.condition that — 2 = 0 was implied in
stating (A).

The reason that the impossible condition appears by this method
of solution before we check, is to be found in the fact that we did
not multiply both members of the equation by any expression con-
taining x, as we did in the first solution.
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EXERCISES
Solve and check :
3. be4Z 2o apqr 7 2E8_3@+D_ 4
4 5x x o
Loam Tl 80w aa(s-2)elos
0. a—B2(0_4) 5y 1s
10. 8"”4;7+3%=“’ LY :;i—fc;g
11.31—22:4 18.Z;§+mj‘—2+2:
12-2—:2:%' . 19.%—;?5:3%——2.
13. 7x5+5—%=0. 2o.xf3+3m:4=§
e T e
15‘m12:m33' 22&—4905—12:29'6;%
16'90—1—3:2:2 x—T—3' \23'z;§+§:m—?—5-

z+4 x 2z 4 20

e —5 5 10
4 5
¥ 2. g by T 48 =0
7 7 3

26 1w _—12 79220 52 _15
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yy 4o 6 102411
‘x+3 2x4+6 3z-+9
3 5 3z
B e Te_mte_%

29, — 2 —3

w—3+x+3=x2—9.

z4+2 10—2* 10 )

x—2 44—z 2x22—-4

z—4 x—15_2m2—10a:——1.
xr—5 x+4+14 x?—x — 20
x+2 x4+3  4x+9 )
z+3 x+2 224+5x+6

30.

31..

32.

71. Equations containing decimals. The method of solving an
equation containing decimals is illustrated in the following
examples.

EXAMPLES
1. Solve the equation 4z + .7 = 9.7 — .05 .
Solution : Multiplying by 100, 40z + 70 = 970 — 5 z.
Transposing and collecting, 45z = 900.
Dividing by 45, - z = 20.

Check: .4 x 20 + .7 = 9.7 — .05 x 20, 8.7 = 8.7.

In equations containing fractions, if decimals occur in any
denominator, multiply both terms of such fractions by such a
power of ten as will reduce the decimals in the denominators
to integers. Then clear the equation of fractions and proceed
‘as in the foregoing example.
=5 58 %Sf + 102 = 9.08.

Multiplying both terms of the first fraction by 10, and both terms
of the second fraction by 100,
' 402z —38 150z
5 + 38 . .
The equation can now be cleared of fractions and then solved as
usual.

2. Solve the equation

+ 10z = 9.08.
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EXERCISES
Solve and check :

1. 3z +4=.25.

2. 15z — 4z =235x — 2352.5.

3. 1324824 =—526 —32x.

4. 3z — 12452 4+ .6x=1.5 + .355.

5. 3.5x 4 .0564 —.1x =4.9128 — .02x.

6. .12(2xz 4 .05)— .15(1.5x — 2) = 0.246.
01z +.003 .02z + .0008

. s+ . =.0017
g B@+5) 4(25x—.35) 14825
"8 7 56
o 05(6—22) 3(4z—38) 5
80 16
322 045 33 3.75
lo.w-l—m:l?)ﬁz 11. x+5+.5(£1:——8.5)=0'

Note. The introduction into Europe of the Arabic notation for
numbers was one of the important events of the Middle Ages. This
notation originated among the Hindus at least as early as 700 a.p.
It was adopted by the Arabs, and was introduced by the Moors into
Spain during the twelfth and thirteenth centuries. Any one who has
tried to multiply two numbers in the Roman notation, like MDCCVII
by MCXVIII, will realize the difficulties that surrounded arithmetical
operations before the Arabic system was taught. Before the introduc-
tion of this system, one of the principal uses for arithmetic was the
determination of the day of the month on which Easter came. Roger
Bacon in the thirteenth century urged the theplogians ¢ to abound in
the power of numbering,”” so that they might carry out these com-
putations. Business accounts were kept on the abacus, a contrivance
of wires and sliding balls on which arithmetical operations can be
performed with great rapidity.

Though computation in the decimal system was common in Europe
from the thirteenth century, the final step in perfecting the notation
was not taken until about 1600, when Sir John Napier made use of the
decimal point in the modern sense. It was not until the beginning
of the eighteenth century that it came into general use. .
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72. Literalequations. At this point the student should review
the solution on page 82.

EXERCISES
Solve and check :
1. 5cx — 8c®=4c¢*— cx. 4. ax + bx = a® + ab.
. 2(x+1)—4k=2 5. cx + % = bx + be.

3. 3Cx—a)=2(x —2a). 6. mx+ n*=m?— na.
7. 6ac+cx +4a®>=2ax + 3c¢® + 2ca.
8. barx —5a*+ 602 =+4+ 7 ad + 3 bx.

9. L =p 18. 247 =a+b.
a . a
10. 2% _,, 14.“—"~c=—+d
x x
a 3a b ' ax 2__21)“’ 2
11.x+2w—4' ) 15. 2b_4b @ - an
4 —2
12.g+_a'=§+@. 16. _+c 1’-30:—-4
x x 2 6z
17. 24 % L ac=bo+ab + 2.
a ¢ b
18.0 + 4z +3b+2x:i.

56 4 20

ar 3b 2 ab a b
19. 7‘?(“@ - ?)”‘”(5—5)'

20. —-—2”’;35+§<ﬁ—a>+5+%=i9.

2
21 T = =~ pp. 2_d_ztZo g
r—n m c ¢ d
b 3 3a+9
23'b(b—x)+a,(b—a:)+ 2ab =0.
c a c——ac—I—Za

24 a(ac+c)+c(:v—a) 2ac(x—a)
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1 a2 ¥ 1 1
25.54’ +E 0. 266—:;;-'-%—;4'5
¢ d* 38¢c—3d c¢—d
T w T =
at+x a—=x 2
28'b+w b—x 22—
r
a—>b 2 .
29‘T—+1=a2+ab+1
+a
a—b
a =
._.+_.
2 3 Ta
30'2_£+4a-—-6x—_7‘
3 2

a? + ac 2cx(a + ¢) a2+2ac+c

31':1:—{—30 224 5cx +6¢2 x4+ 2¢

73. Meaning of primes and subscripts. Different but related
values are often represented by the same letter, with smaller
figures or letters written at the right and above or below the
letter used; as, ', y", @, 45, ¢2 ¢, These are read y prime,
y second, x sub zero, 4 x sub three, the square of t subm, and ¢
sub w respectively. Primes and subscripts must not be treated
as exponents, and the student should carefully note that z, and
zg are as different numerically as e and J.

The notation just explained is very convenient in physies,
where L, and L, may denote different but related lengths; 177,
and W, may represent two different weights; and £, #, and ¢,
may mean three unequal but related intervals of time.

Primes are cumbersome and easily confused with exponents;
hence subscripts are preferable.

The following equations are taken from a.l(rebra,, geometry,
and physics, where it is often necessary to express one of the
quantities (weight, time, distance, etc.) in terms of the others.
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10.
11.
12.

13.
14.

15.

16.
17.

18.

19.

. Solve for a and A,

. Solve for C, —

. Solve for », C =

. Solve for » and n, C

EXERCISES

. Solve for R, K = 27wRH.

ab

. Solve for a, 4 =—-

2
Solve for R, C =2 7R.

Solve for » and ¢, d = 7.
a D
4360
=L,
¢ 360 c

E *
R+7r

E

- R+ nr

n-e
R+ nr
Solve for F, C = §(F — 82).
Wi _ L,
W, L,
Solve for 7 and t, 4 = P(1 + t).
Vi_ Py

Solve for P,, — A

Solve for » and /, s = w.

rl —a
r—1

Solve for » and n, ¢ =

Solve for W,,

Solve for a, , and », s =
_8.

’ 180 T

Solve for ¢, V; = I, (1 + .00365 ty).

Solve for b,, 4 = (s + by)a

Solve for 6, —

Solve for =, % = ﬁ

167
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20. Solve for F, D,, and D,, %,— %1 + fl);

2L C(t, —t)H, + W, (t, — t)) = W,(t2 — t,).

Find the value of ¢, in the preceding equation, when C = 80.
6 = 20, ¢, = 99, H, = .09, W, = 1000, and W, = 800-

22 C(tp—ty)H, +W(t,—t,)=1(t—¢,)Hy

Solve the preceding equation for #, when C = 80, ¢, = 54,
t, =18, H,= .09, W =100, I = 440, and H, = .11.

74. The lever. The adjacent figure is a diagram of a machine
called a lever. AC is
A B . .
)\ a stiff bar resting on
a single support at B.
This support is called the fulerum and AB and BC are spoken
of as arms of the lever.

Those who have played with a teeter board have had some
experience with a lever, and they have found that, in order
to balance, the heavier of two persors must sit nearer the ful-
crum than the lighter one does.

Thus, if AB =3 feet and BC = 4 feet, a boy at A who weighs

100 pounds will balance a boy at C' who weighs 75 pounds; for
3.100 =475,

In general, if the length of the arms of a lever are 7, and
1, and the corresponding weights are W, and W,, a balance

results whep LW, = LW,

PROBLEMS
1. A, 4 feet from the fulcrum, balances B, who is 6 feet from
it. A weighs 96 pounds. TFind the weight of B.
2. A, who weighs 100 pounds, balances B, who weighs 120
pounds. B is 80inches from the fulerum. How far fromitis A?
3. A, who weighs 125 pounds, balances B, who weighs 100

pounds. The distance between them is 9 feet. How far is each
from the fulerum ?
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4. A and B together weigh 210 pounds. They balance when
A is 3 feet 9 inches from the fulerum, and B is § feet from it.
Find the weight of each.

5. A weighs 90 pounds and is 4 feet from the fulcrum. B
weighs 60 pounds and is 3 feet from the fulerum and on the
same- side of it as A, C, who weighs 108 pounds, is on the
opposite side of the fulecrum. How far from it must C be in
order to balance both A and B?

PROBLEMS

1. Separate 300 into two parts such that their quotient is 5.
2. Separate 60 into two parts such that § of the greater
will equal 2 of the smaller.

3. Separate 45 into two parts such that the sum of % of
the greater and % of the smaller will be 24.

4. Separate # into two parts such that } of one part will
equal 2 of the other.

5. Find two numbers whose sum is 95, such that the
greater divided by the less gives a partial quotient of 4 and
a remainder of 5.

Solution: Let = the smaller number.
Then 95 — z = the greater number.
Now —Dl\.m.lend = Partial Quotient + ’_____Ren-la.lnder .
Divisor Divisor
Therefore B—z_ 4 4 é
z z
Multiplying by =z, 95—z =42+ 5.
Solving, z =18,
and 95—z ="77.
Check : 1_8] 77 [;4
72
5

6. Separate 126 into two parts such that one divided by
the other gives a partial quotient of 6 and a remainder of 7.
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7. The sum of two numbers is 1906. The greater divided
by the less gives a partial quotient of 41 and a remainder
of 16. T'ind the numbers.

8. Separate § into two parts such that their product is less
by % than the square of the greater part.

9. Separate 71 into two parts such that 40 exceeds £ of one
part as much as the other exceeds 16.

10. A boy’s age is now % of what it will be 12 years hence.
How old is he? '

11. Two thirds of a man’s age now, equals ¢ of what it was
30 years ago. Find his present age. .

12. One sixth of a man’s age 8 years ago equals } of his age
12 years hence. What is his age now ?

13. A man invests part of $3100 at 69% and the remainder
at 5. The 69, investment yields annually $18.60 less than
the 59, investment. Find the sum invested at 5.

14. A man invests part of $5360 at 59, and the remainder
at 69,. The yearly income from the 59 investment is $63.40
more than that from the 69, investment. Find the sum in-
vested at 6.

15. A part of $3880 is invested at 49, and the remainder
at 69. The total yearly income is $171.20. Find the amount
invested at 6.

16. A collection of five-cent pieces and quarters contains 80
coins. Their total value is $16. How many are there of each ?

17. Twenty-eight coins, dimes and quarters, have the value
of $5.05. How many are there of each?

18. The square of half a certain even number is 11 less than
} the product of the next two consecutive even numbers. Find
the numbers.

19. The square of 4 of a certain even number is 2864 less
than 17 times the product of the next two consecutive odd
numbers. Find the number.
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20. A rectangle is four times as long as it is wide, If it
were 4 meters shorter and 1} meters wider, its area would be
11 square meters more. Find its length and its breadth.

21. The length of a certain rectangle is 2} times its width.
If it were 5 meters longer and 4 meters narrower, its area
" would be 50 square meters less. ‘Find its dimensions.

22. It costs as much to sod a square piece of ground at 20
cents per square meter as to fence it at 80 cents per meter.
Find the side of the square.

23. A rectangular court is twice as long as it is wide. It
costs as much to fence it at 50 cents per yard as to sod it at
15 cents per square yard. Find its dimensions.

24. A rectangular picture 2} times as long as wide is sur-
rounded by a frame 2 inches wide. The area of the frame is
* 128 square inches. Find the dimensions of the picture.

25, A square court has the same area as a rectangular court
whose length is 2% yards greater and whose width is 2% yards
less. Find the dimensions and area of each.

26. A man bought apples at 18 cents per dozen. He sold
1 of them at the rate of 3 for 4 cents, and the remainder at the -
rate of 4 for 3 cents, losing 76 cents. How many did he buy ?

27. A can do a piece of work in 2 days, B in 3 days, and C
in 4 days. How long will it take them, working together ?

Solution: Let z represent the number of days required by A, B,
and C together to do the work.

Then 1_ the fractional part of the work the three together do

x

in one day.
By the conditions of the problem A does } of the work in one day,
B does } of the work in one day, and C does } of the work in one day.

1 1,1 1
T — — — = -
herefore 5 + 3 + i~
Solving, =12
1 1 1 1 1313
Check : §+§+Z %—%, or =13



172 FIRST COURSE IN ALGEBRA

28. A can do a piece of work in 2} days and B in 32 days.
How many days will they require, working together ?

29. A can do a piece of work in 2 days, B in 2% days, and C in
3} days. How many days will they require, working together ?

30. A can do a piece of work in 8 days, and A and B together
can do it in 44 days. How long would it take B alone ? -

31. A can do a piece of work in 3} days, B in 2% days, and
A, B, and C together can do it in 1} days. In how many days
can C do the work alone?

- 32. Acan do a piece of work in 12 days and B in 15 days.
After A works 3 days alone, A and B finish the work. How
long do they work together?

33. Two bicyclists start at the same time to ride from A to
B, 80 miles distant. One travels 4 miles an hour more than
the other. The faster bicyclist reaches B and at once returns,
meeting the slower one 64 miles from A. Find the rate of each.

Solution: A careful reading shows that the two travel at different
rates, that they travel different distances, but that the time is the
same for each. Ience the equation must be formed by expressing
the time ¢, or d/r, for each, and equating the two expressions for ¢.

The two together cover twice the distance from A to B, or 160
miles. As the slower one traveled 64 miles, the faster travels 160—64,
or 96, miles. If z equals the rate of the slower bicyclist in miles per
hour, we have:

d miles r miles per hour q;y or t hours
Slower bicyclist 64 x 64
T
. . 96
Faster bicyclist 96 z+4 —_
z+4
Hence 6_4 = ﬂ. )
z z+4

Solving, we obtain z = 8, the rate of the slower bicyclist in miles
per hour, and = + 4 = 12, the rate of the faster bicyclist.
Check : 84 =8, and $§ =8.
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34. A man travels at a uniform rate from A to B, 120 miles
distant. He travels.the first 70 miles without stopping. The
remainder of the journey, including a delay of 2 hours, requires
the same time as the first part. Find his rate. -

Solution: By reading the problem we discover that the distances
covered in the first and second portions of the journey are different,
that the time of travel is not the same for each, but that the rate
throughout is the same. Hence the equation will be formed by find-
ing two expressions for the rate r, or d/¢, and setting them equal to
each other. If z equals the number of hours required to travel
70 miles, we have:

d miles t hours %y orr-
. . . 70
First part of journey 70 x =
. 50
Second part of journey 50 z—2 5
z—2
Hence n0_50 .
z x—2

Solving, we obtain # = 7, the time in hours occupied in traveling
the first 70 miles. And .70 + 7 = 10, the rate per hour.

Check: 70+10=7, and 7T —5=2.

35. A bicyelist traveling 10 miles an hour was overtaken 53
hours after he started by an automobile which left the same
starting point 1 hour and 40 minutes later. 'What was the rate
of the automobile ?

36. Two bicyclists, A and B, start at the same time to ride
from X to Y, 63 miles distant. A travels 3 miles per hour less
than B. The latter reaches Y and at once returns, meeting A
9 miles from Y. Find the rate of each.

37. A leaves a certain point and travels at the rate of 4}
miles an hour. Two and one half hours later B leaves the
same point and travels in the opposite direction at the rate
of 10} miles an hour. How much time must elapse after A
starts before they will be 40 miles apart?
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38. A bicyclist traveled to a certain. point and returned,
making the trip in 18 hours. The total distance was 160
miles, and the rate going was 8 miles an hour. At what rate
did he return ?

39. A and B start at the same time from two towns 150
miles apart and travel toward each other. Their respective
rates are 9 and 12 miles an hour. A rests 3 hours and B
rests 4} hours before they meet. How far has each of them
traveled when they meet ?

40. A and B leave the same place at the same time for a
point 63 miles distant. A travels 3} times as fast as B. The
former reaches the point and returns immediately, meeting B
8 hours from the time of starting. Find the rates of A and B.

41. A man rows 4] miles per hour in still water. He finds
that it requires 5 hours to row upstream a distance which it
requires 3 hours to row down. Find the rate of the current.

Hint. Let x equal the rate of the current. Then 4} — z equals
the rate upstream and 4} + x equals the rate downstream.

42. A man who can row 4 miles per hour in still water
rows up a stream the rate of whose current is 2 miles per
hour. After rowing back he finds that the entire trip took
12 hours. How far does he row upstream ?

43. A man who can row 4} miles an hour in still water rows
downstream and returns. The rate of the current is 21 miles
per hour and the time required for the trip is 13 hours. How
many hours does he require to return ?

44. A and B together can do a piece of work in 11 days.
A alone can do the work in one day less than B. Find the
time each requires alone.

Hinrt. Let z = the number of days required by A alone.
Then z + 1 = the number of days required by B alone.
e 1 1 1.5

Therefore ;+x+1~§~6.

Whence 5z%— 72— 6 =0, which may be solved by factoring.
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45. A and B together can do a piece of work in 232 days.
B alone can do the work in two days less time than A. Find
the number of days required by each alone.

46. A man rows upstream and back, a total distance of 20
miles, in 6 hours. His rate upstream is 2} miles per hour.
Find the rate of the current and his rate in still water.

47. A farmer pays $96 for a number of sheep. He sells
all but 2 of them for $100, and gains $2 on each sheep sold.
Find the number of sheep bought.

48. A piece of cloth is bought for $64. Four yards are cut
off and the remainder is sold, at an advance of $2 per yard,
for $72. Find the cost per yard.

49. A train runs 100 miles. On the return trip it increases
its rate 5 miles per hour and makes the run in one hour less
time. Find the rate going and returning.

50. An automobile makes a run of 120 miles. The chauf-
feur then increases the speed 4 miles per hour and returns
over the same route in 5 hours less time. Find the rate going
and returning.

51. Two automobiles travel 72 miles over the same route.
One travels 2 miles per hour more than the other and makes
the run in 30 minutes less time. Find the rate of each.

52. A and B start at the same time from two points 144
miles apart and travel toward each other. A’s rate is 4 miles
less than B’s. The latter, having been delayed 3 hours on the
way, has traveled the same distance as A when they meet.
Find the rate of each.

53. A and B start from the same place at the same time
and travel in opposite directions. B is delayed 2 hours on the
_way, and at the end of a certain time the two are 172 miles
apart. If A has traveled 28 miles farther than B and one mile
more per hour, find the rate of each.



CHAPTER XVIII
RATIO AND PROPORTION

75. Ratio. The ratio of one number, a, to a second num-
ber, b, is the quotient obtained by dividing the first by the

a
second, or 7

The ratio of aAto b is also written a : 0.
It follows from the above that all ratios of numbers are
fractions and all fractions may be regarded as ratios.

3 ¢ a+bd '\/5

Thus =, —, , and —— are ratios.

22z a—10> %

The dividend, or numerator, in a ratio is called the anteced-
ent, and the divisor, or denominator, is called the consequent.

We may speak of the ratio of two concrete numbers if they
have a common unit of measure. The ratio of 5 feet to 3 feet
is §, the common unit of measure being 1 foot. Obviously no
ratio exists between 5 years and 3 feet.

Measurement is the process of finding the numerical rela-
tion (ratio) of whatever is measured to a standard unit of
measure. Thus, when we say a distance is 100 yards, we mean
that it is 100 times the length of the standard yard. For the
United States the standard yard is the distance between two
seratches on a certain gun-metal bar. This bar, along with
the standard pound, the standard gallon, etc., is kept at the
Bureau of Weights and Measures in Washington, D.C.

If we say a piece of paper contains 54 square inches, we
are expressing by the number 54 the ratio of the surface of
the paper to the surface of a square whose side is one inch.

Every measurement, then, is the determination of a ratio,

either exact or approximate.
176
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Note. Until comparatively recent times there was no unity among
the various nations in regard to the standards of measurement. Just
as we now have English, French, and American money, and are obliged
to change when we go from one country to another, so until recently
the different countries had their own standards of measurement. The
yard and the foot are now in common use in English-speaking coun-
tries, but in France and Germany the meter is the standard.

In earlier times there was even greater confusion. Among the
Hebrews the unit of length was the cubit, which, tradition tells
us, was the distance from the end of the king’s longest finger to
the point of his elbow. Our word foot is a reminder of the time
when the length of the king’s foot was the standard. But with the
advance of civilization and the increase of trade between different
nations more or less uniformity in standards of measurement has
been secured.

EXERCISES

Simplify the following ratios by writing them as fractions
and reducing the fractions to their lowest terms:
1. 5:10. 4. 34 :3%. 7. 150 1b.: 1 ton.
2. 10: 5. 5. 83:55. 8. (z*—yd): (x+y).
3. 16a?%: 8 a. 6. 3 days:9 hours. 9. (a®+ 0% : (a+0).

o (1-2)s(142) w24 d)i(1-2)
a~ a X X
1 1
z2—3 a*—5z+6

13. (2 —zy + ¥ : (2® 4 ).
3
1, <x2— l>:<1 _E>.
x x

16 24 10 1
15. (———x>:<—4+—3+—2>-

x xt 2w

16. Separate 40 into two parts which are in the ratio of 2: 3.

Hint. Let 2z = one part, and 3z = the other. Then 2z + 38z =40,
ete.

17. Separate 16 into two parts which are in the ratio of 5: 3.

12.

[+
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18, Separate 84 into two parts which are in the ratio of 3:11.

19. Separate 36 into three parts which are to each other as
2:38:4.

20. Separate 135 into three parts which are to each other
as 4:5:6.

21. What number added to both terms of the ratio & gives
as the result the ratio 3} ?

22. What number subtraéted from both terms of the ratio
13 gives as the result the ratio g ?

23. If @ is a positive number, which is the greater ratio,
442 a 4 43 a,
443 a 4 + 4 a

Hint. Reduce the fractions to equivalent fractions having a com-

mon denominator, and then compare the numerators of the resulting
fractions.

24. If a and b are positive numbers, which is the greater
a+40 a6 b
or
a+5b  a+T
25. If a positive number is added to both terms of a proper
fraction, what change is produced in the numerical value of
the fraction ?

ratio,

76. Proportion. Four numbers, a, , ¢, and d, are in proportion
if the ratio of the first pa.ir equals the ratio of the second pair.

The first and fourth terms (a, d) are called the extremes,
and the second and third terms (b, ¢) are called the means.

Since a proportion is an equation, any operation which may
properly be performed on an equation may be performed on a
proportion.

Then in the proportlon ® both members may be multi-

b
plied by &d, giving ad = bc.

Therefore, In any proportion the product of the means
equals the product of the extremes.

“d

.
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EXERCISES
Find the value of x in the proportions:
3 6 4 1 1
—-—=— L - =2:1—. . ~=:2=3:
1.4 o 63 o 9 2=3:41
4 16
2. - =—- 1 10. 2-°.
L g 2_7%. b=
3 =z 3 4 1
3-§=5' 1. a:b=c:="
2 3% z
4. 8:2="7:9. 8. 1= e 1
- 12. —==:4a8
5, x:4=23:6. x 22 oz
13. 4:3, =3:2— 3. 14. 5:20 —3=7:2x + 6.

A mean proportional between two numbers, @ and b, is the
number m, if %}= %1 - This means that m? = ab, or m =+ Vab.

Since -:%I = -%4 » + 4 is a mean proportional between 2 and 8, as

is also — 4.

A third proportional to two numbers, ¢ and b, is the number
a b

¢, it

bt
In 3 = &, 12 is a third proportional to 3 and 6.
A fourth proportional to three numbers, a, &, and ¢, is the

a@ C
number f, if A

Since f = 3%, 24 is a fourth proportional to 5, 12, and 10.

Y

EXERCISES
Find the mean proportionals between:
1. 1 and 4. 4. 3 and 12. 7. } and 2.
2. 4and 9 5. (@ — 0)* and 4. 4 "9
8. — and —-
3. 16 and 4. 6. } and }. 8 ax?

9. Find a third proportional to the numbers in Exercises 1-7
which precede.
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Find a fourth proportional to:

10. 1, 2, and 3. 15. a, a? and a?
11. 4, 5, and 6. 16. a®, a’ and a*.
12. 7, 14, and 5. 17. a + b, @ — b, and a® — 02
13. 5,12, and a. —

» -4 anc a 18. @a—b ’ 1 » and a* — 02
14. 7, 21 x, and 6 z. 2 “a+d

If ps = gr is divided by g¢s, we obtain

§
i v

Also ps = ¢r divided by rs gives

r_1.

r s @
And ¢r = ps divided by pr gives

7_5.

-2 )

Therefore, If the product of any two numbers (ps) equals
the product of two other numbers (qr), one puir may be made the
means and the other pair the extremes of a proportion.

a ¢ a b a b, .
If Ak then from (1) and (2), =3 Here S=g0s said
to be obtained from % = c—; by alternation.
a ¢ b d b d. .
If 3= 2 then from (1) and (3), 2=3 Here L=, s said
to be obtained from % = (% by inversion.
EXERCISES

Write as a proportion in three ways:
1. 3-4=2-6. 3.3.6
2. 5.6 =3-10. 4. a-d=
5. (a +0)(a —b)=2-3.
6. (¢ +b)(a —b)=(a+ 2)(a+ 3).
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Write as a proportion :

7. a> —02=2.38. 9. a®?—ba+4+6=4.2.

8 a*—2ab+4 b2=3.6. 10. &* — Ta+12 =(a + b)*
11. ¢ —6a+9=0a*—10c + 16.
12. a2 — 4y 4+ 492 =a® + 10 ab 4+ 2506%

13. zy = 4. 15. ab = 1. 17. mnp = xyz.
14. zy = 3. 16. abc = de. 18. ab=a + .
‘Write as a proportion so that x is the fourth term:
19. 3.4=5.=. 22. px = qr. 25. m=a_q‘
20. 42 =9-7. 23. acx = bd.
21. ab = cx. 24. 1 =ax. 2. ay=y+1
Write by alternation:
27. 3 =4%. 29. 4:5=6:a.
4 =z a
28.5—;' 30.3—-3
Write by inversion:
31. ;:8=3:6. 35.3:}0202_!_
32.5=7 .
20 36 1:1_1
33. P:P,=Wy:W. 'y oz
. 2T 3. B Yh
V. P, N, \/Tl

If four numbers, a, b, ¢, and d, are in proportion, they are in

proportion by addition, subtraction, and addition and subtraction.

or

Addition. Let % = s- ' @
Adding 1 to both members,
a [+
241=°2
3 + 7 +1, 2)
a+b_c+d .
=g 3)

Here (8) is said to be obtained from (1) by addition.
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Subtraction. Let =4 e
Subtracting 1 from both members,
' %— 1= fl -1, )
a-b c—d
or = 3)
Here (8) is said to be obtained from (1) by subtraction.
) by
Addition and Subtraction. Let ;_j = ¢£1 (1)
Then £ b_e £2 (addition), @)
and d : b_c ; d (subtraction). 3)
/]
Dividing (2) by (3), atb_c+d 4

a-b c—d
Equation (4) is said to be obtained from (1) by addition «nd

subtraction.
Addition, subtraction, and addition and subtraction are often called

composition, division, and composition and division respectively.

. EXERCISES
Write by addition :
1%:'%— 3.@:.’13:1:2. Al 512
2. 4:12—-8:24. 4 4:3=fia O 4, S

6. Write Exercises 1-4, preceding, by subtraction.
7. Write Exercises 1-4, preceding, f)y addition and sub-
traction.

8. 1t 7 =2, prove 9:_1':#_
9. If%zfl, prove “;b:c;d

10. 1f = 2, prove ]+b 20;(1
11. If%=0—’;, prove a‘*})?b:%
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‘Write Exercises 12 and 13 by addition and subtraction and
solve the resulting equations for a.

3z+4 3+2 6x+3 2a+40b

12. = . 13. = .
2 3xr—4 3-—-2 6x—3 2a-—10
A series of equal ratios. If a_£_¢, 1
series of equal ratios od [@))
then M:ngzi. (2)
btd+f b d f
Proof : Let a_c_°¢_, s
roof : Le i )
Then a=br, )
¢c=dr, )
e= fr. (6)
Adding (4), (8), and (6), a + ¢ + ¢ = br + dr + fr. Q)
Factoring in (7) at+cte=0b+d+ f)r. ()
Therefore [:l+_+dc+L; = ©)
Hence, by (3), atcte_a_c_¢ (10)

b+d+f b d _f
This result may be expressed verbally : In a series of equal
ratios the sum of the antecedents is to the sum of the consequents
as any antecedent is to its consequent.

EXERCISES

Test the truth of the preceding result in Exercises 1-4:

1L }=32=+. 3.3:4=6:8=12:16.
o 1_2 _30 PR S S
“a 2a 3ab ‘x—y ax—ay bx—1by

5. Taken in the same order, the sides of two triangles are
3, 4, 5, and 9, 12, 15 respectively. What is the ratio of the
sides of the first triangle to the corresponding sides of the
second ? Compare this ratio with the ratio of the perimeter
of the first triangle to the perimeter of the second.
2a+3c+4e _a

a c e
6. If - =-=—,> prove m—b

b d f
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MISCELLANEOUS EXERCISES IN PROPORTION

1. Ifd:b=4;m,anda:b=4:}6,ﬁndx.

a 9 a 1
2. Ifz—:—q-yandz—i’ find y. .
Yy

3. Ifp:r=7:6,and ¢:»=3:5, find the ratio p: ¢.

4 Ifp:g=4:a,and ¢: 7 =a:7, find the ratio p: r.

5. The sides of a triangle are 8, 10, and 12. The side 12 is
divided into the ratio of the other two sides. Find the two parts.

6. The perimeter of a triangle is 63. Two sides are 18 and
24 and the other side is divided in the ratio of these two.
Find the two parts of the third side.

7. A flagstaff casts a shadow 12 yards long; at the same
time a man 5 feet 10 inches tall casts a shadow 35 inches
long. How high is the pole ?

Fact from Geometry. If one triangle is similar to another,
the sides of the first taken in any order are proportional to
the sides of the second taken in the same order.

8. The sides of a triangle are 10, 15, and 20 respectively.
In a similar triangle the side corresponding to 10 is 12. Find
the other sides. Compare the ratio of the two corresponding
sides with the ratio of the perimeters.

9. The sides of a triangle are 9, 10, and 17. The perimeter
of a similar triangle is 108. Find the sides of the second
triangle.

Fact from Geometry. A line parallel to one side of a tri-
angle divides the other two sides into four proportional parts.

Thus in triangle 4 BC which follows, line DE is parallel to

AD AE
side BC, and DB EO

Also a line parallel to one side of a triangle forms with the
other two sides a second triangle similar to the first.
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In the following figure triangle 4 DE is similar to triangle
AD AE DE
ABC. Therefore — =—=—" 4

10. In triangle 4BC:

(o) If AD =6, DB =4, and
AE =10, find EC.

) If DB=4, AD =8, and D ioa
DE = 6, find BC.

(¢c) If DB=4, AD=28, and g
AC =10, find AE.

(d) If AB= AC =16, and 4D =10, find 4E.

11. Draw a triangle’ and letter the vertices F, G, and H
respectively. Draw RK parallel to FG, R being on side HF
and K on side HG. Then if:

(e) FG =15, RK =10, HR = 8§, find HF.
(b) FG =20, RK =16, HF = 10, find RF.
(¢) FG =20, RK =15, RF = 6, find HR.
(d) FG =18, RK =15, KG = 4, find HK.

Fact from Geometry. The line joining the middle points of
two sides of a triangle is parallel to the third side.

12. Two sides of a triangle are 30 centimeters and 24 centi-
meters respectively. The line joining their middle points is
12 centimeters long. TFind the third side of the triangle.

13. The sides of a triangle are 10, 12, and 16 centimeters
respectively. Tind the lengths of the lines connecting the
middle points of its sides.

14. In the right-angled triangle IIB
ABC, line BD is perpendicular to !
AC. Then BD is a mean propor- i
tional between AD and DC. |

(¢) If AD =9 and BD =6, find f ¥
DC.

) If AD =4 and AC = 20, find BD.
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15. In the semicircle ABC, line C'D is perpendicular to 4B.
Then CD is a mean proportional

C
between 4D and DB.
(a) If AD=2 and DB =18,
find CD.
() If D=8 and 4B = 34,
4 D B find 4D.

16. The distance 4B between two points on opposite banks
of a river was wanted. Stakes
were set at E, B, D, and C, so that
BE was parallel to C'D, and so C
that ABC and 4 ED were straight
lines. The measured values of
DC, CB, and BE were 480 feet,
160 feet, and 420 feet respect-
ively. What was the computed
value of BA ? D

17. The perimeters of two sim-
ilar triangles are 45 and 135 re- .
spectively. One side of the first is 11 and a second side is 19.
Find the sides of the second triangle.

18. Two men start at the same time and travel in opposite
directions. The ratio of their rates is 2:3. In 5 hours they
are 100 miles apart. Find the rate of each.

19. 4, B, and C ate equally of a stock of provisions which
A and B furnished. The values of what 4 and B contributed
were in the ratio of 7 to 8 respectively. C paid $30 for what
he ate. How should 4 and B have divided the money ?

'20. A clock provided with hands to indicate the minute, the
hour, and the day of the month showed correct time at 4 r.m.
on February 21, 1900. The clock gained 10 minutes daily.
What was the correct time when the clock indicated 4 p.m.
on the 28th of the next month ?



CHAPTER XIX
GRAPHICAL REPRESENTATION

77. Temperature curve. The curve ABCDEF is called a graph.
It was made by a recording thermometer. Such instruments
are provided with an arm carrying a pen, which moves up as
the temperature rises, and down as it falls. A clock movement

runs a strip of cross-ruled paper under the pen and thus a con-

tinuous line is traced on the paper. The following record ex-
tends from 2 p.m. of Wednesday, February 19, 1908,t010.30 a.».

1

WEDNESDAY THURSDAY FRIDAY
810 2 4 6810/ 2 46 810 2 46 810/ 2 4 6 8 10
NOON NOON NOON
S S S S S S S B B Sy S S S S B g e S e
S -HAHRENHEIT T+
I - - S S S S S A S Ay Ay S O S SO S S S SO S S |
ol —J o] —J— 7 1 | 1+ iqolp L] [ 1 1 1 [ 1 [ -7 Taqln
10— BT 7 r——r—+790=
T T 55— o S Y S S A S SO S S S Sy By S Sy A Sy Rt
A S 7 S T O Y S S S S A A A S A Ay S Ay S A By =
A 4 N W A S A S Sy Y S A > —~ S S Sy A S Ny Ay L3 |
Y[V /4 T VA S T Y ) === 0 S S Y A BN /1 (2
) L T 0 B Y O N B 5 T 810
AT TN\
I | T Il [ T Ii D —
TN D
1 W S S N R RS WV &7
T e ey —— | 1 =
i —' 1 = V4 /J I
1 — 1|1 C 2
Rl 1 T [ ) .
6107 T i ] 0 T
| 1 { ;
1
rlo S E T
[9]1Y) V) { !
T —
i
| R R
1 4|0 V.,,l‘. 1 ﬁ’_o [ - ___4 G.L_E

of the Friday following. The numbers 50, 60, 70, 80, and 90
denote degrees Fahrenheit. There are 5 spaces from 50° to 60°.
Hence one space corresponds to 2 degrees. The numbers 2, 4,
6, 8, and 10 indicate the time of day. Whether this is A.m. or
P.M. can be determined by the position of these numbers with

respect to the heavy curved lines marked ~oon. The point 4
187



188 FIRST COURSE IN ALGEBRA

on the graph informs us that at 2 p.m. Wednesday the temper-
ature was 80 degrees. The point B between 6 p.m. and 7 p.m.
‘Wednesday marks the highest temperature recorded.

The point C tells us that the temperature was about 65}
degrees at 6 A.m. Thursday.

The preceding record was made indoors, and the sudden fall
from D to E was caused by the opening of a door leading into
a cold hallway. The portion of the graph from D to E shows
that the temperature of the room fell approximately 18 degrees
in about 30 minutes.

EXERCISES
By reference to the graph (p.187) answer the following:
1. With what temperature does the record begin? end?
2. What is the highest temperature recorded ? the lowest ?

3. About what time was the highest temperature recorded ?
the lowest ?

4, How often did the instrument record a temperature of
80 degrees ? T2 degrees? 78 degrees? 62 degrees?

5. At what times did it record a temperature of 80 degrees?
72 degrees ? 78 degrees? 62 degrees?

6. To what practical use can a graph such as the one here
explained be put ?

78. Falling body curve. The curved line 0ABDC in the adja-
cent figure is another graph. It represents closely the rela-
tion between the distance a sphere of lead, if allowed to drop
- through the air, will fall in any number of seconds from one
to eight. Time measured in seconds from the instant the
sphere begins to fall is represented on the line OX. One inch
on OX corresponds to 4 seconds of time, } inch to 2 seconds,
o inch to 2 of a second, etc. The distance measured in feet
through which the sphere falls is represented on the line OY.
One inch on OY corresponds te 320 feet, {; of an inch to 32
feet, etec. The point 4 on the curve, just above 2, corresponds
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to a time of 2 seconds. 4 is opposite the number 64 on OY.
This means that in 2 seconds the lead sphere falls 64 feet.
Similarly B corresponds to a time of 4 seconds and a dis-
tance of 256 feet. That is, the lead sphere falls 256 feet in
4 seconds.

[
olo /
/
/
800 7/
5 /
ot /
b Reiin) /
P <
5
et /
SN
480452 o/
=
A /
/
320 /
/
256 B
6
4
" A
]
L Timelin|second:
) 1 4 | |5] 7
Scale |4 [in]=]1 second
|

The question, <« How far does a body fall in 6 seconds?” can be
answered by reference to the graph, thus: The point on the curve
corresponding to 6 seconds is C, just above 6 on OX. The point on
0Y opposite C' corresponds to 576 feet. Therefore in 6 seconds a
body falls 576 feet. )
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EXERCISES

By reference to the graph (p. 189), answer the following:

1. How far does a body fall in 8 seconds? 3 seconds?
7 seconds ? 2} seconds? 6.2 seconds ?

The question, « Iow long will it take a body to fall 480 feet? ”’
can be answered by reference to the curve, thus: Opposite 480 on
OY is the point D on the curve. D is directly over a point mid-
way between 5 and 6 on OX. Therefore, to fall 480 feet a body
requires 5% seconds.

By reference to the graph, answer the following:

2. How many seconds does a body require to fall 400 feet?
196 feet ? 100 feet ? 25 feet ? 120 feet ? 750 feet?

The two preceding graphs are pictorial representations of the
relation between two variables. In the first graph the variables
were time and temperature, both of which, in the period under
consideration, were constantly changing. In the second graph
. the variables were time and distance. It must be borne in mind
that the correctness of any graph is limited by the fact that we
cannot measure any physical quantity with perfect accuracy,
and that we cannot draw the graph itself with absolute-pre-
cision. This makes results obtained graphically only approxi-
mately correct, but close enough, nevertheless, to be extremely
useful for many purposes.

79. Graph of an equation. A relation between two variable
numbers not connected with physical quantities, such as tem-
perature and time, can also be represented by a graph. The
question, ¢ What two numbers added give five ?” may be ex-
pressed by the equation = + y = 5. Here x and y are any two
numbers whose sum is 5.

It can be seen by inspection that if x is 1, y is 4, and if
xis 2, y is 3. Or we may proceed as follows: Give x any
value, say 3; then the equation becomes 3 4+ y=25. Trans-
posing and solving, ¥ = 2. Similarly give « the value 3}; then
3} + y =5, whence y =11. Proceeding in this way, we may
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obtain a few of the many related pairs of values of z and g,
which may be tabulated as follows

A B C D E F G J ) " I K R
x 13| 2|8 (8 |4|5]0;6]|7]|-1/-2
y| 4|88 |2 |14]1]0]|5 |—-1|—2 6|7

Now in the figure we lay off equal spaces on 0X from 0, and
on 0Y from O each 1% of an inch, and agree to have the values of
z correspond to distances measured from 0Y parallel to 0X, and

D
o

Mme

L

P

the values of y to distances measured from OX parallel to 07,
Then the point 4 corresponds to the first pair of numbers, =1,
y =4. Inlike manner, B corresponds to the second pair of num-
bers, x =11, = 3}. Similarly C, D, E, and F correspond respec-
tively to the third, fourth, fifth, and sixth pairs of numbers.
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Apparently 4, B, C, etc., are points on a straight line. Even
points B and E, corresponding to fractional values of a and
¥, are in line with the others. The inference seems warranted,
then, that a straight line drawn from 4 to F would be a por-
tion of the graph of the equation = + y = 5.

If the line A F is continued, it meets 0X at G. The distance
of G to the right of 0¥ is 5 and its distance above 0X is zero.
Evidently point & corresponds to the seventh pair of numbers,
x=2>5, y=0. Similarly 4 extended cuts OY at point J whose
distance from 0X is 5 and whose distance to the right of 0¥
is zero. Therefore this point corresponds to the eighth pair
of numbers, x =0, y = 5.

If AF is extended below 0X, it passes through points I7 and
I. The point H is just under the sixth space mark on OX and
1 space below O0X, and the point I is just under the seventh
space mark on OX and 2 spaces below 0X. The point H must
correspond to the ninth pair of numbers, =06, y =—1,and I
to the tenth pair, x = 7, y =— 2. This leads us to extend the
line YO downward and divide it into spaces equal to those
above 0, and to number the consecutive points of division with
the negative numbers, — 1, — 2, — 3, ete.

Since the point K is opposite the sixth space mark on OY
and 1 space to the left of 0¥, it corresponds to the eleventh
pair of numbers, x =— 1, y = 6. Similarly R corresponds to
the twelfth pair, x = — 2, y = 7. This leads us to extend X0
to the left and, dividing it into equal spaces, to number the
consecutive points of division with negative numbers, — 1, — 2,
— 3, ete.

Then the line RI extended indefinitely in both directions
would be the complete graph of the equation = + y = 5. More-
over, every point on this line would correspond to a pair of
numerical values of # and y which satisfy this equation. These
numerical values would include all the possible integers and
fractions both positive and.negative. The truth of this will
become clearer as we proceed. -
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80. Definitions and assumptions. The preceding explanations
and questions should tend to make clear that in constructing
the graph of an equation in two variables a number of assump-
tions must be made. These assumptions and some necessary
definitions are now stated. It is agreed:

I. To have two lines at right angles to each other, as X'0X,
called the x-axis, and Y'0Y, called the y-axis, as in the follow-
ing figure.

II. To have a line of definite length as a unit of distance.
Then the number 2 will correspond to a distance of twice the
unit, the number 4} to a distance of 4} times the unit, etc.

Y
Quadrant IT Quadrant I
(—s+) (4> +)
By %=
) n+  p
, Y+ U+
X : 0 Y— 3 X
B O o
= =) BYF= (+1=)
Quadrant IIT Quadrant IV
.
Y

III. That the distance (measured parallel to the x-axis)
from the y-axis to any point in the surface of the paper be
the x-distance (or abscissa) of the point, and the distance
(measured parallel to the y-axis) from the z-axis to the point
be the y-distance (or ordinate) of the point.

IV. That the z-distance of a point to the right of the y-axis
be represented by a positive number, and the z-distance of a
point to the le¢ft by a negative number; also the y-distance of
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a point above the x-axis be represented by a positive number,
and the y-distance of a point below the x-axis by a negative
number. Briefly, distances measured from the axes to the right
and upward are positive, to the left and downward, negative.

V. That every point in the surface of the paper corresponds
to a pair of mumbers, one or both of which may be positive,
negative, integral, or fractional.

VI. That of a given pair of numbers the first be the measure
of the z-distance and the second the measure of the y-distance.
Thus the point (2, 3) is the point whose a-distance is 2 and
whose y-distance is 3.

VII. That the point of intersection of the axes be called
the origin.

The values of the #- and the y-distances of a point are often
called the codrdinates of the point.

Though not an absolute necessity, cross-ruled paper is a great
convenience in all graphical work. Excellent results, however, can
be obtained with ordinary paper and a rule marked in inches and
fractions of an inch for measuring distances. Hence the graphical

work which follows should not be omitted because it is found incon-
venient to obtain cross-ruled paper for class use.

EXERCISES

Draw two axes and locate the following points, using } inch
orl cent1mete1 as the unit distance.

1. (3, 5); ( 3, 5); (— 3, —5); (+ 3, —b).
4, — 2)’ (_‘ 6, 4); (— 1, —2); (+2, — 4)-
©, 4); (0, — 4); (4, 0); (—4, 0).
(2,2); (0,2); (—2,6); (2 0)
. (0, = B); (=5, 0); (0,0).
6. If one covrdinate of a point is zero, where is it located ?
Where, if bnth are zero ?

Uk oW

Liocating points as in the preceding exercise is called plotting
the points.
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EXERCISES

1. Find and tabulate six pairs of values of = and y which
satisfy the equation x + 2y =8. Draw two axes and, using
1 inch as the unit distance, plot each of the points. Are the
six points in a straight line? Where do all the points lie
whose 2- and y-distances satisfy the equation « +2y=28?
‘What, then, is the graph of the equation « + 24y =8? Does
x =4, y =4, satisfy this equation? Plot the point (4, 4). Is
it on the graph of the equation? If the z- and y-distances of
a point satisfy the equation x4 2y =8, where is the point
located ? If the x- and y-distances do not satisfy the equation
x 4 2y = 8, where is the point located ?

Find and tabulate six pairs of values for z and y which sat-
isfy each of the following equations. Use numbers not greater
than 10. Have at least one negative value for x and one nega-
tive value for 4. Then plot the six corresponding points.

2.3z + 2y =6. 4. 2 +y=0. 6. x=3y.
3. 3z —4y=12. 5, x —y=0. 7. y=2u.

The preceding work should be enough to convince the student
that the graph of an equation of the first degree in « and y is
a straight line. It can be proved that the graph of any equa-
tion of the first degree (linear) in two variables is a straight
line, but the student would not understand the proof were it
given now. Therefore it will be assumed that the graph of
every linear equation in two variables is a straight line. And
as a straight line is determined by any two of its points, it will
be sufficient in graphing a linear equation in two variables to
plot any two points whose z- and y-distances satisfy the equa-
tion, and then to draw through these two points a straight line.
The two points most convenient to plot are usually the two in
which the line cuts the axes. Occasionally these points come
very close together, and consequently they will not determine
accurately the position of the line. In such cases one should
decide on two values of x rather far apart (such as 0 and 5, or
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0 and — 5) and compute the corresponding values of . Two
such points will fix the position of the line more accurately.

If a line goes through the origin (as in Exercise 6 preceding),
2 =0, y=0, will do for one point, but a point outside the axes
must be taken for the second one.

Example: Graph the equation 2x + 5y =10. In this equa-
tion if =0, y=2; and if y=0, x =5. Here the point
(0, 2) is on the y-axis in the adjacent figure, 2 units above
the origin, and the point (5, 0) is on the a-axis, 5 units to the
right of the origin. The straight line through these two points
is the graph of 2x + 5y =10.

Check : If an error has been made in obtaining the value of
x or y from the equation, or in plotting the values found, it
can be quickly detected by plotting a third point, the values
of whose z- and y-distances satisfy the equation. If this third
point lies on the line determined by the first two points, the
line has been correctly located; if it does not, a mistake has
been made.
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EXERCISES
Graph the following linear equations:
1. z+4+y=6. 4. 3x+4y=12. 7. x—2y=0.
2. x —y=2>. 5. 4x —3y=12. 8. 3xz—y=0.
.x+2y=8 6 Z2x+4y=09. 9. x=4. -
Hixt. The equation z = 4 is equivalent to the equation z + 0y = 4.
This last is satisfied by x = 4 and any value of y. Thus the pairs
of values (4, 8); (4, 6); (4, 0); (4, — 2), etc., satisfy the equation

2z + 0y =4. Plotting these points, it is evident that the required
graph is a line parallel to the y-axis and 4 units to the right of it.

10. x = — 6. 12. y=—2. 14. y=0.
11. y =5. 13. 2 =0. 15, x ==+ 3.

16. If a point is on a line, do the values of its z- and its
y-distances satisfy the equation of the line?

17. If the values of the z- and the y-distances of a point
satisfy the equation of a line, is the point located on the graph
of the equation ?

18. Is the point (3, 4) on the line whose equation is
3z —4y=12? Is (0,4)? Is (4,0)?

19. Can you determine without reference to the graph itself
if the point (2, 6) is on any of the graphs of the equations
in Exercises 1-9 above ? If so, on which ones?

20. Whick of the graphs of the equations in Exercises 1-15
pass through the origin?

In a linear equation containing one or more variables the
constant term is the term which does not contain a variable.

Thus in the equation 8z + 4y = 12, 12 is called the constant term.
Also in az + by = ¢, the constant term is c.

21. What is the value of the constant term in the equations
whose graphs pass through the origin? What can be said of
its value in those equations whose graphs do not pass through
the origin ?
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22. Can you tell, then, by looking at a linear equation
whether its graph goes through the origin or not? Explain.

23. Can you tell from the equation when a line is paralle]
to the x-axis? the y-axis? Explain

It should now be clear that:

The equation of a line is satisfied by the values of the
x-distance and the y-distance of any point on that line.

Any point the values of whose x-distance and whose y-distance
satisfy the equation is on the graph of the equation.

81. Graphical solution of linear equations in two variables. If
we construct the graphs of the two equations z 4 2y =8 and

&a
2

2.4 — y = 6 as indicated in the adjacent figure, it is seen that
for the point of intersection of the graphs x is 4 and y is 2
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Since the point (4, 2) is on both graphs, it should satisfy both
equations. Substituting these values (4 for # and 2 for y) in
each equation, we get the identities 4 4 4 =8, and 8 — 2 = 6.
Thus the graphical solution of two linear equations consists
in plotting the two equations and finding from the graph the
value of = and the value of y at the point of intersection.
Since two straight lines can intersect in but one point, there
can be but one pair of values of x and y which satisfies' a pair
of linear equations in two variables.

EXERCISES

Solve graphically the following pairs of linear equations,
and verify by substituting in each pair of equations the
and y values of the point of intersection as obtained from
their graphs: '

1 x4+ y==6, . 2z + by =10, 13 20 —y=26,
‘x4 2y=28. - Txz+4y=_8. . 4z — 2y =28
9 x—y =4 8 x4+ 6y =12 14 z+y=6,
"2z 4y =25 2243y =12 Tx—4=0.
3.m-j—y=6,‘ 9.x+2g/=10, 15.90—;1/:7,
r—y=4 x=3y. y+2=0.
x+y+8=0, z+y+6=0, x =2y,
4':1:—_1/——2:0. lo'a::g/. 16 o —4—o.
5 20 +y+2=0, 1 x4+ y=4, 17 3z —y =0,
" 2x242y+7=0. ‘x+y=6. Ty +3x=0.
b —y=—1, x4+ 2y =4 x—3=0,
6'90—23/:5. 12'x+2y:10. 18'y+2:0.

Biographical note. RENf DrscarTes. One of the two or three most
important advances ever made in mathematics was the discovery that
algebraic equations could be represented geometrically. This great dis-
covery was made by René Descartes (1596-1650), the French philoso-
pher. Though never rugged in health, he took part in several campaigns
when a young man, and it is said that during a weary winter spent in
camp in Austria he first conceived the ideas that resulted in this impor-
tant work. Though his writings read very differently from a modern
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book on the same subject, yet he developed all of the essentials of
graphical representation. He saw that a letter, that is, a codrdinate,
might represent either a positive or a negative number, and so enforced
upon mathematicians the conviction that negative integers are indeed
numbers, and that they are useful in algebraic operations. After his
time they were not usually ruled out as absurd or impossible, as was
commonly the case before. He also introduced the modern exponential
notation, though he did not use negative or fractional exponents. To
Descartes is due the use of the last letters of the alphabet for the un-
known and the first letters for the known numbers. Thus he would
have written the equation 23 — 82 + 16 =40 in the form 3% — 8z +
16 ©40. Though the sign = was used long before his time, he did not
accept it. The asterisk he used to indicate that a certain power of the
variable was lacking.

82. Graphical representation of statistics. Scientific data and
numerical statistics from the business world are frequently
exhibited with striking clearness and brevity by means of
graphs. The character of the graph obtained in any case de-
pends on the relation between the plotted numbers. Some-
times the resulting graph is a smooth curve, and then again it
may be an irregular continuous line made up of straight lines
of various lengths.

EXERCISES

1. A healthy man 21 years old can insure his life with a
certain company for $1000 by making an annual payment of
$18.40. The annual payment at a few other ages is given in
the following table :

Ace PAYMENT AGE PAYMENT
25 $20.14 50 $45.45
30 22.14 55 56.93
35 26.35 60 72.83
40 30.94 65 95.14
45 37.08 ' 70 126.66

Construct a curve showing the relation between a man’s age
and the annual payment necessary to insure his life for $1000,
as follows: Let one inch on the vertical axis correspond to
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5 years, and one inch on the horizontal axis to $20. Then
locate the points corresponding to the preceding data. Lastly,
connect these points by a smooth curve.

2. In a straight line across a river the depths in feet at
points 50 feet apart were as follows:

0.0 16.3 5.3
2.2 14.9 5.0
41 13.0 3.4
6.4 9.8 2.0
8.8 8.0 1.5
12.0 6.9 . 1.0
151 57 0.0

From the preceding table construct a curve showing the
outline (profile) of the bed of the river at the point where
the survey was made.

(Let one inch on the vertical axis equal a depth of 20 feet
and one inch on the horizontal axis equal 125 feet.)

3. Starting with 100,000 persons at the age of 10, the num-
ber still living at certain ages is given in the following table:

AGE NUMBER SURVIVING Ace Numper SurvivING
10 100,000 55 64,563

15 96,285 60 57,917

20 92,637 65 49,341

25 89,032 70 38,569

30 85,441 75 26,237 .
35 81,822 80 14,474 .

40 78,106 85 - 5,485

45 74,173 90 847

50 69,804 95 3

Construct a curve showing the relation between the number
of survivors and their age.

(Let one inch on the vertical axis represent 20,000 persons,
and one inch on the horizontal axis represent 10 years.)
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4. The public debt of the United States at five-year intervals
between 1860 and 1905 is given in millions of dollars in the
following table : '

MiLLIONS OF MiLLIONS OF

YEAR YeAR

DoLLARS DoLLARS
1860 64 1885 1872
1865 2680 1890 1549
1870 2480 1895 1717
1875 2232 1900 2132
1880 2128 1905 2293

Draw a graph of the preceding data, representing 5 years by
one inch on the horizontal axis and 500 million dollars by one
inch on the vertical axis.

5 The number of bushels of wheat produced in the United
States each year from 1892 to 1908 is given in the following
table : : .

MILLIONS OF . MiLLIONS OF

YeAr YeARr

BusHELS BusHELS

© 1892 399 1901 522

. 1893 515 1902 748
1894 396 1903 670
1895 460 1904 637
1896 467 1905 552
1897 427 1906 692
1898 530 1907 735
1899 675 1908 634
1900 - 547

Construct a graph from the data given.

(Let one inch on the vertical axis represent 100 million
bushels, and one inch on the horizontal axis represenf;
4 years.)



CHAPTER XX
LINEAR SYSTEMS

83. Definitions. A linear equation in one unknown has but
one root; that is, the value of the unknown in such equations
is a constant.

A linear equation in two unknowns is satisfied by an un-
limited number of pairs of values for the two unknowns. Any
change in the value of one is always accompanied by a change
in the value of the other. Hence the unknowns are reaﬂy vari-
ables, as they were called in the chapter on graphs.

Two or more equations involving two or more variables are
referred to as a system of equations.

A system of equations satisfied by the same values of the
variables is called a simultaneous system.

A set of values (one for each variable) which satisfies an
equation in two or more variables is sometimes called a solu-
tion of the equation; and a set which satisfies a system is
often called a solution of the system. In this book, however,
the word solution will be used to denote the process of solv-
ing either a single equation or a system. The values of the
unknown which satisfy an equation in one unknown will be
called roots, and a set of values for the variables satisfying
an equation in two or more variables, or a system of such
equations, will be called a set of roots. _

An equation having one root or a limited number of roots
is called a determinate equation.

Thus 2z = 10 and n? — 5n =— 6 are determinate equations ; for
the first is satisfied by z = 5 only, and the second is satisfied by
n =2, or 3 only. '
' 203



204 FIRST COURSE IN ALGEBRA

A system of equations which is satisfied by one set of roots
or a limited number of sets of roots is a determinate system.
z+2y=12
4z —y=3,

= 2 1 .2 — 95
satisfied by only one set of roots : {; ; g’ The system z : g.;/ :~72’o,

is determinate also, for it is satisfied by only two sets of roots:
z=4, and {x=3,
y=3, y=4.
An equation which is satisfied by an unlimited number of

sets of root§ is called an indeterminate equation.

As we have seen, z + y = 6 is an indeterminate equation.
Also z + y + 2= 10 is an indeterminate equation, for x =2, y =3,
and z = 5 satisfy it as well as 2 = 4, y = 5, and z = 1, etec.

’ is a determinate system ; for it is

Thus the system {

A system of equations which is satisfied by an unlimited
number of sets of roots is called an indeterminate system.
z+y+2z2=38,
2z—8y—=2=9,
sets of roots which satisfy both equations can easily be found. For
example, the set of roots =7, y = 2, and z = — 1 satisfies the system.
Another set of roots for the system is =5, y =— 1, and z = 4.

Such a system as is indeterminate, for many

84. Solution by addition or subtraction. The method of solv-
ing a system of two linear equations by addition or subtraction
is illustrated in the

EXAMPLES
. h ?
1. Solve the system {w _2y—16. @)
Solution : Eliminate z first, thus:
- @), 6y=—12. ¥6)
@)+ 6, y=—2. €))
Substituting — 2 for y in either (1) or (2), say (1),
z— 8 =4. &)
Solving (5), z=12.
Check : Substituting 12 for z and — 2 for y in (1) and (2) gives
12 — 8 =4,

the obvious identities 12 44— 16.
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(13x + 3y =14, @)
2. Solve the system ?l Tw—2y =22 ®
Solution : Eliminate y first, as follows :
@-2, 26z 4 6y = 28. 3)
2)-3, 21z — 6y = 66. “)
() + @), Tz = 04. (5)
(5) + 47, z=2. (6
Substituting 2 for z in (2), 14— 2y = 22. O]
Solving (7), y=—

Check : Substituting 2 for z and — 4 for y in (1) and (2) gives
4")6—1‘)—14 or 14 = 14.
14 + 8 =22, or 22 = 22.

Either « or y could have been eliminated first. The multi-
pliers necessary to eliminate x are 7 and 13, while the multi-
pliers necessary to eliminate y are the more convenient numbers
2 and 3.

When the notation (8) — (4) is used in a solution, it indicates the
subtraction of the first member of equation (4) from the first mem-
ber of equation (8), the subtraction of the second member of equa-
tion (4) from the second member of equation (8), and the writing
of the two results as equation (5). And the process of adding in a
similar way the members of the two equations is indicated by writing
3) + (o).

The notation (3) - 6 indicates that both members of equation (3)
are multiplied by 6, and (3) + 6 indicates that both members of
equation (3) are divided by 6.

With the meanings just explained it is customary to speak of the
addition or the subtraction of two equations, and of the multiplica-
tion or division of an equation by a number.

The method of the preceding solutions is stated in the

Ruie. If necessary, multiply the first equation by a number
and the second equation by another number, such that the coeffi-
cients of the same variable in both the resulting equations will
be numerically equal. '

If these coefficients have like signs, subtract one equation from
the other ; if they have unlike stgns, add and solve the equation
thus obtained.
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Substitute the value just found, in the simplest of the preced-
ing equations which contains both variables, and solve for the
other variable. A

CrEck. Substitute for each variable in the original equations
its value as found by the rule. If the resulting equations are
not obvious identities, simplify them until they become such.

An attempt to solve by the rule the pair

3z— 6y =40, ()]

z—2y=38, . &)

gives 3z — 6y =40, 3)
3z —6y=24. “)

Subtracting, 0 = 16, an impossibility. This result indicates that
(1) and (2) do not form a simultaneous system

A system of equations like (1) and (2) is called an incompatible or
inconsistent system.

The graphs of a pair of incompatible linear equations are parallel
lines (see Exercises 11-13, p. 199). o+ 2y=

An attempt to solve by the rule the system 3u46y= 2 4, gives
0 = 0. Here the second equation divided by 3 gives the first. There-
fore any set of roots of the first is a set of the second. If we choose
to regard the two equations as really different, which is not at all

necessary, we say that they have an infinite (unlimited) number of
sets of roots.

EXERCISES

Solve the following systems of equations and check results:

1'x+2y:7, 6. 8x+4+y="T,
5x—2y=11. 1lx + 2y =28

2 20 +y=4, 7'5l+2p=0,

T 8x —y =21 3l+p=38.

3 Tm—mn=2, 8. 10v + 2u = 22,
‘n—2m=—3. w4+ bv=11.

4 10~ — kb =—3, 9. 122 4+ 5y = 14,
"12h 412k =102. 3z —10y = 8.

5 Tr—8s=—30, 10 20 —y=—1,

T r411s = 20. T15x — 9y = 20.
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35 —t=12, 1 2T+ 32E=6,
"2t —6s=10. ' "16k—9h=38.
, BE—3uw=2, 15 27+ 25m =15,
"15x + 12w =—5. " 3r=107» — 44.
z, —6a, =T, e 120 —2m =18,
18 o, —a =0 16 5.0 —18n + 10.

85. Solution by substitution. The method of solving a system
of two linear equations by substitution is illustrated in the

EXAMPLE
3z —13y =41 @
1 )
Solve the system {Sx +1ly=18. )
Solution: From (1), 3zx=13y + 41. 6))
Solving (8) for z in terms of y, z = % . (€3)
Substituting —13‘7/—4—2 for z in (),
8@?/—;L1)—+11y:18. &)
5)-3, 8(18y +41)+ 33y = 54. (6)
Simplifying, 104y 4+ 828 4 33 y = 54. )
Collecting, 137y =— 274. ()]
(8) + 137, y=—2. ®
_ Substituting — 2 for y in @, xz= i%-l-—“ = 5.

Check : Substituting 5 for z and — 2 for y in (1) and (2) gives the
obvious identities 15 + 26 = 41 and 40 — 22 = 18.

The method of the preceding solution is stated in the

Ruie. Solve either equation for ome variable in terms of
the other.

Substitute this value in the equation from which it was not
obtained and solve the resulting equation.

Substitute the definite value just found, in the simplest of the
_ ];receding equations which contains both variables, and solve,
thus obtaining a definite value for the other variable.

CrECK. As on page 206.
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EXERCISES

Solve by the method of substitution :

1.

7.

Tt=s+1.

z—2y=2§,
e +2y=T.
z—2y=—12,

4.23—?/:1. 9.

14m —2n=1,
n—06m=0.

6h+10%k =19,

10.

"2k =38h.

3s+12 =384t

184+ 2p =y,
_p—'-q:——g.

S3r+15s=T1, 12.

124+ 5s=—r.

8.

11.

20y —3z=1,
z2—6y=0.
q:p—lﬁ.
Sz —20 2x45y

2 3
10=2—y.

1 =T
7+2m1_m2—1’
my = my + 3.
5R 2R
—%=2(R2+2),

R, — 3 Ry =0.

86. Simultaneous equations containing fractions. The method
of solving a system of two linear equations containing frac-
tions is illustrated in the

EXAMPLE
8z 59 3y
2x_ o _2d,
Solve the system 3 6 2
32 _ g, _ 9
4 2
Solution: (1) -6, 162—59=09y.

Transposing in (3),

@4

Transposing in (5),

16z — 9y = 59.

8r=—8y—18.

3z+8y=—18.

“) -3, 48z — 2Ty= 177.
(6) - 16, 48z + 128 y =— 288.
M-, — 155y = 465.
(9) +— 155, y=—3.
Substituting — 8 for y in (4), 16 z 4+ 27 = 59.
‘Whence z=2.

@

@

C))
@
)

™
®
®
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Check : Substituting 2 for x and — 3 for y in (1),

16 _50_—9
3 6 2
‘ -9 —9
o P
Substituting 2 for x and — 8 for y in (2),
6 —=6—2
EY 2

As in the foregoing solution, it is usually best to clear the
equations of fractions and write them in the form of (4) and
(6) before attempting to eliminate one of the variables. Equa-
tions (4) and (6) are in what is called the general form of a
linear equation in two variables. This form is represented for
all such equations by ax + by =c. Here a, b, and ¢ denote
numbers, or known literal expressions.

EXERCISES

Solve the following éystems of equations and check results:

2% 26 22y _
3 Tly=73> 9 3=~ b

1. _ 5. 9y

y__ =79 _
S — 5 = 4. x 1 41,
3n_§ 6 Ax+ 9y =517,
m — 5 - 5’ ’ 21:—3/:

2 en 11,
S+ T =—16 7 12m == +11,
5R Ry _ . "Zm 49 _ by

, 6 T3 =0 3 12 12

‘2R, Ry _ t 23
3 g% ‘ . Ys=3z+

124 Tt 9 —3s
'11k+17b,=531 04 + .T5n =10,
10 2 = *8m —1.25n =35.
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1o§8x_;6y=5& g+12=1z
P y=4 o]
__15_1/:0_
T+3_£_0 @
w T 5 brq_2
br+2="TL 1agr+9 =
12. 9 tHe T 3 1
Te+1 11y —4 n 1_*_‘%_&
3 7 20. t, |ttty
" 20m7+9_$+1, 2t2_3t1*0,
. bm+38n—1 1
m+ 2-=n omtdn—1_ .1
21 3 3
e o _
TR 0m+2n
1_1_1 .
z y 6 k5 _1+2
HinT. Solve Exercise 14 with- 22, k+1 1—2
out clearing of fractions. 11%+ 4 4
l+k+1 :
1 1 2 + £+
- — )
15, ™ M 15 2z, 431.2_3,
L 1_ 1 93, T2 %W
my, m, 3 8 8 e
6 7 3 Ty + 2 Xy — Xy
T_S8 . o 2. 2 5
1 1
= +==10, .2 4 —o,
R4 6+s 4—¢
7., 3 25. "0
2
26. 1 s gt 2y = 4,

FIRST COURSE IN ALGEBRA

m+2~—|—7z2=5n2+3n1_5
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In the following problems the student should state #wo
equations in #wo unknowns. Instead of using = and y, the
. Jirst letter of the word denoting an unknown should be used
to represent that unknown. Thus in Problem 6 below, » would
represent the number of nickels and ¢ the number of quarters.

The course here suggested is desirable for many reasons,
and it should be followed in all problems containing two or
more unknowns, unless the words denoting two of the un-
knowns begin with the same letter.

PROBLEMS

1. The difference of two numbers is 25 and their sum is 46.
Find the numbers.

2. The quotient of two numbers is 6 and their sum is 49,
Find the numbers.

3. Find two numbers whose difference is 36 and whose
quotient is 3. '

4. The value of a certain fraction is . If 3 be added to the
numerator and 1 to the denominator, the value of the result-
ing fraction is 3. Find the fraction.

5. The greater of two numbers divided by the less gives a
partial quotient of 3 and a remainder of 6. The less divided
by the greater gives a fraction which is .7 less than 1. Find
the numbers.

6. A collection of nickels and quarters, containing 77 coins,
amounted to $9.85. How many coins of each kind were
there ? )

7. If 4 be subtracted from the numerator and-} added to
the denominator of a certain fraction, the value.of the result-
ing fraction is 3. The sum of the numerator and the denomi-
nator of the original fraction is 19. Find the fraction.

8. The difference between the numerator and the denomi-
nator of a certain proper fraction is 24. If § be added to the
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" numerator and 1 be taken from the denominator, the value of
the resulting fraction is #. Find the fraction.

9. Two weights balance when one is 12 inches and the
other 8 inches from the fulecrum. If the first weight increased
by 2 pounds is placed 10 inches from the fulcrum, the balance
is maintained. Find the two weights.

10. Two weights balance when one is 12 inches and the
other 18 inches from the fulerum. If the first weight is de-
creased 12 pounds, the other weight must be moved 3 inches
nearer the fulerum to balance. Find the weights.

11. Two weights balance when one is 15 inches and the
other 10 inches from the fulerum. The smaller weight is
moved one inch nearer the fulerum and decreased 6 pounds.
Then the larger weight is decreased 12 pounds and a bal-
ance results. Find the two weights.

12. A’s age is now twice B’s. Seven years ago B was } as
old as A. Find the age of each now.

13. In 5 years A will be twice as old as B. Five years ago
A was three times as old as B. Find the age of each now.

14. The perimeter of a rectangle is 232 feet and the length
is 8 feet more than twice the width. Find the dimensions of
the rectangle.

15. A part of $1000 is invested at 69, and the remainder
at 59,. The yearly income from both is $54. Find the num-
ber of dollars in each investment.

16. A part of $2000 is invested at 439 and the remainder
at 33%. The yearly income from the 3}9, investment exceeds
the other yearly income by $10. Find the number of dollars
in each investment.

17. A part of $5000 is invested at 49, and the remainder
at 6%. The 49, investment yields $126 more in 5 years than
the one at 69 does in 3 years. Find the number of dollars in
each investment.
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18. Ten rubles are worth 10 cents less than 20 marks, and
12 marks are worth 4 rubles and a dollar. Find the value of a
ruble and a mark in cents.

19. Five francs are worth 19 cents more than 2 florins, and
the sum of 3 francs and one florin is worth 5 cents less than
one dollar. Find the value of a florin and a franc in cents.

20. The sum of the two digits of a 2-digit number is 9. If
45 be subtracted from the number, the result will be expressed
by the digits in reverse order. Find the number.

Solution: Let t = the digit in tens’ place,
and uw = the digit in units’ place.
Then t+u=29. (€Y)

But ¢ standing in tens’ place has its numerical value multiplied by 10.
Therefore the number is represented by the binomial 10¢ + u, and
the number formed by the digits in reverse order is represented by
the binomial 10« + ¢.

Hence 10t +u—45=10u +¢t. &)
Simplifying (2), t—u=>5. ®)
Solving (1) and (3), t=",
and u=2.
Hence the number is 72.
Check : 7T+2=09.
72 — 45 =27.

21. The sum of the digits of a 2-digit number is 7. If 27 be
added to the number, the result is expressed by the digits in
reverse order. Find ‘the number.

22. The tens’ digit of a 2-digit number is twice the units’
digit. If 36 be subtracted from the number, the result is
expressed by the digits in reverse order. Find the number.

28. If-a 2-digit number be divided by the sum of its digits,
the quotient is 4. If 36 be added to the number, the result is
expressed by the digits in reverse order. Find the number.

24. If a 2-digit number be increased by 3 and then the
result be divided by the sum of its digits, the quotient is 9.
If the number be divided by three times the units’ digit, the
quotient is 17. Find the number.
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25. If a 2-digit number be divided by the sum of its digits,
the quotient is 7. If the number formed by the digits in re-
verse order be divided by the sum of the digits and 3, the
quotient is 3. Find the number.

26. The sum of the reciprocals of two numbers is 5, and
the difference of their reciprocals is 5;. Find the numbers.

27. The difference of the reciprocals of two numbers is 13.
The quotient of the greater number divided by the less is 1%.
Find the numbers.

28. If 15 grams be taken from one pan of a balance and
placed in the other, the sum of the weights in the first will be
4 the sum of those in the second. But if 85 grams be taken
from the second and placed in the first, the sums of the weights
in each pan will then be the same. Find the weight in each
pan at first.

29. A gives B $20; then B has twice as much money as A.
B then gives A $75 and has left } as much as A. How many
dollars had each at first?

30. The circumference of the fore wheel of a carriage is
2 feet less than that of the rear wheel. The fore wheel makes
as many revolutions in going 155 feet as the rear wheel in
going 186 feet. Find the circumference of each wheel.

31. If the length and the width of a rectangle be each in-
creased one foot, the area will be increased 18 square feet.
But if the length and the width be each decreased one foot,
the area will be decreased by 16 square feet. Find the length
and the breadth. )

32. A and B working together can do a piece of work in 23
days. A works 509, mqre rapidly than B. How many days
would each require alone ?

33. A and B teogether can do a piece of work in 7} days.
They work together for 5 days, and A finishes the job by him-
self in 33 days. How many days would each require alone ?
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34. If the length of a rectangle be increased by 4 feet and
the width decreased by 2 feet, the area is increased 8 square
feet. But if the length be decreased by 1 foot and the width
increased by 3 feet, the area is increased 33 square feet. Find
the dimensions of the rectangle in feet and its area in square
yards.

35. A rectangle has the same area as one 10 feet longer and
6 feet narrower. It also has the same area as one 4 feet
longer and 3 feet narrower. Find the dimensions of the rec-
tangle.

36. The products of three pairs of numbers are equal. One
number in the second pair is 2 greater, and one in the third
pair 3 greater, than the first number in the first pair. The
other numbers in the second and third pairs are respectively
15 less and 18 less than the second number of the first pair.
Find each pair of numbers.

37. If the number of men who together purchased a piece of
land had been 3 more, each would have had to pay $200 less
than he did ; but if the number of men had been 4 less, each
would have had to pay $500 more than he did. Find the num-
ber of men and the price of the land.

38. A man rows 10 miles downstream in 2 hours and returns
in 2 hours and 30 minutes. Find the rate of the river and his
rate in still water.

Hint. Let 2 = the man’s rate in still water in miles an hour, and

y = the rate of the river in miles an hour. Then his rate down-
stream is # 4+ y miles an hour, and upstream z — y miles an hour.

39. A boat goes downstream 36 miles in 3 hours and up-
stream 24 miles in 8 hours. Find its rate in still water and
the rate of the current.

40. The rate of a boat in still water is 8} miles an hour. It
goes down the river from A to B in 14 hours. It returns one
half the distance from B to A in 10 hours. Find the rate of
the river and the distance from B to A.
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41. A boat which runs 12 miles an hour in still water goes
downstream from A to C in 7 hours. It returns upstream to
B, 36 miles below A, in 5 hours. Find the distance from A to
‘C and the rate of the stream.

42. A train leaves A one hour late and runs from A to B
at 259, more than its usual rate, arriving on time. If it had
run from A to B at 24 miles an hour, it would have been
10 minutes late. Find the distance from A to B and the usual
Tate of the train.

43. A train leaves A 40 minutes late. It then runs to B at
a rate 209} greater than usual, and arrives 16 minutes late.
Had it run 15 miles of the distance from A to B at the usual
rate and the rest of the trip at the increased rate, it would
have been 22 minutes late. Find the usual rate and the dis-
‘tance from A to B.

44. The rate of a passenger train is 66 feet a second and
‘the rate of a freight train 44 feet a second. When they run
-on parallel tracks in opposite directions they pass each other
in 15 seconds. The length of the freight train is twice the
length of the passenger train. Find the length of each.

45. The rate of a passenger train is 45 miles an hour and
-that of a freight train is 30 miles an hour. The freight train
is 350 feet longer than the passenger train. When the trains
run on parallel tracks in the same direction they pass each
-other in 1 minute and 15 seconds. Find the length of each.

46. ‘The length of a freight train is 1540 feet and the length
of a passenger train 660 feet. When they run on parallel
tracks in opposite directions they pass each other in 20 sec-
onds, and when they run in the same direction they pass each
‘other in 1 minute and 40 seconds. Find the rates of the trains.

47. Two bicyclists travel in opposite directions around a
quarter-mile track and meet every 22 seconds. When they
travel in the same direction, the faster passes the slower once
-every 3 minutes and 40 seconds. Find the rate of each rider.
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87. Literal equations in two variables.

217

Linear systems in

which the variables have literal coefficients are solved by the
method of § 84.

EXERCISES

In Exercises 1-16 consider a, b, ¢, d, and these letters with

subscripts, as known numbers; solve for the other letters in-
volved and check. Solve Exercises 17-20 for z and .

1.

393—!—7?/:17(1,
10z —4y=2a.

3z —y =109,
4+ 9y =30.
S5m—4n=10a — 4,
m — 2na =0.
1124 5%k =383c¢,

h k
PP
12R, — 11 R, = a + 125,

R+ Ry=2a+b.
8p+9¢g=4a+9a,,

. p p a—12a,

2 4
Tex by
ER
+ 1Y 41048

4

" 75x+3y=06a,

T 25x 4 5y=0.
h 2k

2¢ @ =—5

"3 Th_3,
a  4a 4
x'+dy:3,

18

"dx—38)—y=0.

10.

11.

12.

13.

14.

15.

X 16.

17.

ax — by = ¢,
Tx+y=20.

dr+3s=1—4d,
Tdr+386s=T7T—124d.
h—Fk=0,
h+k h—k
T 5e  2¢
(a+b)n=1—cm,
(a +0)ym —1=—en.

m n

et s
m+n =20,
11y,

z Yy

2

—~§:50%b

z Yy

1 1 a4 a,
r+a ¥y 2 aya,
o a4

x4+ a, g/_
m+2a:1’
n—a

¢n—a 2n

83m—2a bm
kx —ry =0,

x4y —h=0.
0 ax + by = ¢,
T dx + ey = f.
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GENERAL PROBLEMS

1. If one book costs a dollars, what will ¢ books cost ?

2. If a books cost & dollars, what will one book cost?
¢ books ?

3. (a) Find the perimeter and the area of a rectangle whose
length is @ and whose width is 0. () Then find the perimeter
and the area of a second rectangle whose dimensions are three
times the first. (¢) The perimeter of the second is how many
times the perimeter of the first? (d) The area of the second
is how many times the area of the first ?

" 4. The base of a triangle is 8. The altitude is 10. Find
the area.

5. The base of a triangle is 4. The altitude is 8. Find
the area.

6. The base.of a triangle is 5. The altitude is a. Find
the area.

7. The base of a triangle is @ + 6. The altitude is @ — &.
Find the area.

8. The base of a triangleis x — 2y. The altitudeis  + 2y.
Tind the area. .

9. The area of a triangle is %Z. The base is 4. Find the
altitude.

10. The altitude of a ‘triangle is @ inches and the base is
10 inches. If 2 inches be taken from the altitude, how much
must the base be increased so that the area will be the same
as before ?

11. The altitude of a triangle is a feet, the base is & feet.
The altitude is increased % feet and the base decreased so
that the area is the same as before. How many feet are taken
from the base ?

12. The sum of two numbers is s and their difference is d.
Find the numbers.
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13. The first of two numbers is @ times the second, and the
first minus the second is 6. Find the numbers.

14. The sum of two numbers is 4, and the quotient of the
first divided by the second is a. Find the numbers.

15. If a be added to the numerator of a certain fraction,
the value of the resulting fraction is 2. If & be added to the
denominator, the value of the resulting fraction is 1. Find
the fraction.

16. If the numerator of a certain fraction be increased by
1, the value of the resulting fraction is z. If the denominator
of the fraction be decreased by 2, the value of the resulting
fraction is . Find the numerator and the denominator.

17. The value of a certain fraction is . If 2 be added to
the numerator, the value of the resulting fraction is ¢. Find
the numerator and the denominator.

18. A boy who weighs a pounds and one who weighs b pounds
balance at the opposite ends of a teeter board whose length is
! feet. How far is the fulecrum from each end of the board ?

19. A certain number of books at 80 cents each and another
number at $1.10 each cost together 4 dollars. If the price of
the books had been interchanged, the total cost would have
been % dollars. Find the number of each kind.

20. Two books cost ¢ dollars. The first cost ¢ cents more
than the second. Find the cost of each.

21. A and B have together % dollars. A gives % dollars to B
and then they have equal sums. How many dollars had each
at first ?

22. If A gives % dollars to B, they will have equal sums. If
B gives % dollars to A, A will have twice as much as B. How
many dollars has each ? )

23. If A gives $10 to B, B will have % dollars more than A.
But if B gives % dollars to A, A will have three times as much
as B. How many dollars has each ?
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24. A and B have together $40. A gives % dollars to B, after
which B gives % dollars to A. Then they have equal sums.
How many dollars had each at first ?

/ 25. A gives » dollars to B and then has } as much money as
B. Then B gives $8 to A and has left 3 as much money as A.
How many dollars had each at first ?

26. A part of $1000 is invested at a% and the remainder
at 09. The yearly income from both investments is ¢ dollars.
How many dollars are there in each investment ?

27. A portion of x dollars is invested at 59 and the remainder
at 49,. The yearly income is y dollars. How many dollars are
there in each investment ?

28. A works three times as fast as B. Together they can
do a piece of work in ¢ days. How many days would each
require alone ?

29. A works % times as fast as B. Together they can do a
piece of work in 4 days. How many days would each require
alone ?

30. A and B together can do a piece of work in 7 days. A
can do % of the work in 6 days. How many days does each
require alone ?

31. A and B together can do a piece of work in 5 days. A
can do % of it in 4 days. How many days does each require
alone? : :

32. B requires twice as much time as A to do a piece of
work which they can do together in » days. How many days
does eacli require alone ?

33. A and B together can do a piece of work in p days.
A works ¢ times as fast as B. How many days does each
require alone ? .

34. A man travels » miles and then returns to his starting
point. Going, his rate is 3 miles an hour; returning, it is 4
miles an hour. How many hours did the entire journey take?
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35. A and B start at the same time from two towns % miles
apart and travel toward each other until they meet. A travels
3 miles an hour and B travels 5 miles an hour. In how many
hours do they meet? How far does each travel ?

36. InProblem 34, what would the required time have been,
if the rate going had been p miles an hour and the rate return-
ing ¢ miles an hour?

37. In Problem 35, what would have been the respective dis-
tances if A had rested % hours on the way before he met B?

38. A and B start at the same time from two points ¢ miles
apart and travel toward each other until they meet. A travels
p miles an hour and B travels ¢ miles an hour. In how many
hours do they meet ?

39. In Problem 38, how many miles does each travel ?

40. A man rides in a carriage d miles and returns on foot
at the rate of 3 miles an hour. The time of riding is A hours
less than the time of walking. Find the rate of the carriage.

41. In the preceding problem, if the rate of walking had
been ¢ miles an hour, what would have been the rate of the
carriage ? .

42. A man rides a distance of p miles and walks back at the
rate of ¢ miles an hour. The entire trip took ¢ hours. Find his
rate of riding.

43. A and B start from the same point at the same time
and travel in opposite directions for » hours. They are then
50 miles apart. A travels 2 miles an hour more than B. Find
the rate of each. '

44. In Problem 43, what would have been the respective
rates if A had traveled % miles an hour more than B, and at
the end of » hours they were % miles apart ?

45. A man has just ¢ hours at his disposal. How far can he
ride in a carriage which travels p miles an hour, and yet have
time to walk back at the rate of ¢ miles an hour ?
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88. Determinate systems in three and four variables. Consider
the equations:

m-+n+p=~6. @
2m+3n + 4p =16. @)
3m+ 4n 4 bp =22 3)
m+2n+ 3p=10. 4)
6m + 9n + 12p = 48. (%)

Equation (3) is (1) plus (2); (4) is (2) minus (1); (5) is (2)
multiplied by 3. Hence we speak of (3), (4), and (5), with .
respect to (1) and (2), as derived equations. Equations (1) and
(2) are spoken of as independent with respect to each other,
because neither can be derived from the other as (3), (4), and
(5) were derived from (1) and (2).

A system of three independent equations of the first degree
in three variables, no two equations being incompatible, has
one set of roots and only one.

The method of obtaining the set of roots of a determinate
system is illustrated in the following

EXAMPLE

. m-+6n—5p =23, @
Solve the system < 3m — 8n 4+ 4p =—1, @
Tm—10n 4+ 10p = 0. (3)
Solution : Eliminate one variable, say p, between (1) and (2) thus:
1) -4, 4m+24n—20p=92. “®
2)-5, 15m —40n +20p =— 5. ()
@+ (5), 19m —16n = 87. (6)

Now eliminate p between (2) and (3) as follows:
2)-5, 15m —40n 4+ 20p =— 5. )
3)-2, . 14m—20n+20p= O. ¥
M-8, m—20n =— 5. ©))
The equations (6) and (9) contain the same two variables, m a,nd n.
®-1, 199m — 16n = 87. (10)
) -19, ' 19m —380n=— 95. (11
(10) — (11, 364 n 182. 12)

II Il

(12) = 864, 1. : 13)
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Substituting 1 for n in (9), m — 10 =— 5. (14)
Solving (14), m = 5. (15)
Substituting 1 for » and 5 for m in (1),

S5+3—5p=23. (16)
Solving (16), p=-—3.

Check : Substituting 5 for m, } for n, and — 3 for p in (1), (2),
and (3), . 5+8+415=23, or 28=23.
15—4—-12=—1,0or —1=—1.
85—-5—380=0, or 0=0.
For the solution of a simultaneous system of linear equa-
" tions in three variables we have the

RuLe. Decide from an inspection of the coefficients which
variable is most easily eliminated.

Using any two equations, eliminate that variable.

With one of the equations just used, and the third equation,
again eliminate the same variable.

The last two operations give two equations in the same two
variables. Solve these two equations by the rule, pp. 205-206.

Substitute the two values found in the simplest of the origi-
nal equations and solve for the third variadle.

CHECK. Substitute the values found in each of the original
equations and simplify results.

Four or more independent equations in three variables have no
common set of roots.

In general a system of n + 1 independent linear equations in n
variables has no set of roots; a system of n independent linear
equations in n variables, no two of which are incompatible, has one
set of roots; and a system of n— 1 independent linear equations
in n variables, no two of which are incompatible, has an infinite
number of sets of roots. .

A system of four independent equations in four variables
may be solved as follows :

Use the first and second equation, then the first and third,
and lastly the first and fourth, and eliminate the same variable
each time. This gives a system of ¢Aree equations in the same
three variables, which can be solved by the rule given above.
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Solve the following systems:

10.

FIRST COURSE IN ALGEBRA

EXERCISES

m+n—2p=13,

.m—3n—p=—23,

m—n+4p=—17.
a+y+3z=1

e —2y+42=1T,

20 —11y — 242 =05.
x+y+z=_1y

L3x—y—52=13,

52+ 3y+2z=1.
2h+ 3%k —41=— 26,

. 8h — &+ 271 =87},

h+5k4 831="T41L.
2m+3n—4p=—3,

.m+n+3p=—09,

m+2n—Tp=06.
x+8y+bz=1,

. 8x+102+4y=—25,

x4+ 42=0.
2h—38l+4k—-2=0,

. 8h—81—15=0,

Th—4k—31=0.

4r —10s =5,
. 6r—t=23,
5s4+2¢t=—3%.
2a, —3a, =4,
.8a,+a3;=25,
ay — 2a3 = 2.

3ry+ 5r, =174,
rn — 273 =— 16,
Try—4r, =44.

Hint. Solve Exercise 11 with-

4 —==1,
m n P

1 1 1 2
—+—-+=—=2
m n p 3
1 1,1_,

m n P

out clearing of fractions.

12.

13.

14.

15.

2 3- 10

2 _Cp—==_3
m n p :
4 5 6

m  p n
11,5 __1
m n . p 2
1 1
atE=2
11
Z-l——é—?),

1 1
-E—I—E—LL

r+s+t+u=238,
r—s+t—u="172
r+2s+3t—5u="1,
r+s—8t+u=—1."7.

=4+ =26,
'y
g_;oza
y 4
1 5 25
222
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Note. Perhaps the student wonders if a linear equation in three
variables has a graphic representation. It may partially satisfy his
curiosity to say that by means of three axes at right angles to each
other such a representation, though beyond the scope of this book,
is possible. Further, the points whose z, y, and z values satisfy the
equation lie in a flat surface called a plane. Two such surfaces may
intersect in a straight line, and the system of two equations which
the surfaces represent is satisfied by the z, y, and z values of any
point on this line. Three such surfaces may intersect in a single
point, and the system which the surfaces represent is satisfied by
the z, y, and z values of this point. In the systems of equations in
three variables on page 224 the student is really finding the coordi-
nates of the point of intersection of three planes. Those who desire
more information on this subject are referred to books on analytic
geometry.

Since space has but three dimensions, this method of representa-
tion of linear equations in two or three variables cannot be extended
to equations containing four or more.

PROBLEMS

1. Find three numbers of which the sum of the first and
second is 76, the second and third 54, and the first and third 58.

2. The sum of three numbers is 58. The sum and the
quotient of two of them are 24 and 2 respectively. Find the
numbers.

3. The perimeter of a triangle is 64 feet. Two of its sides
are equal, and the third side is 10 feet longer than either of
the first two. Find the length of each side.

4. The sum of two sides of a triangle is 52 feet and the
difference is 12 feet. The perimeter of the triangle is 93 feet.
Find the length of each side.

5. The sum of the two sides of a triangle which meet at
one vertex is 41 feet, at another vertex 48 feet, and at the
third vertex 43 feet. Find the length of each side.

6. The sum of three numbers is 26. The quotient of two

of them is 9, and the sum of these two divided by the third
is 3. Find the numbers.
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Fact from Geometry. The sum of the three angles of any tri-
angle (each angle being measured in degrees) is 180 degrees.

7. Two of the angles of a triangle are equal, and their sum
is equal to the third. Find the number of degrees in each
angle.

8. Two angles of a triangle are equal, and their sum is }
the third. How many degrees are there in each ?

9. Angle 4 of a triangle is 17 degrees larger than angle B,
and angle B is 20 degrees larger than angle C. How many
degrees are there in each ?

10. The sum of two angles of a triangle is 36 degrees more
than the third, and the third is six times the difference of the
first two. How many degrees are there in each ?

11. A and B together can do a piece of work in 2 days, A
and C in 3 days, and B and C in 4 days. Find the time re-
quired by each alone and by all together.

12. Two pumps together can fill a tank in 4 hours. The first
of these and a third together can fill the tank in 6 hours. All
three together can fill the tank in 3 hours. Find the num-
ber of hours required by each alone.

13. The sum of two fractions having the same denominator
is 6. If 1 be added to the numerator of the first, and 1 be
subtracted from the numerator of the second, the resulting
fractions will be equal. If 22 be added to the denominator of
each fraction, the sum of the resulting fractions is . Find the
fractions.

14. The sum of the digits of a 3-digit number is 15. The
units’ digit exceeds the tens’ digit by 5. If 396 be added to.
the number, the result is expressed by the digits in reverse
order. Find the number.

15. If the tens’ and units’ digits of a 3-digit number be in-
terchanged, the resulting number is 54 greater than the num-
ber. If the tens’ and hundreds’ digits be interchanged, the
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resulting number is 360 less than the number. The sum of the
digits is 10. Find the number.

16. The sum of the 4 digits of a 4-digit number is 9. The
units’ digit is twice the thousands’ digit, and the tens’ digit
equals the hundreds’ digit. If 2997 is added to the number,
the result is expressed by the digits in reverse order. Find
the number.

Fact from Geometry. The sum of the angles of any quadri-
lateral (a closed figure bounded by four straight lines) is
360 degrees.

17. Find the number of degrees in each angle of a quad-
rilateral in which the sum of the first and second angles is
200 degrees, the sum of the second and third 180 degrees, and
the sum of the second; third, and fourth 255 degrees.

18. The sum of two opposite angles of a quadrilateral is
180 degrees and their difference is 30 degrees. The difference
of the other two angles is 36 degrees. Find each angle.

19. The sum of two opposite sides of a quadrilateral is 30,
the sum of the other two sides is 35, and two adjacent sides
are equal. The sum of the equal sides is less by 17 than the
sum of the other two. Find each side.

20. A, B, and C had together $300. A gave to B and C as
many dollars as each of them had, after which B gave to A.
and C as many dollars as each of them then had. They then
had equal amounts. How many dollars had each at first ?

21. A, B, and C had together $192. A gave to B and C as
many dollars as each of them had, after which B gave to A
and-C as many dollars as each of them then had ; and, lastly,
C gave to A and B as many dollars as each of them then had.
They then had equal amounts. How many dollars had each at
first ? :



CHAPTER XXI
SQUARE ROOT AND RADICALS

89. Square root of algebraic expressions. Since
[E¢@E+w)]P =8+ 2tu 4 u?
then the square root of
P+otutu® is £+ (t+ u).

A study of this last form will enable us to extract the square
root of any polynomial which is a perfect square. Obviously
the square root of #* (the first term of the trinomial) is ¢, the
first term of the root. If ¢*is subtracted from the trinomial,
the remainder is 2 ¢u 4 «% The next term of the root (u) can
be found by dividing the first term of the remainder (2 tu) by
2t, (twice the term of the root already found).

The work may be arranged thus:

2426 +ut+u
12

Trial divisor, 21 2tu + u?

Complete divisor, 2t+u |2tu +u2= (2t + W u.

Therefore thé required roots are + (¢ + u).

The foregoing process is easily extended to extracting the
square root of the polynomial 4 x* — 20 2% + 37 x* — 302 + 9,
whose square root contains ¢/ree terms, as follows:

) 424—20284+37202—-30x+9[222—52+43
(22)2= 4at !
First trial divisor, 2 : 222=4 a2 | —20 23437 &2
First complete divisor, 4 22— 52| —20 23+ 25 x2=(422—52) (—b52)
Second trial divisor,
2(222—-5z)=422—102 12
Second complete divisor, 422—10x+8 |12
228

22 —80z+9
22— 80x+9=(422—102+3)3
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Therefore the required roots are 4 (22% — 5z + 3).

The term 222 was obtained by taking the square root of 4z#; the
second term, — 5z, by dividing — 2023 by the first trial divisor, 422; and
the third term, 3, by dividing 1222 by 4 x2, the first term of the second
trial divisor.

The method just illustrated may be stated in the

RuLEe. Arrange the terms of the polynomial according to de-
scending powers of some letter in it.

Extract the square root of the first term. Write the result
(with plus sign only) as the first term of the root, and subtract
its square from the given polynomial.

Double the root already found for the first trial divisor,
divide the first term of the remainder by it, and write the
quotient as the second term of the root.

Annex the quotient just found to the trial divisor, making
the complete divisor ; multiply the complete divisor by the sec-
ond term of the root, and subtract the product from the last
remainder.

If terms of the polynomial still remain, double the root already
Sfound for a trial divisor, divide the first term of the trial divi-
sor into the first term of the remainder, write the quotient as the
next term of the root, form the complete divisor, and proceed as
before until the process ends, or until the required number of
terms of the root have been found.

Inclose the root thus found in a parenthesis preceded by the
sign *.

Note. The process of extracting the square root of numbers was
familiar to mathematicians long before they knew how to find the
square root of polynomials. This is consistent with the fact that
the development of the methods of performing operations on literal
number symbols generally followed and grew out of the similar
operations on numerals. The application of the rules for extract-
ing the square root of numbers to that of polynomials is generally
ascribed to Recorde (1510-1558), who was the author of the earliest
English work on algebra that we know. This book, which bears the
title <« The Whetstone of Wit,”” gives an accurate idea of the alge-
braical knowledge of the time, and had a very wide influence.
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EXERCISES
Extract the square roots of :
1. a*+3a>+2a® 4+ 20 + 1.
2. 242 — 32x 4 16 + 2* — 828,
3. 21c¢*4c*+20c—10¢® + 4.
4, n+ 902410724 25 — 60t — 30 n.
5. 19a*> —11a*+4a® —30a + 4 a® + 14 a® + .25.
6. ¢t —4c*d 4+ 6c%d* — 4ed® + di
7. 30xy® 4 25 y* — 11 a%? — 12a%y + 4 o4
8. — 36 a'x + 36 a%? + 9a’ — 24 a’2x? 4 16 x* + 48 ax®
9. 9¢t — 2 a?%?® + 4 a®bPe + a'dt — 12 adc?.
10. 2a%cc® — 4 xc® — 4a’x? + 42+ ¢® + atxl

4 ct 9 a?
11.4—?4-%' 12.?4—2—3.
13. a* —4ax® + 522 — 22 4 1.
2 2 2
2 g v 120 3y
y 42 Y x

Solution : Arranging terms in descending powers of z and applying
the rule just stated, we obtain the following :

422 122 . 3y, y* |2z Y
y2 + Y i z +4z2 Y 2z
22\ 4a? ‘
<y>_ v
o(2)-te [ .
Y y Y
9
iz 45 |122 9:(4—z+3>3
Y y Y
9 : 2
2<ﬁ+3> 4_f+6 _9_13_2 -7/0
y y z 42
4z Y 3y , y? 4z y y
i + 2z z +412 <z/ + 2x>< 21‘>

)
Therefore the square roots are + (l? +3— l) .
Y
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15. x* + 6 a® +29’ +2az+%
‘ 4a® 35a* 2a
16. 4a*+ — 3 —T_—.?T+1'
9 127m? 25m! - 10 m?
17.Z—T+T—2m+—3—'

18, 90‘—12c3+4c2—%+}4+6.

2 2 ~
1o, ™ 1T _bm  bn

n*: - m? 4 n m
go, @ 4 Za 117 40 16
" 25¢t c? 5¢2 a% at
4 c? 3a 2 12¢
21‘44+9+25a4 E Y haw b

22. Extract the fourth root of the expressions in Exercises 2
and 6 on the preceding page.

Hixt. The fourth root of a number equals the square root of its
square root.

90. Square root of arithmetical numbers. Since 1 =12, and
81 = 9% a 1-digit or a 2-digit square has only one digit in its
square root. :

And as 100 =10?% and 9801 = (99)% a 3-digit or a 4-digit
square has two digits in its square root.

Also 10,000 = 100% and 998,001 = (999)*; hence a 5-digit
or a 6-digit square has three digits in its square root.

The preceding examples illustrate the relation between the
number of digits in a number and the number of digits in
its square root. They also suggest a method of obtaining the
first digit in the square root of any number.

For example, take the four numbers 78'43'56, 7'84'35, .98'01,
and .03'27'40, and beginning at the decimal point in each
number, point off periods of two digits each, as indicated.
Any incomplete period on the right, as in .03'27'4, should be
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completed by annexing one zero; thus, .03'27'40. Now the first
digit in the square root is the greatest integer whose square is
less than or equal to the left-hand period. This is true whether
the latter contains fwo digits or ome. Therefore the first digit
in the square root of 78'43'56 is 8, in the square root of 7'84'35
is 2, in the square root of .98'01 is 9, and in the square root of
.03'27'40 is 1.

Moreover the number of digits in the square root of a per-
fect square is equal to the number of periods, provided any
$ingle digit remaining on the left is counted as a period.

Just how ¢ and « are involved in the square of (¢4 ), or
£24-2 tu+u? is obvious on inspection, because the parts ¢2, 2 tu,
and «? cannot be united into one term. In the square of an
arithmetical number, however, the parts are united. Thus
(53)*=(50 + 3)® = 2500 + 300 4+ 9 = 2809. Now it is clear
how 50 and 3 are involved in 2500 + 300 4 9, but it is not
plain from 2809 alone. Pointing off, however, enables us to
discover at once the first digit, 5, which is equivalent to 5 tens,
or 50. With the exception of pointing off, the method of ex-
tracting the square root of an arithmetical number does not
differ greatly from the method of extracting the square root
of an algebraic expression. In fact, the formula, the square
root of #2+4 2¢u + u?= =k (¢ + u), can be used to explain the two
processes.

If ¢ denotes the tens and « the units, 2+ 2 ¢u + «? is closely
related to 2500 4 300 + 9, ¢ being 2500, or (50)%; w? being 9,
or 3%; and 2 ¢u being 2- 50 - 3. Therefore the process of extract-
ing the square root of 2809 may be based on these relations
and the work arranged as follows:

280950 + 3
= 2500
2¢=2.50=100[ 309
2¢t+u=100+3 309 =(100+3)3=(2¢t+u)u=2tu+u?

Therefore + 53 are the two square roots of 2809.
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If the number has three digits in its square root, the work
and explanations may be arranged thus :
1'74'24|100 + 30 4 2
2 =10,000 10000 = 10 tens squared
First trial divisor,
2¢t=2-100= 200 7424
First complete divisor,
2¢ 4+ u =200+ 30 = 230] 6900 = (2- 10 tens 4 30 units) 30
Second trial divisor,
2¢t=2.130 = 260 524
Second complete divisor,
2t 4 u=26042=262 _%:(2-13tens+2units)2
Therefore =132 are the square roots of 17,424,
‘When the method and reasons for the process have become
familiar, the work may be shortened by omitting the explana-
tions and unnecessary zeros as follows:

28'09|53 1'74'24|182
25 1
103[ 309 23] 74
309 69
- 262] 524
524

The method just illustrated for extracting the positive
square root of a number is the one commonly used. For it
we have the

RuULE. Begin at the decimal point and poi"nt off as many
periods of two digits each as possible : to the left if the number
. 1is an integer, to the right if it is a decimal ; to both the left
and the right if the number is part integral and part decimal.

Find the greatest integer whose square is equal to or less than
the left-hand period, and write this integer for the first digit of
the root.

Square the first digit of the root, subtract its square from the
Jirst period, and annex the second period to the remainder.
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Double the part of the root already found for a trial divisor,
divide it into the remainder (omitting from the latter the right-
hand digit), and write the integral part of the quotient as the
next digit of the root.

Annex the root digit just found to the trial divisor to make
the complete divisor, multiply the complete divisor by this root
digit, subtract the result from the dividend, and annex to the
remainder the next period for a new dividend.

Double the part of the root already found for a mew trial
divisor and proceed as before until the desired number of digits
of the root have been found.

After extracting the square root of a number involving deci-
mals, point off one decimal place in the root jfor every decimal
pemod in the number.

CrEcCK. If the root is exact, square it. The result should be
the original number. If the root is inexact, square it and add
to this result the remainder. The sum should be the original
number.

Sometimes in using a trial divisor we obtain too great a quotient
for the next digit of the root. This happens in obtaining the second
digit of the square root of 82,301, where 2 into 22 gives 11. Obvi-
ously 10 and 11 are both impossible. If 9 is tried,
we get 929, or 261, which is greater than 228. Simi- 323°01(1
larly 8 is too great. But 7.27 = 189, which is less 1
than 223. Therefore 7 is the second digit of the root. 2 (223

With practice, in cases like the one just explained,
the student will be able to look ahead and decide mentally on the
proper digit of the root.

Occasionally the trial divisor gives a quotient less than 1. This
indicates that the required root digit is 0, which should be written
in the root. The next period shou]d then be brought down. An °
instance of this kind occurs in finding the second digit
in the square root of 9°42.49. The quotient of 4 + 6 042.49(3
is 2, which is not an integer. Therefore the second
digit of the root is less than 1. Then the next period, ¢ l_4§
49, should be brought down. The new trial divisor
will be 60, which will give 7 as the third digit of the root. The
work. can easily be completed, giving 80.7 as the square root.
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An attempt to extract the square root of 2 by annexing decimal
periods of zeros and applying the rule becomes a never-ending process:
The number 2 has no exact square root, and
no matter how far the work be carried, there 2.00/00°00 l_1.414
is no final digit. As the work stands, we know 1 o
that the square root of 2 lies between 1414 o470
and 1.415. It is correct to say that 1.414 is ap- B;

proximately the square root of 2, or that it is o817 200
the square root of 2 to three decimal places. ~ 281
If a closer approximadtion is desired, it can be =

obtained by extracting the square root to four 2824111900
or more decimal places. 11296

A common fraction, or the fractional part of a mixed num-
ber, should be reduced to a decimal before extracting the
square root, unless the root is seen to be exact.

EXERCISES

Extract the square root, correct to three decimal places, of :

1. 6241. 5. 5. 9. .0035.
2. 16129. 6. 7.135. 10. .
3. 223,729, 7. .6279. 11. 1.
4. 2. 8. .0451. 12. 2.

Fact from Geometry. In the ad-
jacent right triangle a2+ 0% = ¢?;
a and b are called the legs; and ¢, C
the side opposite the right angle, ¢
is called the hypotenuse.
If leg « is 8 and leg b is 15, then
substituting in a? + 82 = ¢ gives
64 + 225 = ¢®. Whence 289 = ¢ and ¢ ==+17.
Since — 17 is not a practical answer, it is rejected.

b

Find the hypotenuse and the area of a right triangle whose
legs are:

13. 84 and 13. 14. 133 and 156. 15. 645 and 812.
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Find the other leg and the area of a right triangle in which
the hypotenuse and one leg are respectively :

16. 65 and 56. 17. 397 and 325.

In rectangle 4 BCD, line DB is called a diagonal.

18. Find the diagonal of a rec-
tangle whose adjacent sides are 24 P
feet and 143 feet. ) -~

19. One diagonal of a rectangle -
is 401 and one side is 399. Find D el o
the other side and the area.

20. One diagonal of a rectangle is 677 and one side is 52.
Find the perimeter of the rectangle.

21. A rectangle is 7 yards longer than it is wide. Its perim-
eter is 102 feet. Find one diagonal.

22. One diagonal of a square is 74 meters. Find the side.
23. The side of a square is 52 inches. Find one diagonal.

24. A rectangle is 2.4 times as long as it is wide. One
diagonal is 52. Find the length and the width.

25. The width of a rectangle is 259, less than the length.
The diagonal is 100. Find the area.

26. The length of a rectangle is 10. The diagonal is twice
the shorter side. Find the width.

Fact from Geometry. A line drawn from one vertex of an equi-
lateral triangle to the middle point of B
the opposite side is perpendicular to it.
Then in the equilateral triangle
ABC, if D is the middle point of 4C,
BD is the altitude; and

BD'= 4B — AD" = 4B — <A—20>
4 D ¢
27. If BC in the adjacent triangle is 6, find BD and the
area of the triangle.
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28. If AC is 10, find BD and the area of the triangle.
29. If BD is 10, find 4B and the area of the triangle.

30. The perimeter of an equilateral triangle is 36. Find the
altitude.

31. The altitude of an equilateral triangle is 25 centimeters.
Find one side.

Note. A method of extracting the square root of numbers not
unlike that in use to-day was employed by the Greek, Theon, about
350 A.p. In the Middle Ages square roots were extracted with a fair
degree of accuracy by using the formulas of approximation:

) Ve ¥z=a+-—. @ Ve@+te=a+-—.

2a 2a+1
The true value of the square root of the number was proved to be
between the results obtained by these expressions. Thus if /65 was
desired, it was noticed that 65 = 64 4+ 1, and from (1)

w/@=x/ﬁ4+1=\/82+1=8+‘)is:sgg,
while from (2) -
3 _JRr LT — 1 _
V65 =/64 + —\/82+1_8+——2.8+1_8T1,7.
Thus the true value of /65 is between these two numbers. This
method was known to the Arabs.

It should be kept in mind that the use of decimal fractions and of
the decimal point was not common until the eighteenth century.
Consequently the complete application of the method of extracting
the square root given in the text is comparatively recent.

91. Radicals. All the numbers of algebra are in one or the
other of two classes —real numbers and imaginary numbers.

Thus 3, — 5, -\@, %, and 1.763 are real numbers.

Real numbers are of two kinds — rational numbers and

irrational nliunbers.

A rational number is a positive or a negative inzeger or a num-
ber which may be expressed as the quotient of two such integers.

Thus 7, &, 4.237 are rational numbers.

A rational number can be obtained from the number 1 by carry-
ing out the operations of addition, subtraction, multiplication, and
division, which are therefore called rational operations.
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Any real number Wthh is not a rational number is an irra-
tional number.

Thus \/_ -\/— \/7 are all irrational numbers, and cannot be
expressed as the quotient of two integers.*

The V2 to six places is 1.414213. And it can be proved
that the digits in the decimal portion never repeat themselves
in groups of digits which have a definite order, however far
the process of extracting the root be carried. Hence the deci-
mal portion of the root is said to be non-repeating. For exam-
ple, .121212 ... is a repeating decimal. As a never-ending
decimal which does not repeat cannot be expressed as the quo-
tient of two integers, the V2 is an irrational number. The
%/5, \E/II, etc., are also irrational numbers. It is beyond the
scope of this book, however, to show how their approximate
values are obtained.

Symbols like vV —1, vV — 4, ~/=16, were mentioned on page
102. Suchsymbols arise when we express an even root of a nega-
tive number. These indicated roots are called imaginary num-
bers and will be treated later.

A radical is an indicated root of any algebraic expression.

Thus '\/{I, \/5, \3/&, and '\/:;:2 — 5z + 6 are radicals.

A surd is an irrational root of a rational number. Surds are
always irrational numbers.

Thus \/75-, \’77, etec., are surds.

C Though no irrational numbers can
be expressed exactly in decimals, we
can represent a few surds by the

a lengths of lines. Thus in the right

! triangle A4BC, if AB= AC =1 inch,

= V2 inches. If 4B were 2 inches
and 4C were 1 inch, BC would be V5

4 t B inches.

* See Hawkes’s ‘“ Advanced Algebra,’ p. 52.
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An irrational number is not necessarily a surd. The length of the
circumference of a circle divided by the length of its diameter gives
a number which is not rational. The symbol for this number is
the Greek letter « (pronounced pi). The approximate value of =

is 22 ; more closely it is 8.1416. The number which 7 represents
is a never-ending, non-repeating decimal whose value correct to ten
decimals is 8.1415926535.

Strictly speaking, the v/ w i3 not a surd, nor is an expression like
VvV V3 + 2 a surd. The \/\/5 is a surd, for it can be written \4/5,
as we shall see later.

The index of a radical is the numerical, or literal, part of
the radical sign.

The index determines the order of the radical and indicates
the root to be extracted.

In 57 , 8 is the index,.the radical is of the third order, and the
coefficient is 5.

The radicand is the number, or expression, under the radical
sign.

In \/5 and \"/E, 9 and az are the radicands.

For a given index the principal root of a number is its one .
real root, if it has but one; or its real positive root, if it has
two real roots. :

The principal root of ~/=27 is — 3. That of V16 is + 2, not — 2.

Radical expressions may be written in two ways, with radi-
cal signs or with fractional exponents. The relation between the
two will now be explained. To do this it is necessary to extend
the meaning of the term exponent, which, as defined on page 7,
applied to integral exponents only. We shall assume that the
laws which govern integral exponents hold for fractional
exponents also.

The fact that z%.2® — 2%, illustrates the more general law,
x®- 2’ =x*+? where @ and b represent either integers or fractions.

Accordingly .2} = &2} =21 or 2. Since 2! multiplied by
‘itself gives =z, a¥ must be another way of writing the square
root of x.
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. 1
Hence Vz may be written a.

Then 4 —~Vi=2
and (2503 =V/254* = 5a.
Further, ab.ab. gt = ol = o

And since «¥ is one of the three equal numbers whose product
is x, ¥ is another way of writing the cube root of x.

Therefore ~/a may be written at,

This means that 8% =8 =2,
and 64¥ — 4.
Similarly Va = ok,
and ~x = ac%, ete.
In general terms, Vx = x%.
Now P B s g (.')z:%)8 =(\/:;)8,
and b LI g (m“)é' = Va?.
Hence (V 5)8 =V,
and 4% = (4*)8 =< \/‘I)s, or '\/E’
for both (\/1)3 and V42 equal 8.
In like manner, at = ot .2t =(ab) = (Va).
But also Va? = (ac2)'1§ =(x- ac)% =at . ab = of.
Therefore (\8/.7—0)2 = V2~
Again, 8t = ( \8/5)2,
or L V8 =2%0r 4.
That iS, ('3/5)2 = '\8/8—2.
In general terms, x% =Vxe, ’

or, in words, « with an exponent 2 means the nth root of 2 to
the ath power. "

The student should fix in mind that the denominator of the
fractional exponent is the ¢ndex of the root, and the numerator
the power to which the radicand is raised.
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EXERCISES

‘Write with radical signs:

71
Y9

o
(S I ]

.o,
. (ed)i.
NCE

. 24,

© ® o

5 af,
(Ga)t.

2
3 rxs,

. WARk,
10.

7 s%(t + w)%.

Find the numerical values of:

15.
16.
17.
18.
19.
20.
21.
22.

253,
273,
161,
43

643,
1253.
(—8)%.
328,

23.
24.
25.
26.
27.
28.
29.
30.

81i.
(—216)%.
()1
(o)
(Y5)*
o5t .48,
4t (ph.

(—32)(—64)’.

11.
12.

13.

14.

31.
32.
33.
34.
35.
36.
317.
38.

241

3 ot (bo)d.
5% bt
nra

1
2 byl

361 (3)".

ok (917)§-

2 (pt-

/32 . 4%,

/8. 258,

1214 . /2.
(—343)% . /3.
3D+ Gt

Write with fractional exponents and simplify results:

39.
40.
41.
42.
43.
44.
45.

92.

.
Vaz.
3V2ab,
V9.

5 V16 ax®.
Val.
~azt.

46.

47.

222
3V/8zt

. 42T ax.
. 2V,
. 4V16z.
. TVrs.
52.

5a~/32m

53.
54.
55.
56.
57.
58.
59.

12 22 Vaz®.

o v/ (de)®.

wo V(u + v’
3Vad - V.
2am~ ~2m.
Ve Vxe,

Simplification of radicals. The form of a radical -expres-

sion may be changed without altering its numerical value.

()
For example, L can be changed to £, for each equals .707 +.
‘\/5 2

<
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Study the following changes of form:
1. V36 =V4.9=V1i-V9=2.3=6.
2. Similarly V8=vV4-2=V4.V2 =22
3. More generally, ~a% =~a* Vb = a V.
4. V24 =~/83=-8V3=23.
5. More generally, Va¥% =V Vb = a Vb.
6. Finally, Vab = Va Vb = a Vb
Note. Although the Arabs were by no means able to state all the
riles explained in this chapter, it is interesting to note that they did

recognize the truth of a few of them. For instance, a writer about
830 A.p. gives, in his own notation, of course, the facts contained

in the formulas a \/l; = '\/aTb, and Va Vb = \/a—b.

A radical is in its simplest form when the radicand:
" (a) Isintegral.

(b) Contains no rational factor raised to a power which is
equal to, or greater than, the order of the radical.

(¢) Is mot raised to a power, unless the exponent of the power
and the index of the root are prime to each other.

For the meaning of (a), (), and (¢) study carefully the

EXAMPLES

Of(a): 1. \/§=\/§=‘\/%6=\/§'\/6=%'\/€
2. 6/3=63=61-3=6-3V3=2V3.

8. VB =13 = 12 = /gy V12 =} V2.

.@:J;;’;F\[%—lm;.mx:%x/w—x.

. \/4—905=\/4w“-x:\/(27m2)2-x:2x2\/;.

. B~/2425=5V/82% 32 =5~ (2z)* - 3x* =102 V3%
V16 — 82 =V4(4 —2V2) =2V4—2+2.

VA =V2r =2t = 2 — /2.

VI =V3 =3t =3t = V3.

. Vait = alvt = a¥b = b Va.

[

Of (8):

Of (¢):

W NV = W D

~
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EXERCISES

Express in simplest form:

1. Vi2. 12. V3. 23. V1+ (3%
2. V32. 13. 3/3. 24. /25 2.
3. V5. L1145V 25. 34z,
© 4. 2/50. 15. V1. 26. 0 V8.
5. V40 16. 4v/1. 27. @ ~/49 a*
6. V54 17. 8V/Z 28. V12528,
7. V0. 18. /1 — ()™ 29. g;
8. V/3000. 19. V14 (3)> s
— 5
9. 2/24. 20. /2 +(3)% N
10. V1. 21 /1 —@3) . RV
11. /3. 22. V4 +(3)> 3L \E _<§>

39, < |p +<§>2_ 40. V16 + 8 V2.

41. V81 + 3~/243.

a a =
33. —\’<a+é <(L—§> 49. \/R2_2R2-\/2_f_iﬂ.

\"] <R>8 43. V/32 — 64 V3.
RS —(Z).

. . \jm + R*V3
35. (2 — 1) \jm

2
r—y /R~
45. ~|R? — —) V2.
36. V4 +4V2. \j <2,

37. V8 —4V2. 46. Rﬂ'\/é—‘—ij'
38. V18 + 9V3. Rz——“
39. /25 /5 — 100. 4. \j§ — RV

Reversing the process of simplification,

3\/§='\/§'\/§='\/E And2\3/§=\8/§\3/§=m.
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Express entirely under the radical sign:

48. 2/2. 51. 4~/2. 54. 222 Vak
49. 3/5. 52. 3/} 55 @ [4
50. 3V/4. 53. 22 Vzb. " 2 \a?

x + 3 2

56. (a+ 2) 7. == | ’(m 5

93. Addition and subtraction of radicals. Similar radicals are
radicals of the same order with radicands which are identical
or which can be made so by simplification.

Thus 8 W and '3/ ac? are similar radicals. Also \/§ and /18
are similar, for \/g =2 \/§ and '\/1— =3 \/5

Dissimilar radicals are radicals which are not similar.

The sum or difference of similar radicals can be expressed
as one term, while the sum or the difference of dissimilar radi-
cals can only be indicated.

Thus 5'\/§plus3\/‘=8'\/§.
But 5~/2 plus 3 v/2 = 5/2 + 3 V2.
EXAMPLES

Simplify and collect:

1. 2V8 + V18 — V50.

Solution: 2 /8 +~/18 — /50.
Simplifying, 4 V2 + 3 V2 — 5 V2.
Collecting, 2 /2.

2. V16a® + 2 Vb4 a® — 32 4.
Solution:  ~/16a®+ 2 V54 a® — 3 /2P
Simplifying, 2 a V2 +6a~/2—3a~/2.
Collecting, 5a \3/5.

3 15VE+Vs —3VE+VE
Solution : 15\/—+\/ -3i+V%
Simplifying, 8 '\/w 0 + {5 Ve 30— 1V30+ 4% '\/_5
Collecting, 23 \/30 + 1 \/la
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EXERCISES
Simplify and collect:
1. V27 + V12, 8. 51 —3Ve.
2. V5 — /0. % Vi+2v3-3V3
3. 27/200 — 58, 10. /% — V120 —2V/g.
11. & 2/32 — 0
4. V56 + 2 V/189. \8/“ + Vi R V3
O 12. \/§ — V12 + V6.

5. 2V3820 — V/50. A

s . 13. a V4 +V8a2
6. V25 —V/50. E¥E
7. V32 + 5/162. 14‘R“\j4 '

15. 22 VBdaw — 3V162* + Va2
16. V8la + « V3752 — V16 z-

17. VaPbe — a Vabe + ac ’ b

ac

18. \/(m-l—n)g—n\'i/(m-}—n)?
19. V(a + 0)* —V8a*(a + b) + Va? + Zab + b
20. \2/ua+4a2+4a—\2/c?’—%\/g.

EB 2 2
.,/xaya_x2y2¢i+xy 2+x + ¥y
xy \J xy

8

_ 1 _
22. 7s V/rs + i 2 V/righ,

™ 2 2
23. 2\].?_/_\jg+\j2+w_ﬂ_,
x Y xy

24. V3a? — 18z + 27 — V27 (x* + 2 + 1).
25. V(a — 3)2(5a — 15) + V40.

Note. Though methods of classifying irrational expressions are
found in the works of Euclid, the Hindus and the Arabs were the
first to develop this part of algebra in anything like the form used
to-day. The word surd is derived from the mistranslation of a Greek
word which means, not absurd or foolish, but inexpressible, that is,
inexpressible in terms of rational numbers.

2

-
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94. Multiplication of radicals. Radicals of the same order are
multiplied as follows:

EXAMPLES

1. Multiply 38 by 2 V5.

Solution: 3+/8-2+/5=6~/40 = 6-2~/10 = 12 V/10.

2. Multiply 5 V4 az? by ~/2 a’z?.

Solution: 5 '\3/4 ax? - \8/2 a2 =5 \3/8 a®zrt = 10 ax \8/;‘

3. Multiply 83V5 — 43 by 25 + V3.

Solution: 3 \/— —4~/3

2~/5+ /3
30 —8+/15
+38+15—12

30 —5-+/15—12=18—5-/15.
4. Multiply 2Va + 5Va — b by Va — Va —b.
Solution: 2Va+ 5Va—1b
Va— ~Na—b
2a +5\/a—“-——ab
—2~a?—ab—5(a—1b)
2¢ +3Val—ab—5a+50=5b—3a+3Va>—ab.

Radicals of different orders are multiplied as follows:

EXAMPLES
1. Multiply Va by Ve.

Solution: Va = a%, and % = ¢k
Reducing the exponents of a and ¢ to equivalent fractions having
the least common denominator,

1 3 1
a% = ab, and ¢3 = 8.

But ab :% and c# :\s/c—'z.
Then '%-V:W~%=\G/a3—c2.

2. Multiply 4 by ~/3.
Solution: \S/I-\2/3—=4%-3%=4'5-3%:W~W:'\%P-Ss:\e/@.
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The method of multiplying radicals illustrated in the pre-
ceding examples may be stated in the

RuLk. If necessary, reduce the radicals to the same order.

Find the products of the coefficients of the radicals for the
coefficient of the radical part of the result.

Multiply together the radicands and write the product under
the common radical sign.

Reduce the result to its simplest form.

The preceding rule does not hold for the multiplication of imagi-

nary numbers, that is, for radicals of even order in which the radi-
cands are negative. This case will be discussed later.

EXERCISES

Perform the indicated multiplications and simplify the
products :

1. V2.8, 5. V16. V& 9. /13- V75.

2. V3.V 6. V4. V1. 10. /3%

3. 5t.20%, 7. 100)}. 30)%, 11 VI1.\/L

4. 181.8% 8. V8.~/32. 12. o} (0o)k.
13. 2V Vi 17. VT5a- (45 a)k.

14. 5V2a-3V16a. 18. V2u-Viv. V6 u.
15. 2V Rs- 7 V332 19. 5vV3m-5V3m.

< ENE G

22. V3.V 26. V8. V8. 30. V24-v2a.
23. V2. xf. 27. V/3.~/24. 31 Vizt.N2a
24, V3. Y3, 28. Va - Va. 3 2o

25. V4.2 29. Vai. .Vl 2 No \5a'
33. (& + aVm) Vs, 35. (V2 +V3)(V2 —V3)
34. (V5a —V10a*) V5a. 36. (53 —4)(3V3 + 8).

37. (VB — V38 —V2)(V5 +V3 +V2).
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38. (3V2 + 23 + V30)(V2 + V3 —V5).
6a+b\/§'6a+b\/§.
2 2

40. <R—I2—2\/§><2R+3_1?\/->

41. Va +b-Va—b-V2a* —20%

42. (2Ve —a+Va)(— 8V —a—5Va).
43. (38Vz —a)(—5Vz — a).

4. V2 _~2.V2+ Vo

45, \/a—\/z-\/Za,—2\/5.

46. \jg\/B+R-—\j§\/5—R.

39.

Square :

47. V2. 51. 3Vz + V3. 55 V4+4+/3.
48. 2 3. 52. (2V/3). 56. 3 V9 — 9V2.
49. 212 53. 2a~/8z. 57. V2 4 /3.

50. V2 — V2. 54 V243 58. 2v/3 — V2.
Cube:

59. 2~/3. 62. (V3)" 65. V3 — V2.
60. 3 V2. 63. V3 — /. 66. V2 +2.
61. (V2). 64. 2V2 +3. 67. /2 — /3.
Simplify :

A I S
A i v
o [ (T e (25
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N P
75. <1—; mxli___v%z—\/é) 4.

76. Find the value of 22 +4x + 1 if 2 =— 2 + /3.

77. Find the value of *— 2z — 3 if 2 = 2 + V5.

78. Find the values of 2 — 42 — 1 if 2 = 2 + V5.

79. Find the values of 8a? + 3z — b if & =} + + V13,

80. Do the values x = 2 + V3 satisfy the equation z*—
4x4+1=07?

81. Do the values & = — 4 = V5 satisfy the equation x* +
8xz4+11=07?

82. What inference seems warranted as a result of Exercise
80 ? of Exercise 817

95. Division of radicals. It is frequently necessary to find the
approximate value of an expression which involves division
by a radical expression. Thus 2 + V3, (4 - \/g)—:—(Z — \/5),
V3 32

—=, and —=——= are types which often occur.

V5 V5 — V2

To find the approximate value of 2 + /3, we may extract
the square root of 3 to several decimal places and then divide
2 by the approximate root obtained. Both of these processes
are long and one of them is unnecessary.

)
For, writing 2 + /3 in the form -\/;_ and multiplying both terms
3
2
of the fraction by /3 gives _-\/§. The process of finding the
2

approximate value of 3 involves but one long operation.

Similarly the process of finding the approximate value of
VT - (\/’_( — \/5) involves three rather lengthy operations, —
the extracting of two square roots, and one long division. The
labor of two of these operations can be avoided.
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Evidently V7 + (+/7—/2) = \/— - Multiplying both terms

Vi3 e
of this fraction by \/7 +2 gives ( +\/—)
(VT2 (VT+2)
;- 5 or 7+ 5 14 Finding the value of 7+—5\/14- involves only

one long operation, extracting the square root of 14.

As in the two preceding illustrations, division of radicals is
usually an indirect process performed by means of a rational-
izing factor for the divisor.

One radical expression is the rationalizing factor for another
if the product of the two is rational.

A rationalizing factor of V3 is '\/3, for\/:; -3 =3.

For \8/3 a rationalizing factor is \3/1, since \8/5 . \3/1 = \s/g =2.

Similarly V7 —+/2 is a rationalizing factor of V7 + /2, as their
product (\/7—'\/5)(\/'—7-+\/§) =7—-2=5.

In like manner (35 —2+/3) (3 V5 + 2/3) = 45 — 12 = 33.
Therefore 3+/5 —2 V/3 is a rationalizing factor of 3/5 42 V/3.

The binomial radicals of the last two illustrations are of
the general types Va + Vb and Va — V6. Such binomials
are called conjugate radicals and either is the rationalizing
factor of the other. If @ and & are rational, the product
(Va +Vb)(Va —Vb), or a —1b, is a rational number.

There are many other types of radical expressions which
have rationalizing factors. They seldom arise, however, and
are too difficult for treatment in elementary algebra.*

An irrational expression may have more than one rationalizing

factor. Thus \/E \/g and \/§ are rationalizing factors of \/ﬁ
For v/18-+/18=18; and v/18-+/8 =144 =12; and /18-
/36 = 6. Similarly, since \/— \/2 :\/_ =2, and \/4 . \/16 = \/64
=4, both \s/§ and \3/1—6 are rationalizing factors of \a/ 4. In practice
it is best to choose for monomials the rationalizing factor which has
the least radicand.

* See Hawkes’s ‘‘ Advanced Algebra,” p. 62.
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EXERCISES

Determine a rationalizing factor for each of the following
expressions and find the product of the expression and the
factor :

1. V5. 4. V8. 7. V2. 10. V16,

2. 36. 5. V/32. 8. V3. 11. V/25.

3. 2VT. 6. V1. 9. 2~/5. 12. V/36.
13. ~V/49. 17. 3V2 — 5. . 21. V3a + Va.
14. V2 + 3. 18. 43 — V2. 22. 3Vz —a V2.
15. V3 —+2. 19. 2vV5+7V6. 23 Va+a+Va.
16. 3 + V7. 20. Vz —Va. 24. Vz —Va — .

25. V2ax — x* — Vazx.

The usefulness of rationalizing factors is illustrated in
Examples 4-8 which follow.

The student should now study Examples 1-6, pp. 251-252,
and the rule on pp. 252-253, and then solve Exercises 1-32,
pp. 253-254.

EXAMPLES
1. Divide V6 by V2. ) -
Solution : By direct division, v/6 +~ V2 = ﬁ = \jg =-/3.
V2 2
2. Divide 6 V5 by 3 V3.
Solution: By direct division, coefficient by coeflicient and radicand

= 65 =2 2, which becomes g-\/ﬁ

3/3 3
3. Divide 8 V12 by 2 V6.

Solution : Reducing the surds to the same order, and then proceed-
ing as in direct division,

8V12 + 26 =

by radicand, 6-\/5 +-3V3

sayt _4an? _, °f12-12-12
2(6)F  (6)} 6-6
=4¥2-2.12 = 4 ¥48.
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If the monomial divisor is a surd, it is always possible and
often far more convenient to divide by means of a rational-
izing factor of the divisor.

4. Divide 4 by V3.
4 _ 48 48

V3 3vE 3
. Divide 6 by V3.
Solution: 6 + \/ 3=

Solution: 4 + V3=

6 69 :6\8/526\8/5:2%.
BOs YEm
6. Divide V3 by\/—
o5 V3 _ V3. Vi sh.ab sl
v’é —
A T
_1-\/33 42H1-\/m

When the divisor is a binomial (or polynomial) radical, the
practical method of division is an indirect method by means
of a rationalizing factor.

ll

Solution :

7. Divide 8 by 3 + V7.
ution: 8 =+ V) = 8 = 8(3—ﬁ)
Solution: 8 + (3 +'V7) 517 BV G-V

24 — 8~/7
=== ~ T _=12-4 .
- 7

8. Divide'\/é—')—{—\/{—’)by 2+/5 — V3.
Solution: (/5 ++/3) + (25 —~/3)
_V5+VB _ (v5+V3)2V5 +V3)
2v5 -3 (2v5—3)(2V5+V3)
_10+3V15+3_ 13 3\/—5

20 -3

For division of radicals we may use the

RuLe. Write the dividend over the divisor in the form of a
Sraction.
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Then multiply the numerator and denominator of the frac-
tion by the rationalizing factor of the denominator and sim-
plify the resulting fraction.

Every irrational algebraic expression containing nothing more com-
plicated than rational numbers and radicals has a rationalizing factor.
To find this factor for any given irrational expression is a problem
which requires considerable algebraic training. At the present time
it is wholly beyond the student to find the rationalizing factor of
even so simple an expression as the denominator of the fraction

V2+V3
V2 +V/2 +/2
obtained, however, by dividing the sum of the approximate values

of the roots in the numerator by the sum of the approximate values
of the roots in the denominator.

The approximate value of such a fraction can be

EXERCISES

Perform the indicated division:

1. V10 = V2. 5 3\/E' 8 iﬁ
2. (18)t + (3)k. Y3 " 8Vb
5 V6 6. 8 V15 + 4 V5. 9. 8+4V3.

V18 g 10 3V2
4 622 RV 10 158

11. (\/6'4— \/1—8)—3\/5 20 a,2\/;.

12. (\/ﬁ—\/ﬂ)—?f\/—é " avbe

1. sm“://?_\@ 21. V16 + Vi.

2+V5 3 ox . 4 8
14. (12 +V3 ++5)+ 6. i 22//225 HAV/25.
V6 — V9 +18 23. =—.

15. vz 3\{4 .

16. (\/5+2)+\/1—2—5. 24. a9§+68j.

17. V33 =+ V4. 25. V}+ Vi

18. (xg/)%——ac% 26. V4 = ~/2.

19. aVie +d V. 27. V2 + V4.
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28, 43 = 6%, 34 2 .
29. 6} 4 4, 2-V3
30. /37 = /37, 35. 4 + (V3 —V2).
L 36. V5 +(3V2—V5).
e had 37. (V5 —3) = (V3+V3).

N N 43123
2a 81 38____i__.

33. 5+ (V5 +2). 43 -2z
Hint. Study Exmnf)les 7 39. 2vV5 -3 \/3)

and 8, p. 252. 5vV5—5

Find to three decimals the approximate values of the fol-
lowing:

40. 3 +2. 45 TEVE 45 2VBHL

41. 14 — 57, R 35 —/3

42. 6 £2 V5. 44. 3\/(_5+2\/5. 46. V2 — /3.
/3

TI-T-F—\/_’ ‘given Vi = 1.5874.

Change the following fractions to equivalent fractions hav-
ing rational denominators:

48. (\/;+'\/§} 51.m n+a\/l;_
('\/;—\/b) m\/_—a\/z
49 2'\/;—\/;‘ 59. Va—2
" Vz+3Va \/a—2+2
(7\/—4‘\/_) 53. 2 .
V3 — Vr V2 +V2

Perform the indicated division :
54. (z — Va +10) +(z +Va +b).
55. (Va + Vb)) + (Ve + Vd).
56. Is there any real distinction between the direction which
precedes Exercise 48 and that which precedes Exercise 54 ?
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PROBLEMS
(Obtain answers in simplest radical form.) ’
1. One leg of a right triangle is 10 and the other is 5. Find
the hypotenuse.

2. The hypotenuse of a right triangle is 10 and one leg is 5.
TFind the other leg and the area.

2l

3. The hypotenuse of a right triangle is R and one leg is % .
Find the other leg and the area.
" 4. Find the diagonal of a square whose side is 10.
5. Find the sides and the area of a square whose diagonal
is 10.
6. Find the sides and the area of a square whose diagonal
is 2 R.
7. The side of an equilateral triangle is 12. Find the alti-
tude and the area.
8. The side of an equilateral triangle is S. Find the alti-
tude and the area.
9. The altitude of an equilateral triangle is 10. Find the
side and the area.
10. The legs of a right triangle are equal. Its hypotenuse
is 20. Find the legs and the area of the triangle.
11. The legs of a right triangle are equal and its area is 32.
Find the hypotenuse.
12. The legs of a right triangle are gand :%7]1 Find the
hypotenuse.
13. One leg of a right triangle is % The hypotenuse is R.
Find the other leg.
14. The legs of a right triangle are R and 1% ('\/5 —1).
Find the hypotenuse.

15. The legs of a right triangle are g and R — % V3. Find
the hypotenuse.
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16. The base of a certain rectangle is ES—R V4 —~/3 and

V4 +/3
10
gle five times as long and three times as wide as the first.

‘the altitude is 9 R - Find the area of a second rectan-

96. Factors involving radicals. In the chapter on factoring
it was definitely stated that factors involving radicals would
not then be considered. This limitation on the character of a
factor is no longer necessary. Consequently many expressions
which previously have been regarded as prime may now be
thought of as factorable. Thus 3x?—1= (\/§m + 1)(\/5’90 — 1)
and 42— 5 :(295 -+ \/5)(23: — \/5)

It is not usual to allow the variable in an expression to
occur under a radical sign in the factors. Hence, if = is a
variable, the trinomial 2%+ x +1 is not regarded as factorable
into (z + Va +1)(x — vz +1), though the student can easily
show that (ac + Vz +1)(a: —Vz +1)=m2+ x +1.

Therefore in this extension of our notion of a factor it
must be clearly understood that the use of radicals is limited
to the coefficients in the terms of the factors. Such a concep-
tion of a factor is a necessity for certain work in advanced
algebra and geometry, and is very desirable in solving equa-
tions by factoring.

To restrict the use of radicals in the way just indicated is
necessary for the sake of definiteness. Otherwise it would be im-
possible to obey a direction to factor even so simple an expres-
sion as x?— y?; for if the variable is allowed under a radical
sign in a factor, 2 — 2 has an infinite number of factors.

Thus 22— yr=(z+ y(x—y)

=@+ (Vo + Vo) (Vz —Vy)
= (@ + y) (Vo + V) (Vo + V) (Vo — Vy)
= etc.

The extension of factoring explained above can be applied
to the solution of equations as follows :
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EXAMPLE
Solve #2— 7 = 0 by factoring.
Solution : 22 —T7=0. @
Then (x+'\/f)(x—'\/'t:):(). @)
Therefore z4+V7 =0, or z=—~/7,

and x—\/’?zo, or x:\./?.
It is apparent at once that these values check in 22 — 7 = 0.

In (2) it is obvious that if a root be substituted for the variable,
one of the factors must become zero.

EXERCISES

Factor:

1. 2 — 6. 5. 4x* —1. 9. % 4.

2. 3x* —4. 6. x® — 2. 10. 223 4+ 8.

3. 522 —1. 7. 2 + 6. 11. 2% — 8.

4. 2t — 4. 8. 3a% —1. 12. 6a® + 24.
Solve by factoring and check :

13. 22 —2=0. 18. 3x* 4+ 8 =14 x2.

14. 22 — 6 =0. 19. 52t — 16224+ 3=0.
15. 22* —1=0. 20. 2 +8a =422+ 2ax?
16. ' + 6 = 52 21. axt* — 224 3a = 3 a?
17. 42 + 5 =12 22 22. dxt+ a=a2+ 4 ax?

Biographical note. Frangors VieTa. The reason that algebra is a uni-
versal language which does not depend entirely on the nationality of the
writer lies in the fact that the symbols used to indicate the various
operations and relations are widely understood and adopted. This has
not always been the case, and for a long time during the early history
of the subject there was no accepted notation in algebra, but each man
used any symbol that suited him. One of the men who did most to
establish a fixed notation was Frangois Vieta (1540-1603), a French
lawyer who studied and wrote on mathematics as a pastime. He was in
public life during his whole career, and was well known for his ability
to decipher the hidden meaning of dispatches captured from the enemy.

It was he who established the use of the signs + and — for addition
and subtraction, which, to be sure, had been used before his time, but
were not generally accepted. He also denoted the known numbers in
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an equation by the consonants, B, C, D, etc., and the unknowns by the
vowels 4, E, I, etc. He also recognized the existence of negauve roots
of equatlons, but rejected them as absurd.

To denote the second and third powers of the unknown, he used the
letters @ (quadratus) and C (cubus) respectively. Instead of using the
sign =, he wrote aeq. (aequalis or aequatur). Thus Vieta would have
written the equation &3 — 8 22 + 16 = 40 in the form

1C — 8 Q + 16 N aeq. 40.

Before the time of Vieta this equation would have been written in a
much more primitive notation. For instance, with writers only a little
earlier it would appear as

Cubus 7 8Census p 16 rebus aequatur 40.
It is easily seen that operations on equations in this form would be very
hard to perform.

Vieta is further distinguished as being the first man to obtain an exact
numerical expression for the number =, which occurs in geometry. His
form of expression calls for an infinite number of operations which, of
course, could never be performed, but the further one proceeded, the
closer would be the approximation obtained. In a certain sense the
familiar sign 4/ implies an infinite number of operations, for one can never
go through the process of extracting the square root of 2, for instance,
and come out even. Vieta’s method of denoting = was, however, more
involved than this, and made use of complicated irrational fractions.



CHAPTER XXII
GRAPHICAL SOLUTION OF EQUATIONS IN ONE UNKNOWN

97. Graph of a linear function. An algebraic expression in-
volving one or more letters is a function of the letter or letters
involved.

Thus 2z 4+ 8 and 2%+ 5z — 6 are functions of one letter, z;
22 — 22y + y? and 2% 4+ »® are functions of two letters, z and .

The letters of a function are usually referred to as variables.

A function is called linear, quadratic, or cubic according as
its degree with respect to the variable (or variables) is first,
second, or third respectively.

After a function of any variable, say x, has once been given,
it is convenient and usual to refer to it later in the same dis-
cussion by the symbol f(z), which is read the function of z,
or, more briefly, 1 of .

The numerical value of a linear function of z changes with
every change in the variable.

Thus if z =1, the linear function of z, 2z + 3, equals 2 + 3, or

5;if =2, 22+ 3 eqnals 4 + 3, or 7. The following table illus-
trates this change further.

When r= —3‘—2 ~1] o] 1]2]3s

f(z), 22 +3 = —3|—1 113l ]7]o0

The relation between x and the function 2z + 3 may be
represented graphically if OX continue to be the z-axis and -
OF (or the function axis) replace the y-axis of our previous
graphical work. Beginning with (— 3,— 3) and plotting the
points corresponding to the numbers in the table, we locate

259 ’
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points 4, B, C, D, E, G, and H respectively. The graph of the
function f(x) = 2x 4+ 3 is evidently the straight line 4H.

T
F

NP

m

Functibn
Axis

[

I
Graph of f(x) =2z 4 3

This process of plotting the relation between a function and
the variable contained in the function is called graphing the
JSunction.

Care should always be taken in graphing to join the plotted points
by a smooth curve or by a straight line, as the case may be. If the
graph is not regular and graceful, it is almost certain that an error
has been made in plotting the points. No equations in this book
have graphs that are part straight line and part curve, or that pre-
sent erratic changes in curvature. Although such curves have equa-
tions, they are usually very complicated.
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EXERCISES
(Exercises 1-8 refer to the preceding graph.)
1. Read from the graph the value of « when f(x) is zero.
2. Set 2z + 3 equal to zero, and solve.
3. Compare the results of Exercises 1 and 2.
4. Read from the graph the value of z when f(x) is 4.
5. Set 2z + 3 equal to 4, and solve.
6. Compare the results of Exercises 4 and 5.
7. Can the value of z in 22+ 3 =6 be read from the
graph ? If so, read it.
8. Read from the graph the root of 2z + 3 =— 2.
9. Graph the function f(x)=5 — 2.
10. Can the root of 5 — 2 = 0 be read from the graph just
obtained ? If so, read it.
11. From the graph of Exercise 9 read the roots of :
(@) 5 —2x=9; (¢) 5—2x=—3;
®) 5—2xz=35; dyb—20=—T1.
12. Check by substitution the roots obtained in Exercise 11.

13. What kind of a line do you expect the graph of any
linear function of x to give?

98. Graph of a quadratic function. The quadratic function
f(x)=4x* — 42 —15 may be graphed as follows:

When =1, 42> —4x—15=4—-4—-15=—15, or f(x)=—15.

In like manner, the other numbers in the following table
can be obtained.

‘When z=|—3|—2(-—-1 0 1 2 3 4

f(x). 42t —dz—15=[383 | 9 |-7|—15|—15|—7| 9 | 33

To represent the numbers in the preceding table conven-
iently, it is necessary to use different scales for x and f(x).
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The difference can be seen from the numbers along the axes
in the following figure.

If we begin with (— 8, 33) and plot the points correspond-
ing to the numbers in the table, we get the points 4, B, C, D,
E, G, H, and I respectively.

Drawing a smooth curve through these points gives the graph
of the following figure. This curve is called a parabola.

F

A‘ 1

> /]
(;
<

Graph of f(x) =42 —4x — 15

-The student should note that it is often best to represent values
of f(x) on a different scale from values of z. He should always
inspect his table of values and decide what scale to use before plot-
ting a single point. The scale should be as large as possible and yet
show enough of the curve to indicate its shape clearly.

It will often be found convenient not to put the intersection
of the axes in the center of the page.
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EXERCISES
(Exercises 1, 4, 7, and 9 refer to the preceding graph.)
1. Read from the graph the values of % for which 4a?--
4« — 15 equals zero.
2. Set 42? — 4 — 15 equal to zero, and solve by factoring.
3. Compare the answers to Exercises 1 and 2.

4. Read from the graph the value of z for which f(x)
equals 20.

5. What, then, are the roots of 422 — 42 —15 =207

6. Solve 4 2% — 42 — 15 = 20 by factoring, and check your
answers to Exercise 5.
7. Read from the graph the roots of: :
(a) 42 — 4w —15=09. ®) 4a* — 4o —15=—T1.
8. Check your answers to Exercise 7 by solving the equa-
tions (@) and () by factoring.
9. Can you read from the graph the value of  which makes
Jf(x) equal — 25? equal — 20? Explain.
10. Graph the function ? — 2 x — 4.
First fill out the table:

‘When z=|—4|—-3|—-2|—1] 0 1 |2|3|4(5|6

f(x),a?—2zx—4= —1|—4|-5

Then "plot the eleven points and draw through them as
smooth a curve as possible.

11. Is the curve obtained in Exercise 10 similar in shape to
that of the preceding figure ?

12. Read from the graph of Exercise 10 the approximate
. values of « which make the function «* — 22 — 4 equal zero.

13. What are the roots of the equation > — 22 —4 =0°?

14. Can you solve the equation 2* — 22 — 4 = 0 by factor-
ing ? graphically ?
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15. If the terms of a quadratic equation be transposed so
that the second member is zero, and then the function in the
first member be graphed, can the roots of the original equation
be read from the curve thus obtained? Explain.

Solve Exercises 16 and 17 graphically and check each by sub-
stituting in the original equation; or solve the equation by
factoring, and compare results with those obtained graphically.

16. 2 — 3z = 4. 17. 2* — 424+ 4 =0.

18. 'What peculiarity has the curve obtained in Exercise 17 ?
How many roots has 2 — 4z + 4 = 0? What values of « make
x?* — 4 + 4 equal zero? equalto +4? to —1? to —10?

Exercises 19 and 20 cannot be solved by the factoring
previously explained. They have irrational roots, but the
approximate values of the roots can be obtained graphically.

Solve Exercises 19 and 20 graphically.

19. 22 — 22 =2. 20. 22 4 22 = 5.

21. Graph the linear function 3= + 4, using the same scale
for x and f(x); then graph the function, using different scales.
Compare the two lines obtained and the values of = and f(x)
where each graph crosses the x-axis and the F-axis respectively.

22. Proceed as in Exercise 21 with the quadratic function
224+ 32 4 1.

99. Graphical illustration of imaginary roots. The solution of
2?4+ 1=0gives =1 V—1. These roots are émaginary num-
bers. Just now it is desirable to know that many quadratic
equations have imaginary roots. It will be instructive also to
see the result of an attempt at a graphical solution of a quad-
ratic equation whose roots are imaginary. Ifor this purpose we
shall consider the three equations:

IL 22 —42—-5=0.
II. 2 —42+4=0.
IIT. 2?2 — 42 4+13 =0.
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The graphs of the functions in the left members of I, II, and TIT
are given in the adjacent figure. The three functions differ only in
their constant terms; for 9 added to the constant term of I gives the
constant term of II, and 9 added to the constant term of II gives
the constant term of III. Apparently, 4s the constant term is
increased, the graph rises. It does not change its shape, nor does it
move to the left nor to the right.
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From the graph the roots of 22 — 4z — 5 = 0 are seen to be 5 and
— 1. These results are easily obtained by factoring: 22 — 4z — 5 =0,
or (zx —5)(x+1)=0. Therefore z =5 or — 1.

If we imagine curve I to move upward, the two roots change in
value and become the single root of curve II, which touches the z-axis
at a point where z equals 2. Solving 22— 4z 4 4 =0 by factoring
gives (z — 2) (z— ‘)) = 0. Therefore z = 2.

If we now imagine curve I to move still farther upward from
its position II, it will no longer cut the z-axis. Further, we do not
expect that the graph when it reaches the position of III will show
the roots of the equation z? — 4z + 13 = 0, as in fact it does not.
The graph does show, however, that the value of 22 — 42 4 13 at
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the lowest point of the curve is 9. This means that for every real
value of x, positive or negative, 2 — 4 z + 18 is never less than 9. The
graph of I, then, malkes clear that no real number, if substituted
for z, will make 22 — 4 x + 13 equal to zero.

In the next chapter an algebraic method of solving any quadratic
is given. That method will later be used to show the roots of

— 42+ 13 =0 to be the imaginary expressions 2 + 3 \/—_1 and
2-3+/-1.

The preceding explanations show that the real roots of a
quadratic equation can be obtained by the following steps.

1. Transpose the terms so that the second member is zero.

2. Graph the function in the first member.

3. Note the z-distance of each point at which the curve
crosses (or touches) the x-axis. The values of these x-distances
are the roots of the quadratic. .

If the graph obtained in 2 does not cross the z-axis, the student
knows that the roots are not real. He may still regard such equa-
tions as having roots and refer to them as imaginary. Later he will

learn precisely what an imaginary number is, and how to solve any
quadratic whose roots are imaginary.

EXERCISES
If possible, solve graphically :
1. 22 —6x+7=0. 3. 222 +x+1=0.
2. 22— 62+ 11 =0. 4. 222+ —1=0.



CHAPTER XXIII
QUADRATIC EQUATIONS

100. Solution by completing the square. Before taking up the
work which follows, the student should review the exercises in
forming trinomial squares, p. 108.

EXAMPLES
1. Solve x>+ 6x —16 =0. . @)
Solution : Transposing, z% 4+ 6z =16. (2)
Adding 9 to each member of (2),
‘ a4 6+ 9 =25 3)
Then (= + 3)2= 5% (C))
Extracting the square root of each member of (4),
@48 =5 (5)
Whence r=—38+4+ 5, or 2,
and . ’ #=—38—=0, or —8,
Check : Substituting 2 for z in (1),
4412 —-16 =0,
or 0=0.

Substituting — 8 for z in (1),

64— 48 —16 =0,
or 0=0.

The 9 added to each member of (2) is the square of half the
coefficient of z; that is, 9 = ($)?%, or 82. If the coefficient of 2% is 1,
the trinomial square can always be completed by adding the square
of half the coefficient of x. If the coefficient of 22 is — 1 or any num-
ber other than + 1, the equation is solved as in the next example.

The sign + properly belongs to each member of (5). Thus

£ (z+3)=:+5. This, however, gives precisely the same roots as
z+ 8 =+ 5, a fact which the student can easily verify. For this
reason the sign 4+ is put before one member only in equations
obtained as was equation (5).
267
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2. Solve 3a? —Tax —20=0. 1)
Solution: Transposing, 32— Tz =20. ) 2
Dividing (2) by the coefficient of 22,
Tz 20
P === 3
TR @)
Adding (— %)% to each member of (3),
e Rt Rt 4)
Then (e —32= (M) NG))

ixtracting the square root of each member of (5),
T — 7 =41 7
Whence T=1 :i: 17

Check : Substituting 4 for z in (1),
3:.42-7-4—-20=0.
48 —-28—-20=0,0r 0=0.
Substituting — § for z in (1), .
3(—§)2—T(—5)—20=0.
2 4 35— 20 =0.
89— 20 =0, or 0 =0,

3. Solve 42 — 4w — 79 =0. 1)
Solution: Transposing, 4a22— 42 =7T9. (2)
Dividing each member of (2) by 4, '
ot —z = C))
Adding (— })? to each member of (3),
x2—x+(—1)2_1{"+1}=%9-- '6))
Then (z—3)*=20. ®)

Extracting the square root of each member of (5),

z—f—if (%)

‘W hence T = _ + 7\/0 )
Now /5 = .2360 +.

Then 3+2V5=5+4.4724+=4.972+. (8)
Also —2V5_ 5— 4.472 +=— 3.972 +. )

Check: Since (8) and (9) are not the exact values of z, they will,
if substituted for x in (1), make its first member nearly but not quite
zero. An exact check can be obtained by substituting the radical
forms of the roots from equation (7) in equation (1).

The check may be shortened by substituting both roots at the
same time as follows:
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Substituting § +.2 V5 for z in 422 — 42— 79 = 0.
43 £2VE)2—4(} £2V5)—-T9=0,
4(3+2VB6+20)—2F8V5-79=0,
1+8V5+80—2F85-79=0. .
The radical terms vanish because the two upper signs before them
must first be taken togethe1 and then the two lower signs.
Therefore . 1480 —2—79 =0, or 81— 81=0.

In quadratic equations like the preceding the radical forms of
the roots are often sufficient; at other times values to two or
three decimal places are necessary. Unless otherwise directed,
obtain only the radical forms of irrational roots.

The student should note that the equations like 422 —42z—79=0
can be solved either graphically or by completing the square, but that
their solution by factoring, though not impossible, is beyond him.

The method of solving a quadratic equation in @ illustrated
in the three examples preceding may be stated in the

Rure. Transpose so that the terms containing x are in the
Jirst member and those which do not contain x are in the second.

Divide both members of the equation by the coefficient of x*
(unless the coefficient of x* is + I).

Then add to both members the square of one half the coeffi-
cient of x (in the equation just obtained), thus making the first
member a perfect trinomial square.

Rewrite the equation, expressing the first member as the square
of a binomial and the second member in its stmplest form.

Extract the square root of both members of the equation and
write the sign L before the square root of the second member,
thus obtaining two linear equations.

.Solve for x the equation in which the second member is taken
with the sign + and then solve the equation in which the second
member is taken with the sign —. The results are the roots of
the quadratic.

CHECK. Substitute each result separately inplace of z in the
original equation. If the resulting equations are not obvious
identities, simplify each until it becomes one.
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EXERCISES

(Obtain the values of the radical answers in Exerciges 10, 13, and 21
correct to three decimal places.)

Solve by completing the square, and check results :

1.

10.

12.
13.
14.
15.
16.
17.
18.
19.

32.

33.

34.

38.
39.

©® N o R

2?—bax—14 =0.

25022 — 202 —12=0.
42°=1—4x.
22+ 4 V5x = 25.

22— 8V2x +4=0.
8v3 38

22— 8z — 48 = 0. 2.
3. a(x+2)—5(x+2)=0.
§—y=4" 20.
29 —9y+4=0. 21,
. 294+ 5y =0. 22.
—2¢t—-15=0. 23.

.38 —Tt=6. o
v =5v2—2

22— 22 —4=0. 25.
V= v —1=0.

$2—2s — 31 =0. 26.
410 2 +13 = 0.
128225t +12=0. 27
42 + 222= —19 2 !
1522+ 4 = 4. 28.
1—6v2=2w.

20524 s=1. 29
9z + 4 =92°. 30.

(x—4)*—3(@x—9)=15

3. (x —2)(x+3)=a2(bx—9) —

w

x — 2—0.
112 5 -
I 5 0. 36.
3 t
t—7+¢1—_0' 37.

35.

7 5
2y—3 1—y
3+ xz—56_ 1
4+x_m—6_ﬁ'

If y = 2, solve for z the equation z?— xy — 3 y*= — 12.
If x =— 3, s0lve 2> — 4oy + ¥+ 4>+ 5 = 0 for 4.
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40. z*— 5224+ 4 =0.
This is not a quadratic equation, but many equations of
this form can be solved by completing the square.

Solution : : a:‘—5x2+4:0.

— 52 =—4.

x‘—5x2+»25~=—4+‘ =%
xz—s}Z:l:%-

z2=4orl.
Whence r=+2o0r + 1.
Check as usual.
41. 2*—132%*4 36 = 0. 44. 4kt =9k — 2.
42, 42*— 52241 =0. 45. 9s* + 12 = 312
43. 9a* — 372+ 4 =0. 46. 4 vt 4+ 5 =212

47. Point out the error in the following :
9 — 30 =49 —170.
9— 30425 =49 — 70 + 25.
(8 =562 = (T—5)~
3—-5=7T-05.
3="1.

101. Quadratic equations with literal coefficients. Such equa-
tions are solved as in Exercises 1 and 15 which follow.

EXERCISES

Solve for « by completing the square, and check :
1. 2a%* —ax —1=0.

Solution: Transposing, 20%% —ax = 1.
e aas N s x 1
Dividing by 2 a?, o= =g
1 1 1
Completing the a ,x-—— -—=)=5=
mpleting square 32 +< a) 2 + o
1\2
Then < - _> -
4

Extracting the square root, x —
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Whence = 1 or — L

a 2
Check : Substituting 1 for z in the original equation,
a

2
‘2a2<l> —a<l>~1:0, or2—1—-1=0.
a a

Substituting — 5 for 2 in the original equation,
2a

1\2 1 1.1
202 — —)—af ——)\—1= PS4 —1=
..a.( '3a> a< 2a> 1=0, o 2+2 1=0.

—

2. 2 —ax — 2a?=0. 79 2+ 4Var —Ba=0,
3. 2+ 2ax +a?—4=0.- 10. 222+ 92 Vi = 5h.
4. 22+ 1=a+ 22 - 11, a®x? 4+ 2ab = a* + D%
5. 3x* —ax =10 a> —~ 12. bx* + ax = x.
6. 3mx 4+ 2m? = 2x% 13. z(x —b)=a(a + ).
7. a*x* — Tax 4+ 10 = 0. 14, 1_%_{_%:_2_5.
8. 422+ 4ax — 3a*= 0. xr X iz
» 15, 2+ 2x =ax + 2.
Hixr. 224+ (2—a)z=2a
w2+(2—(z)z+(2;a>2=2a+‘£———_4—4{ti—£-
<:L_+‘2gu>2=4+4:+a2, oto.
16. 2 —(a +1)x 4+ a =0. 20'1_i=1_@.
17. x® + bx + cx + be = 0. a bz a

18. 22 —ax+4x—4a=0. 21. 22 +bx +¢c=0.
19. 2% + 2a%% = a%x + 20%. 22. ax® 4+ bx + ¢ =0.

102. Solution by formula. The equation
ax* +bx+c=0

is the general quadratic equation in standard form. The stu-
dent solved this equation in the preceding exercise and found

—bEVH¥ —4ac :
x= o . )
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The value (F) is a general result and may be used as a
formula to solve any quadratic equation. The solution of a
quadratic by formula requires less labor than any other method,
except for such equations as can be solved by factoring at
sight. Those with considerable experience in algebra seldom
solve a quadratic by any other method than by formula.

EXAMPLES

Solve by formula and check:
1. 822 — 5z =38.

Solution: Writing in standard form, 8322 — 52 — 8 = 0.
Then 3 corresponds to @, — 5 to b, and — 8 to ¢ in the general

quadratic az? 4+ bx + ¢ = 0. Substituting these values in (F), where
) ~—bj:\/b2——-4ac

2a

x__-—(-—5)d:\/25—4-3(——8)
- 2.3
525+ 96 5411
= - =

6

gives

:—g or — 1.

Check as usual.

2. 2 k= kax + 1.

Solution : Writing in standard form, 2 k%% — kz — 1 = 0.
Then a=2%% b=—k, and ¢ =— 1. )

Substituting these values in the formula (F),

e (=B EV (R —4-28 (- 1)

2.942
x_k:l:\/k2+8k2_k:|:3k_1m__i
- 4 2 T 4R Tk 2k

Check : Substituting % for x in the original equation,

2k2<%>~: k<%>+ Lor2=1+1.

Substituting — %c for x in the original equation,

1\2 1 11
22— ——) = —_—— e N
2 ( 2k> k< 2k>+1,012 S+1
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EXERCISES

Solve for « by formula and check :
1. 22*°+ 5242 =0. 10. 122 =1 — 7222
2. 3224 bx=2. 11. 224+ 2hx — 3 A2 = 0.
3. x2 —3x —10=0. 12. 2m? =9 mx + 5a2
4. 224+ 2 = x2 13. 22%+ kax — 3 k2= 0.
5. 2?—x =1. 4. 2*+22Va —83a=0.
8 '2_11790__1?5=0_ 15. max = — m? 4 6 a2

PP 16. x2+%f\/§—1{2=0;
8. 4 4+ b =% 17. n?2?— 3 knx —10 k2= 0.
9. 2? + 2 V5 =10. 18. 6 m%? + 19 mna = 7 n?

] 19. 224+ 22 =hx 4+ 2.
Hint. 224+ (2—h)2—2k=0. Thena=1,0=2—17,and c =—2%.
Substituting these values in (F),

. —(2——h):t\/(2—h)2—4-1'(—Qh),
2

ete.

20. 224 rx —sx — rs = 0. 22. mnx?® 4+ nx = 3mx + 3.
21. 2% 4 rs = rx + 2 sx. 23. mhx® 44 hax =3ma + 12.

PROBLEMS
(Reject all answers which do not satisfy the conditions of the problems.)

1. The sum of the square of a certain number and twice
the number itself is 15. Find the number.

2. Find two numbers whose difference is 11 and whose
product is 42.

3. If from twice the square of a certain number the number
itself be taken away, the remainder is 45. Find the number.

4. Find two consecutive numbers whose product is 462.

5. Find two consecutive odd numbers whose product is 255.

6. Find three consecutive even numbers whose sum is } of
the product of the first two.
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7. A rectangular field is 16 rods longer than it is wide. Its
area is 32 acres (1 acre = 160 square rods). Find the dimen-
sions of the field.

8. The sum of a certain number and its reciprocal is ;%.
Find the number.

9. The area of a triangular field is 5§ acres. The base
is 51 rods longer than the altitude. Find the base and the
altitude.

10. Two square fields together contain 62.5 acres. A side of
one is 20 rods longer than a side of the other. Find the side
of each.

11. The area of a rectangle is 18 square inches less than
twice the area of a square. The rectangle is 7 inches longer
than the square, and a side of the latter equals the breadth of
the rectangle. Find the side of the square.

12. The hypotenuse of a right triangle is 41 feet. One leg
is 31 feet shorter than the other. Find the legs.

13. The legs of a right triangle are in the ratio of 3:4. The
hypotenuse is 20. Find the legs.

Fact from Geometry. If one angle of a right triangle is 30
degrees, the hypotenuse is twice the shorter leg. Conversely,
if the hypotenuse of a right triangle is double one leg, one angle
of the triangle is 30 degrees.

14. One angle of a right triangle is 30 degrees and its longer
leg is 9. Find, correct to two decimal places, the other two
sides.

15. The hypotenuse of a right triangle is 10 and one leg is
5+/3. Show that one angle of the triangle is 30 degrees and
find the number of degrees in each angle of the triangle.

16. The area of a square in square feet and its perimeter in
linear feet are expressed by the same number. Find the side.

17. The area of a square in square feet and its perimeter
in inches are expressed by the same number. Find the side.
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18. The area of a square in square inches and its perimeter

in feet are expressed by the same number. Find the side of
the square. .
* 19. The dimensions of a certain rectangle and the longest
straight line which can be drawn on its surface are repre-
sented in inches by three consecutive even numbers. Find its
dimensions.

20. The dimensions of a rectangular box are in the ratiq
of 1:2:3. Find the edges, if the entire outer surface is 792
square inches. ‘

21. The edges of two cubical bins differ by one yard. Their
volumes differ by 61 cubic yards. Find the edge of each bin.

22. The rates of two trains differ by 5 miles per hour. The
faster requires 1 hour less time to run 280 miles. Find the
rate of each train. :

23. An automobile made a round trip of 160 miles in 9 hours.
Returning, the rate was increased 4 miles per hour. Find the
rate each way.

24. A page of a certain book is 2 inches longer than it is
wide. The printed portion covers half the area of the page
and the margin is 1 inch wide. Find the length and width of
the page.

25. A man paid $16,000 for a farm. Later he sold all but
40 acres of it for the same sum, thereby gaining $20 on each
acre sold. Find the number of acres in the farm. i

26. The price of oranges being raised 10 cents per dozen,
one gets 5 fewer oranges for 50 cents. Find the original price.

27. Two Igumps together can fill a standpipe in 45 minutes.
One pump alone requires 2 hours less time than the other.
Find the time each requires alone. o

28. Each of two trains ran 200 miles. One ran 7 miles per
hour faster than the other and required 1 hour and 45 minutes
less time. ' Find the rate of each train.
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29. A and B leave point P at the same time, A going north
and B east. Five hours later A has traveled 17 miles more
than B and the distance between them is 53 miles. Find the
rate of each.

30. A and B leave point P at the same time, A going north-
west and B southwest. Five hours later A has traveled 9 miles
less and B has traveled 8 miles less than the distance between
them. Find the rate of each.

31. A stone, dropped from a balloon which was passing over
a river, struck the water 15 seconds later. How high was the
balloon at the time the stone was dropped?

Hint. The distance, S, through which a body falls from rest int

' 2
seconds is given by the equation S = % » g being 82 feet.

32. A man drops a stone over a cliff and hears it strike the
ground below 6} seconds later. If sound travels 1152 feet per
second, find the height of the ecliff.

GEOMETRICAL PROBLEMS

(The circumference of a circle is 2 7R, R being the radius. In the fol-
lowing problems use %z for .)

1. The circumference of a carriage wheel is 11 feet. How
many revolutions will it make while the carriage goes 55 yards ?

2. The radius of a carriage wheel is 2 feet. How many
revolutions does the wheel make while the carriage goes 132
yards ? -

3. The circumference of a fore wheel of a carriage is 2 feet
less than that of a rear wheel. In going 140 yards the smaller
wheel makes 5 revolutions more than the larger. Find the cir-
cumference of each wheel.

4. In going 100 yards a fore wheel of a carriage makes
5 revolutions more than one of the rear wheels, The circum-
ference of one wheel is 2 feet less than that of the other. Find
the circumference and the radius of each ‘wheel.
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5. The circumferences of two wheels of a wagon dlffer by
2 feet. Together the two wheels make 11 revolutions while
the wagon goes a distance of 20 yalds Find the diameter of
each wheel.

6. The radii of two circles differ by 7 inches, and their
areas differ by 770 square inches. Find their radii.

If any two chords of a circle, AC and D
DE, cross at B, then Pl AN
AB X BC = DB X BE.

7. In the adjacent figure 4C =18,
DB =4, and BE = 20. Find 4B. _

8. In the adjacent figure A C' = 5 feet,
DB =18 inches, and BE = 48 inches.
Find 4B and BC.

¢

E

If 4B is a line drawn from a point on the circumference
perpendicular to the diameter, C'D,

of the circle, then AB- AB= CB-B. 2
9. In the adjacent figure 4B =
and CD = 30. Find CB and BD.
10. In the adjacent figure 4B =20 ¢ B b

and CB = 2 BD. Find BD.

11. A line 4B is.12 inches long.
A point P is located on AB so that
AB: AP = AP :PB. Find the length of 4P. (Can a meanmg
be given to both answers ?)

History of the quadratic equation. Though the development of the
method of solving quadratic equations is closely connected with the
general growth of algebra, yet it is possible to indicate the most
important steps in the process rather briefly.

The first writer on formal algebra was Diophantos, who lived
at Alexandria, in Egypt, about 300 A.p. Most of his work that is
preserved is devoted to the solution of problems that lead to equa--
tions. So far as we know he was the first to indicate the unknown
number by a single letter, in this respect being far in advance of
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many mathematicians who lived much later. It is alittle remarkable,
in fact, that as able and original a man as Diophantos should have
exerted so little influence on his successors. He solved his quadratic
equations by a method not unlike that of completing the square, but
his imperfect knowledge of the nature of numbers made it impossible
for him to understand the entire significance of the process. Though
he made every effort not to consider equations whose roots were not
positive integers, sometimes they would creep in, and under such cir-
cumstances, when his method led him to a negative or irrational root,
he rejected the whole equation as absurd or impossible. Even when
both of the roots were positive he took only the one afforded by the
positive sign in the formula for solving a quadratic.

The difficulties of Diophantos are typical of those encountered by
mathematicians for the next fifteen hundred years. The difficulty
lay, not in finding a f8rmal method of solving the equation, but in
understanding the result after it was obtained. The meanings of
negative and of imaginary numbers have been two of the most diffi-
cult of all mathematical ideas for men to grasp.

Five or six hundred years later the Hindus devised a general solu-
tion of the quadratic, but their chief advance over Diophantos lay
in the fact that they did not regard an equation whose roots were
negative as necessarily absurd, but merely rejected the negative result
of solving such an equation with the remark, < It is inadequate;
people do not approve of negative roots.”” The Hindus, however, did
realize that a quadratic equation sometimes has two roots, a fact
that Diophantos never comprehended. They even went so far as to
illustrate the difference between positive and negative numbers by
assets and debts.

No material gain in the understanding of the solutions of the
quadratic can be found until the seventeenth century. The keenest
mathematicians of the sixteenth century, like Cardan and Vieta,
rejected negative solutions regularly, though by this time irrational
solutions were admitted. In fact, in 1544 Stifel, a German, pub-
lished an algebra in which irrational numbers are included among
the numbers proper. But he affirms that except in the case where
a quadratic equation has two positive roots, no equation has more
than one root. It was not until the work of Descartes and Gauss
became widely known that the nature of the roots of all kinds of
quadratic equations was completely understood.



CHAPTER XXIV

GRAPHS OF QUADRATIC EQUATIONS IN TWO VARIABLES

103. Graph of a single equation. Before solving graphically
a quadratic system, the method of graphing a single quadratic
equation in two variables must be clearly understood.

1. Construct the graph of y* = 4z.

.EXAMPLES

Solution: Solving the equation for y in terms of z, y =+ 2+/7.
We now assign values to z and then compute the approximate
corresponding values of y. Tabulating the results gives:

z=1| 9 4 3

2

1 0

-1 Any negative value of

y=| 6| x4]| +34

+2.8

+2| 0

2+v~1 Imaginary

aph |of

=4x

+ N W

bola

Using an z-axis and a
y-axis as in graphing linear
equations, plotting the
points corresponding to the
real numbers in the table,
and drawing the curve de-
termined by these points,
we obtain the graph of the
adjacent figure. Obviously
y is a function of z; hence
the y-axis corresponds to the
JSunction axis. The curve is
a parabola. A similar curve
was always obtained in
Chapter XXII for the
graph of a quadratic func-
tion of one variable.

The graph of any equation of the form y* = ax is a parabola.

280
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2. Graph the equation zy = 6.
Solution : Solving for y in terms of 'z, y = 5.
z

Assigning values to z as indicated in the following table, we then
compute the corresponding values of y.

z= —01—5—4—3—:—1—31 1|23 |4]5]|6]s
y=|-1-8|-2|-2|-3|-¢6|-8/ 8|6 |3|2|3]|¢c|1]2
Y
Grpph| of [ xy4=6 -
D
1 \
T [—
. Ava
A -3 -2 - o 3 -
e ;
I~~~
2
=3
\ Hyperbagla
YI

Proceeding as before with the numbers in the table, we obtain
-the two-branched curve of the above figure. The curve does not
touch either axis. When x increases numerically y decreases. As
z decreases from 1 toward 0,y becomes indefinitely great. Similarly,
when z has a numerically great negative value, ¥ has a numeric-
ally small negative value, and vice versa. The curve is called an
hyperbola.

The graph of any equation of the form xy = K is an Lyper-- -
bola. The curve for xy = K (K = any constant) is always in
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the same general position. That is, if K is positive, one
branch of the curve lies in the first quadrant.and the other
branch in the third. If K is negative, one branch lies in the
second quadrant and the other in the fourth.

3. Graph the equation 2?4 y*= 25.

Solution : Solving for y in terms of z, y =4 V25 — 2%
Assigning values to z as indicated in the following table, we com-
pute the approximate corresponding values of y.

x= -6 -5|—-4|-3| -2 -1 0|l 2 3145 6

y=|+V=11| 0 |+3|+4|+4.58| +4.80 | +5| 480 |+4.58 +4|+3| 0 |+v—11

For values of x numerically greater than 5, y is émaginary. The
points corresponding to the real numbers in the table lie on the circle
in the adjacent figure. The
l center of the circle is at the
origin and the radius is 5.
Further, the graph of
Grpph| of any equation of the form
x24+y?=r? is a circle
whose. radius is . This
J- can be proved from the
right triangle PKO. If
P represents any point
on the circle, OK equals
the z-distance of P, PK
equals the y-distance,
and OP equals the radius.
Now OK’+ PK®=OP’; that is, #®+ y2=1% It follows,
then, that the graphs of 2%+ y?=9 and x? 4 %= 8 are circles
whose centers are at the origin and whose radii are 3 and V8
respectively. Hereafter, when it is required to graph an equa-
tion of the form «% 4- y* = 72 the student may use compasses,
and, with the origin as the center and the proper radius,
describe the circle at once.

oY

v Circle]
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4. Graph the equation 4 2? + 9 y% = 36.
] " Solution : Solving for y in terms of z, y =+ 2V9 — 2%

Assigning values to z as indicated in the following table, we com-
pute the approximate corresponding values of y.

x= -4 -3 -2 -1 0 +1 +2 +3 +4

y= |£3V-7 0 +149 | +188 | +2 | +1.88 [ +1.49 0 igV—?

For values of z numerically greater than 3, y is imaginary. The
points corresponding to the real numbers in the table lie on the
graph of the following figure. The curve is called an ellipse.

2
- [~
Pt ™~
” ~
Graph gf |
4 4xi+-9ok?*=[36 \
- -
- 3\ -l (o] | 3
\ y
- Eljipse
N L
\\\ //
-2
Y'
1

The graph of any equation of the form of ax? + by? = ¢, in
which @ and & are unequal, is an ellipse.

EXERCISES
. Construct the graphs of the following equations and state
the name of the curve obtained :
1. 2 =4y. 2 ¥y 4+ 4x=0.
3. 2% 4 y2=16. 5. 2 — y* = 16. 7. xy =12.
4. «* + y2=10. 6. 9224+ 44*=236.- 8. xy=—6.
9. 42% — 9y = 36. 10. 25 2% + 16 y* = 400.
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Note. These three curves, the ellipse, the hyperbola, and the pa-
‘rabola, were first studied by the Greeks, who proved that they are
the sections which one obtains by cutting a cone by a plane. Not
for hundreds of years afterwards did any one imagine that these
curves actually appeared in nature, for the Greeks regarded them
merely as geometrical figures, and not at all as curves that had any-
thing to do with our everyday life. One of the most important dis-
coveries of astronomy was made by Kepler (1571-1630), who showed
that the earth revolves around the sun in an ellipse, and stated the
laws that govern the motion. Those comets that return to our field
of vision periodically also have elliptic orbits, while those that appear
once, never to be seen again, describe parabolic or hyperbolic paths.
The path of a ball thrown in the air is also a parabola.

. 104. Graphical solution of a quadratic system in two variables.
That we may solve a system of two quadratic equations by
a method similar to that employed in § 81 for linear equations
appears from the following

EXAMPLES
. x? + y* =34 i~
. . wall ’
1. Solve graphically { x+2y+T7=0. 2
=
T N
«
v, \ O %
3 A5l
O
A ™
YI

Solution: Constructing the graphs of (1) and (2) on the same
scale and on the same axes, we obtain the circle and the straight
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line of the figure on page 284. Each point of intersection of the two

graphs determines one set of roots. For 4, x =3 and y =— 5;
for B, x =— 5% and y = —
. Sol g 1 ¢
2. Solve graphically {m“ —4y+418. ‘ @)

(2 . /
\ 3. / AL
i /d
\ |
. NEEEES i/ )
\ A 1A
\ . /
NP /
s
AN

Solution: Constructing the graphs of (1) and (2), we obtain the
straight line and the parabola of the adjacent figure. There are two
sets of roots corresponding to the two points of intersection, which are :

=5 z=—2
A{" ’ B{ 2,
y:l%. y=—%.

Note. If the straight line in the preceding figure were moved down-
ward in such a way that it always remained parallel to its present
position, the points 4 and B would approach each other and finally
coincide. When this ha.ppened the line would be tangent to the
parabola at the point z =§, y =— 315.

Were the straight line moved stlll farther, it would neither
touch nor intersect the parabola and there would be no graphlcal
'solution.

An illustration of these two conditions is given by the graphical’
solution of Exercises 8 and 9, p. 287.
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. a? —xy + y* = 25, @
3. Solve graphically { 2t — g =8 @)
ANE) ) 4
N, : )4
N / :
r// 3 ‘
i /
A

>l

S G R

F<

Solution: Constructing the graphs of (1) and (2), we obtain the
ellipse and hyperbola of the adjacent figure. There are four sets
of roots corresponding to the four points of intersection, which are
approximately :

r =— 3.6, r =+ 3.6,
A {y =4 2.92. C{y:—‘— 2.2.
=4+ 5.4, r=—5.4,
B{y=+4.7. Dy=—anr.

Examples 1, 2, and 3 partially illustrate the truth of the
following statement:

If in a system of two equations in two variables one equa-
tion is of the mth degree and one of the nth, there are usually .
mn sets of roots (real or imaginary) and never more than mn
such sets. '
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It is worth noting that the student can solve graphically a
system like that given on page 286, though he will scarcely be
able to solve such systems algebraically even after he has
mastered this text.

Note. In equation (1), p. 286, a smaller number in place of 25
would give a smaller ellipse than the one in the figure, and it would
be easy to find a number to replace 25 such that the resulting ellipse
would just touch the hyperbola. Were a still smaller number used,
the resulting ellipse would neither touch nor intersect the other curve.
These varying conditions would result in (a) four sets of real roots,
(b) two sets of real roots, (¢) no set of real roots respectively.

EXERCISES

If possible, solve graphically each of the following systems:

1 ?=4y, " x?+ y? =9, . yi=4a,
42y =4 z—y=2_8 % 4 16 y* = 16.

a. x? + y? = 25, 5. x* + % = 16,. 8. 2’ =4y + 18,
x—y=". x?—y?=9. 3z — 4y =20}

3. x? + y? =16, 8 x4yt =9, 2t =4y 4 18,

Btyr=2 T o-p=16 T 3a-dy=2.



CHAPTER XXV
SYSTEMS SOLVABLE BY QUADRATICS

105. Introduction. The general equation of the second degree
in two variables is ax? + by? 4 cay + dx + ey + f = 0. To solve
a pair of such equations requires the solution of an equation
of the fourth degree. Also the solution of even the far more
simple system z%+ y = 5 and y? + & = 3 requires the solution
of a biquadratic equation. In fact, only a limited number of
systems of equations of the second degree in two variables are
solvable by quadratics. The student should note that he can
solve graphically for real roots any system of quadratic equa-
tions, provided the terms have numerical coefficients. The
algebraic solution of such systems will be possible for him
only after further study of algebra. oo

106. Linear and quadratic. Every system of equations in
two variables in which one equation is linear and the other
quadratic can be selved by the method of substitution.

EXAMPLE
2 2
Solve the system {x +y=5 @
z—y=1. 2)
Solution: Solving (2) for z, z=1+y. 3
Substituting 1 + y for z in (1), (1 + y)* + 2 =5. @)
From (4), P+y—2=0. )

Solving (5) by formula,

—1+V1+8_—143 ’
Yy = 5 = B) =1or— 2.
Substituting 1 for y in (8), z=1+1=2
Substituting — 2 for y in (38), r=1—2=—-1.

288



SYSTEMS SOLVABLE BY QUADRATICS 289

Therefore { f and { a,re the two sets of roots.
. 1), 4+1=5
H 9 ( ’ ’
Check: Substituting 2 for z and 1 for y in @), 2-1=1.
1), 1+4+4=5,

. sole 9 fem o
Substituting — 1 for z and — 2 for y in @) —1+2=1.

EXERCISES

Solve the following systems, pair results, and check each
set of roots:
z+y=23§, SR +2R, =05,

S S Y R,Ry — 6 Ry —— 3.

9 2m +n =14, 8 zy+y*—5=0,

" m? 4 3mn = 49. " axy 420 =0.

g 2mt 4t =22, 0 B K k=10,
“m—nV5=0. "h+k+1=0
4s4+5¢t=06, m2 4+ 3mn + n? = 22,

4. 10.
st =—2. 2m = n.

5 zy +12 =0, 1 2+ y 4+ 2x 4+ 3y =10,
"4 —3y=230. Tx—5=uy.
2V3+5yV3=—72, y—xV8 =0,

6. R 12. /7%
zy =—15. - . Y4t =9

107. Special devices. Systems of equations are often met
which can be solved by substitution, but which are more con-
veniently solved as in the following examples. It should be
observed that in every case the aim of the device is to replace
the given system by one or more equivalent systems of linear
equations.

Note. Euclid (800 B.c.) solved systems of quadratic equations by
means of geometry. But any solution that we would recognize as
algebraic did not exist until the Arabs and the Hindus studied the
subject. Although Diophantos solved many.problems that lead to
quadratic equations, he always expressed all of his unknowns in terms
of one symbol, and so avoided systems of quadratics. We have seen
“how this may be done on page 51.
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EXAMPLES
[z +y =25, (€Y}
1. Solve the system wy = 6. )
Solution: Squaring (1), 22 + 22y + y% = 25. 3)
2)-4, 4zy = 24. “4)
B)—(4), 22 —2xy+y*=1. 6)
From (5), r—y==1. (6)
n y z+y=25, 1)
From (6) and (1), A {z—y:l; )
z+y=>5, L)
B {z —y=—1 ®)

. x:3, .‘L‘:Q,
Solving A and B, {y:2. and {y:S.

’

2. Solve {xz +y* =13 €y
zy = 6. )
Solution: (2)-2, 2zy =12. 3
@+ (3), 22+ 22y + 32 = 25. “@
From (4), . z+y=+5. ()
-3, 22—2zxy+y2=1. (6)
From (6), z—y=+1. )
(5) and (7) combined give four pairs of equations :
A{z+y=5, ® c z+y=—25, (11)
z—y=1; ©)) z—y=1; - ®
B z+y=>5, (8 D{z+y=—-5, an
z—y=—1; 10) z—y=—1. (10)

The solution of A, B, C, and D is left to the student.

EXERCISES

Solve in a manner similar to that of the two preceding
examples, pair results, and check each rational set of roots:

1 x—y=1, 4 3x —y =12,
" xy =12. T 9ax? 4 yr="T2.

9 x4+ 2y =4, 5 x? — 3wy + 4y =11,
" xy 4+ 6=0. ' " xy = 10.

2?4+ 4y? =41, x? 4 y? = 25,
zy +10=0. .m2+2x3/+y2=49.



7.

Sometimes an equation simpler than either of those given
can be derived from a system by dividing one equation by the
other, member by member.

SYSTEMS ‘SOLVABLE BY QUADRATICS

% + y? = 25,

x? — 2y + y? = 49.

z* + y* =15,
x+y=3\/§.

Solve

10.

EXAMPLE

x? — xy =4,

Yy —axy=—3.
w2:y2+5’
y? 4+ xy = 10.

a?—y?=09,
x—y=1

Hint. Dividing (1) by (2), z +y =9.

The system (2) and (3) is equivalent to the system (1) and (2)

and is more easily solved than the latter.

Solve (using division where possible), pair results, and

check :

1.

x? — y? =16,
x+y=2_8

1 1
@ty
1 1

x y
R — 50 =0,

:5’

" Rh =10.

h*k — 100 = 0,

T k*h 4+ 80 =0.

P (1 +7)? = 112.36,

" P+ Pr=106.

%t' — 0256,

gt =1.28.

EXERCISES

v 2%y + 6 = Sy,

Tay+4=6.
at =yt + 175,
8 o
e = y* 4 7.
9. z* —xy — 6y? =16,
x—3y=1.
224+ T =4day + 597
o. L, T
= y.
1 x4y =12,
T+ y=2.
12 x? —xy +y* =6,
a4yt =12
13. 2 tv="2

mﬂ—xy—i—g/’z:(i,
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PROBLEMS
(Reject all results which do not satisfy the conditions of the problems.)

1. Find two numbers whose difference is 3, and the differ-
ence of whose squares is 45.

2, The sum of two numbers is 18 and the sum of their
squares is 170. Find the numbers.

3. Find two numbers whose product is 108 and whose

quotient 1s 3.

4. The area of a right triangle is 84 square feet and its
hypotenuse is 25 feet. Find the legs.

Note. In the tenth century there lived at least one man of remark-
able mathematical talents, Gerbert, by name, who wrote on both
algebra and geometry. One of the most, difficult problems that he
set himself to solve was that of finding the legs of a right triangle
whose area and hypotenuse were known, and that he obtained the
correct result is very remarkable when we consider the crude notation
in which he did his work. One may compare the development of
algebra at that time with that of the present time by observing that
the problem, the solution of which was a brilliant achievement for
one of the keenest mathematicians of the Middle Ages, is now solved
with ease during the first year of algebra. '

Gerbert was prominent in the church, and in 999 was elected pope
and assumed the title of Sylvester II.

5. A rectangular field is 39 rods longer than it is wide, and
its area is 10 acres. TFind the length and the width.

6. The difference of the areas of two squares is 208 square
feet and the difference of their perimeters is 32 feet. Find a
side of each square.

7. The area of a rectangular field is 21 acres and one diag-
onal is 41 rods. Find the perimeter of the field.

8. The perimeter of a rectangle is 92 feet and its area is
504 square feet. Find the length and the width.

9. A mean proportional between two numbers is V40. The
sum of their squares is 89. Find the numbers.
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10. The value of a certain fraction is 3. The fraction is
squared and 50 is subtracted from the numerator and from the
denominator of this result. The value of the fraction thus
formed is $. Find the original fraction.

'11. The base of a triangle is 5 inches longer than its alti-
tude. Its area is 1% square feet. Find the base and the alti-
tude of the triangle.

12. The volumes of two cubes differ by 1647 cubic inches.
Their edges differ by 3 inches. Find the edge of each.

13. The sum of the radii of two circles is 27 inches and the

difference of their areas is 81 7 square inches. Find the radii.
2
14. The perimeter of a rectangle is 3¢ and its area is Z.

‘)
Find its dimensions.

&

15. The area of a right triangle is 2 «® — 2 5? and its hypote-
nuse is 2V2a? 4+ 20% Find the legs.

16. The perimeter of a right triangle is 40 feet and its area
is 60 square feet. Find the legs and the hypotenuse.

17. Do positive integers differing by 3 exist such that the
sum of their squares is 115 ?

18. If a 2-digit number be multiplied by the sum of its
digits, the product is 576. And if three times the sum of
its digits be added to the number, the result is expressed by
the digits in reverse order. Find the number.

19. The annual income from a certain investment is $48.
If the principal were $200 more and the rate of interest 19
less, the annual income would be $2 more. Find the principal
and the rate.

20. A wheelman leaves A and travels north. At the same
time a second wheelman leaves a point 3 miles east of A
and travels east. An hour after starting the shortest distance
between them is 17 miles, and 24 hours later the distance is
53 miles. Find the rate of each.
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GEOMETRICAL PROBLEMS

1. The sides of a triangle are 6, 8, and 10. Find the alti-

tude on the side 10. Hint. From the adjacent

figure we easily obtain the

i system :
i 2% + y% = 36,
i — 2 2 —
s ;y . (10 x‘) + ¥ —64'.

i 2. The sides of a trian-
i gle are 5, 12, and 13.
i ., Find the altitude on the

X - ; 10—z | side 13 and the area of

the triangle.

3. The sides of a triangle are 13, 14, and 15. Find the alti-
‘tude on the side 14 and the area of the triangle.

4. The sides of a triangle are 9, 10, and 17. Find the alti-
tude on the side 9 and the area of the triangle.

5. The sides of a triangle are 11, 13, and 20. Find the
altitude on the side 11 and the area of the triangle.

6. The parallel sides of a trapezoid are 14 and 26 respec-
tively, and the two nonparallel sides are 10 each. Find the
altitude of the trapezoid.

Hint. Let ABCD be the trapezoid. Draw C'E parallel to DA and
CF perpendicular to AB.
Then EC =10, AE =14,
and EB=26— 14, or 12. D,
If we let EF =2, FB

|

must = 12 — z; then we 1 !

can obtain the system of é
equations : A 4 ! \
22 4 y2 = 100, . 14 <——>t<i2 — >

(12 — 2)% + y* = 100.

7. The two nonparallel sides of a trapezoid are 6 and 8
respectively, and the two bases are 4 and 14 respectively.
Find the altitude of the trapezoid.
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8. The bases of a trapezoid are 10 and 16 respectively, and
the two nonparallel sides are 25 and 29. Find the altitude of
the trapezoid and the area.

9. The sides of a trapezoid are 10, 20, 17, and 41. The
sides 20 and 41 are the bases. TFind the altitude and the area.

10. The sides of a trapezoid are 12, 25, 24, and 17. The
sides 12 and 24 are parallel. Find the altitude and the area
of the trapezoid.

11. The sides of a trapezoid are 9, 29, 30, and «. The sides
9 and 30 are the bases, and each is perpendicular to =. Find
« and the area of the trapezoid.

12. The parallel sides of a trapezoid are 15 and 80; the
other sides are 72 and 97. Find the altitude and the area of
the trapezoid.



CHAPTER XXVI
EXPONENTS

108. Fundamental laws of exponents. The four laws of expo-
nents used in the preceding chapters are:

I. Law of Multiplication,
xa. xb = xyatb,
II. Law of Division,
Xa -+ xb = xa-b,
ITI. Law of Involution, or raising to a power,
4 (xa)b = xab,
IV. Law of Evolution, or extraction of roots,
. a
Vxa = xb,
Law I may be stated more completely thus:
xa. xb,xc, —— xa+b+c---.
Law IIT includes the more general forms:
(1) (xayb)c —_ xacybc‘_
@ (9= e

When Laws I, I, and III were used in our previous work
in multiplication and division, @ and & were understood to be
positive integers, and in Law II, ¢ was greater than 4. In the
work on radicals the meaning of an exponent was extended so
as to include fractional exponents, as defined by Law IV.
Though the Laws I-IV in their previous applications have
thus been restricted to positive integers and fractions, they
hold, nevertheless, for any rational values of @ and &. This

fact will be assumed without proof. We shall fully explain,
° 296
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however, the meaning which, according to these laws, must be
attached to a zero exponent and to negative exponents.
109. Meaning of a zero exponent. From Law II,

ot -t =ttt =l

o
x
But ot +at=—=1
X
Therefore 20 =
More generally, Z% -+ 2t =2 = af,
xt
and ¢+t =—=1
ox (1
As before, x'=1.

That is, any number (except zero) whose exponent is zero is
equal to 1. Hence,if xisnot Qorl,4°=(3)"=(—6)’=(52)’=
(x* — 22 + 1)°, for each equals 1.

110. Meaning of a negative exponent. From Law II,

- =a?"5=a"2

asl

Obviously atb +ab =— =—-
a®  a

. T ¢
Therefore a~? is another way of writing —-
a

1 1
-8 __ = .
Then 4-8 = yrhakyT
Also a—% — _l —_ 81
at a?
In like manner, 1671 = —17 = —1: ~1
168 ~Viee 8
In general terms, X 9= 1.
xa
1 1
Consequently T T <.
xll

Similarly we obtain the more general results

bx-a= z and L = bxa,
xa x—a
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Therefore: Any factor of the numerator of a fraction may
be omitted from the numerator and written as a factor of the
denominator, and vice versa, if the sign of the exponent of the

FIRST COURSE IN ALGEBRA

JSactor be changed.

It follows that any expression involving negative exponents may
be written as an expression involving only positive exponents. That
is to say, negative exponents are not a mathematical necessity, but
merely a convenience. The extension of the laws of exponents which
brings with it the zero and the negative exponent is another illustra-

tion of the Law of Permanence of Form mentioned on page 61.

EXERCISES

Write with positive exponents and then simplify results:

©

10.

11.

12.

L R

3-2

4-2,
2-4.3°.
2-2.3-4,
7-7°-0.
®H™™
N

ORI

2
3
0
12
el

5-20—(5-2)°.

2—1

13.

14.

15.
16.
17.
18..
19.
20.
21.
22.

4-2.3-2 ]
i 26. (— 32)%
27. (32)~ 4
(m — m)", 28 ( >125 -%
ifm +=n ) (8— )
32—% 29. V272
05.50 30. V82,
41 31. (f/——S)2
83 2. &) +® B
16~ % 33. 3)~2
g% 34. (.04,
16-%. 35. (.027)°%,
2515, 36. (.064)_%.
0%. o, 37. (.00032)%.
(—8)°% ~V/9-3. V92
- 38 ————
(—64)~% 3
9-1 1
9-2_9-3 1 , ete.
227 98
2-14 8-1 3-8 _ -3
S 2. ooy

¢
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In this chapter it must be remembered that the letters in
a fraction may not take on such values as would make any

denominator zero or any expression zero to the zero power.
Write with positive exponents and simplify results:

43. m~3 51 4 56 10~ 1a
44. 24072 Cwy? Cbe?
45. 3ab~2 4a% 4 a—%c-?
46. Tty 2. Ty e
47. "y %, 5-1(ab)° 475 5%
53. “roiga 58. "5 s
48. 4 a®h~ %
3 3adh*% . 251
49, 'F' 54. 4 a0 59. mra—°
4z 12 2%~1 5 a2y
50. = 55, Gyt 60.
2 2
- . H ) .
61. i INT S T T ete
PEAN Y
3 a? a—t — -t
S 65. T 68. ——— =
@ a=%-3 a4 01
63. pEr ey 66. m- 69. PEEp =L
5 se? a~?— )2 a~8%— 271
64. s“"—{—e‘f 67. —a_—lﬁj 70. -1 _3-1
‘Write without a denominator:
2 xy 12 a%? 1
1. . iy .
7 22 75 4 xy? " 5a%(c+d)~*®
4a8 T 1'1 2 a2
79. _% 76. 51, ; . 80. M .
b Y bex (x — y)
3z ", _bac™? 42 m~rn?m
73. a~%* c(x —y)* 81. 56 m—2mp—8n
: 1
4 50— 7 m~3nz — 102
" o 8 gy TS
2-1s m3 (m — n) =28 (s —7r)?
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EXERCISES IN MULTIPLICATION

(Exercises 1-51 are oral.)

Perform the indicated multiplications :

1. xt-z=2 4. z%.ob 7. Tad zd . oh
2. a2k, 5. ab. o a0 8. Vz.ab
3. zb.ob 6. at .o, 9. V.t
10. (Ta)°- 7m°-m%xg/. 17. e*—3. 6%
11, Va.Vah 18. ¢n-8. g2+,
12. Vot Vb 19. ¢B-2. g2+,
13. aVaz-ad Vaz 1. 26. e g3 1. g8~ 1a
14. @ Vata 2o Valz 2 21, x-x® xb.ax® . x?- 3
15. e®-e™ " 22, aeb. g0 z
16. e*.e%>, y*—?
23. (2% 31 (z~ %)% 39. (a%)(a + b).
24. (292 32. (2 4)°% 40. (a%)*=.at=,
25. (2-%)"* 33. (327" 41 (a¥)=- (2%
26. [(2)~*]% 34. (5ad)t. 42. (am+1)2. (al-7)2,
27. (2% 35. (¢~ %)% 43. (a®)=tv. (a?)r-=
28. («). 36. (5°-2°- 898 44. (a%)*- (Bad)?e
29. (x%)%. 37. (25 a0%)” 3, 45. (x? — = Hxs.
30. (@)% 38 [(22%)°.8- 4} 46. (2 + ay~Hat
47. (2* — a2~ 2 50. (a% — w%)(a% + x%)
48. (x> —b5ax+ 6 a?) aba~ %, 51. (x% + g/%)(m% — yi‘f)_
49. (ot + y3)abyt. 52. (¢~ + 8)(a~% — B).
Expand :

. (et —a)k :
A st @ 0 ()
55. (a='—2a +3a )L B58. (¢2F —2 + ¢ )%

59. (3 at 42 a,%)z.

56. (¢7 + e~ %)%
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60. (a§ — 2atx + 4 me)(ag‘ +2 a)

61.
6

™ =

(oF + 293)(at — 228yt + 44%).
. (e — adot + b)(a + ato? +0).

63. (at + atot + 0t)(ad — adot 4-0).

6

-

ety 4y ) (e 2ty E ).

65. (Vb — 3Va)(Va* — 3Va).
66. (5'\/6—_—5 \B/F—a\s/cTﬂ)s.

6

3

) (w/& + lﬁ—[;)(x/& + \7/5;

68. (m"~! — bm"~ %" + 25 a*") (m 4 5a").

69. (1 — 2 4ot — it — 1) 1)

70. (16 a® + 8 aft + 4 oo + 2ab0t 4+ 12)(2at — 0})..
71 (2527 + 152" 8+ 9y ) (5a~? — 3y~ %)

EXERCISES IN DIVISION

Perform the indicated division :

1
1. x* = a% 3. x + x2 axr — a’x?

2. x® =

© ® 2o

10.
11.
12.
13.
14.

15.

16.

5.
a3, 4. axt + ated, azt

(ma . 2w2a—l + 3x841—2)+ mZa—l'
<6a8+4n - 9an—2 + 5 a?—n) . Sar-2
@ — )+ (= — o).

(@ + )+ (=t + %),

( — 8y) +(aF —24%).

(16 a2 — 81 y?) + (22t + 342).

(a® —1)2)—:—(\/¢;+\8/Z).

(@®+ab~' + b—‘l)+(a —a¥?t + b“).
(€**— 24 e )= (e —e 7).

<e“+ 36”+§1+%>+(e"+ ).
e ¢

(e —4e* 4+ 6 —4de 24 et - (" — e 7).
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17. (a + 86 + 2ab6t + 28) + (b + 283).
18. (m*+Tm?*+ 8 —Tm 2+ m )+ (m?+5—m%).
19. (2@ -1 — 2Pt 4 9abi—4) 1+ (2271 + a7,
20. (2~ gy — 290“%'1/% — 8y + 16w)+(m—712y"% — 8a%~1).
21. (40ab — 16 %ot — 2507 ¥0%) = (5a B~ — 4a¥57F).
22. (2x7%* — 282~ 4 33 + 38 a* 4 11 2% 4 a*%)
+(x*— 2z + 4).
23. (25 m? — dmnt +4mn?— mn%) + (5 mi — 2n¥mt m‘%rﬁ).

Biographical note. Jouxy Warris. To us, who use the notation of expo-
nents every day, it seems so simple and natural a method of expressing
the product of several equal factors, that it is difficult to understand why
such a long time was necessary to develop it. But here, as in many other
instances, it required a great man to discover what to us seems the most
obvious relation. “The man who brought the notation of exponents to its
modern form was John Wallis (1616-1703), an Englishman. He was the
son of a clergyman, and, like most scholars of his day, did not confine his
interests to any one subject. Wallis became widely known by deciphering
a military dispatch which contained a hidden meaning, and all his life was
interested in such puzzling problems. He was at one time an instructor
in Latin, Greek, and Hebrew, wrote books on theology and English gram-
mar, and inventéd a method of teaching deaf mutes to talk. He was the
most notable English mathematician before Sir Isaac Newton, who highly
prized Wallis’s work.

Though the idea of using negative and fractional exponents had occurred
to writers before Wallis, it was he who showed their naturalness, and who
introduced them permanently. He also was the first to use the ordinary
sign o to denote infinity.



CHAPTER XXVII
IRRATIONAL EQUATIONS

111. Definitions and typical solutions. An irrational or radical
equation in one unknown is an equation in which the unknown
letter occurs in a radicand.

Thus 82 +2vVz=16, Vi—z++Vz+8=2, and Va®—8=0
are irrational equations.

The following examples (1, 2, 4, and 5) illustrate the method
of solution for some of the more simple irrational equations.

EXAMPLES

1. Solve V22 —5—3=0.

Solution: Transposing, V2z — 5 = 3.

Squaring both members. 2z —5=0.

Solving, r="1.

Check: Substituting 7 for z in the original equation,

V14 —5-3=0.

Whence 3—-3=0.

In irrational equations it is understood that each radical
expression, not preceded by the sign &, is to have one sign and
only one ; therefore each radical will have one value and only
one. That value is the principal root of the radical. This fact
is of importance in checking.

s 19 «?
2. Solve2¢8w8+7—2m—2=2x—1. 1)
Solution : Transposing and collecting,
3 2
2\/8$3+IQQZ =4z +1. @

Cubing each member of (2),'
642%+ 7622 =6428 4+ 4822+ 122+ 1. (3)
303
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Transposing and collecting,
2822 —122—1=0.
Factoring, Qz—1)(14z+1)=0.
Therefore z=1 or — {4
Check: Substituting 1 for z in (1),
2v1l4+g—1-2=1-1
2.-8-3=0.
3—-3=0.
Substituting — ¢ for  in (1),

2\78("%1)3"” P(—fp)+i—2=—31-1L

5\ 13 8 -8 —8
2<+ﬂ>—7“?’.°‘ T

It is easily possible to write a statement involving radical expres-

sions which has the jform of an equation but is not one. Thus:

Vz+1+~Vz+ 38+ 1=0 looks like an equation, but no value of
x can satisfy it. A little closer inspection shows that the statement
asserts that the sum of three positive numbers is zero, a condition

clearly impossible. Statements like the one given are often called'

’

<« impossible equations,”’ though, strictly speaking, they are mnot
equations at all. In the attempt to solve an apparent equation one
may resort to the usual methods of solution and obtain a result
which will not satisfy the original statement. Not until one tries to
verify the result is the falsity of the original statement discovered.

3. Solve 1+ Vz +2 =V 1)
Solution : Transposing, 1 — \/ r=— \/ a:+—2 )
Squaring 2), ) 1—2\/5+x:x+2._ 3)
Transposing and collecting, ' ‘

—2vVz=1. )
Squaring (4), 4z =1. ()
(5) + 4, z=1

Check: Substituting 1 for z in (1),

1+vVi+2=++V1
14+38=+1,or§=1%, which is false.

It is fairly certain that the student did not see that the statement
(1) was false until the attempt was, made to verify the result. It
appears, then, that the method of solution gives results which are
not roots.

.
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4. Solve Vo —1+V82x+1—-2=0. @)
Solution: Transposing, V3z+1=2—+Vz— 1. )
Squaring both members of (2),

3r+1l=4—4vVz—1+2—-1. (3)

Transposing and collecting,

22 —2=—4~/z— 1. “)

Dividing (4) by 2, z—1=—2Vz—-1. ©)
Squaring both members of (5),

22—2zx+1=4z—4. (6)
Transposing, 22— 624+ 5=0. )
Factoring, (x—1D(@x—-5)=0. ®)
Therefore z=1or 5.

Check : Substituting 1 for z in (1).
V1i—-14++V3+1—-2=0.
0+2—-2=0.
Therefore 1 is a root of (1).
Substituting 5 for z in (1).
v 1+V15+1-2=0.
244-2=0,
or 4=0; but4 % 0.

. Therefore 5 is not a root of (1). It was introduced by the process
of squaring each member of equation (5). This process does not
necessarily introduce a root. Thus 1 is a root of each of the equa-
tions (1) to (8), and, while 5 is a root of (6) and (7), it is not a root
of (4), as may be verified by substitution. Further, (4) was obtained
by squaring (2), yet neither the root 1 nor the root 5 was intro-
duced at that point.

Values for the unknown introduced during the solution of
an equation are called extraneous roots.

As we have seen, the solution of (1) leads to the quadratic
22— 6z + 5=0. Since (1) and (5) have the root 1 but not 5, it is
obvious that with some radical equations one may resort to squaring
once without introducing an extraneous root.

Equation (1) is typical of many radical equations which, when
solved by rationalizing, give the roots not only of the original equa-
tion, but also of such equations as may be derived from it by giving
each radical therein the sign +.

It will be seen from the next example, also, that the process of
rationalization does not necessarily introduce extraneous roots.
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5. Solve Vo + 2+ V3 —z=3. (1)
Solution : Transposing, V3—z=3—Vz+2. )
Squaring (2), 3—z=9—6~Vz+2+2+ 2. )
Transposing and collecting, —2z— 8 =— 6z + 2. €))
“4) +-2, . z+4=3Vz+2. (5)
Squaring (5), 224+ 8x+ 16 =9z 4 18.

Transposing and collecting, 22—z — 2= 0.

Factoring, (z—2)(z+1)=0.

Therefore z=2or —1.

Check : Substituting 2 for z in (1),
V24+24+V3—-2=3,0r 2+1=3.
Substituting — 1 for z in (1),

V-1+2++V8+1=8,0or1+2=3.

Therefore equation (1) has two roots, 2 and — 1.

It should be clear from the preceding examples that we cannot
determine the number of roots of a given radical equation without
solving it. Nor can we predict whether the given statement involv-
ing radicals is an equation. Results obtained are roots if they satisfy
the original statement, and not otherwise.

The method of solving a radical equation may be stated
in the )

Rure. Transpose the terms so that ome radical expression
(the least simple one) is the only term in the first member of
the equation. '

Next raise both members of this equation to the same power
as the index of the radical in the first member.

If radical expressions still remain, repeat the two preced-
tng operations until an equation is obtained which is free from
radicals. Then solve this equation.

CrECK. Substitute in the original equation and reduce the
resulting radicals to their simplest form. Whenever the radi-
cals are rational simplify by extracting the roots indicated.
Never simplify by raising both members of the equation to
any power, for extraneous roots introduced by that process
would not then be detected.

Reject all extraneous roots.
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EXERCISES
Solve, check results, and reject all extraneous roots :
1. Vo2 —6=5. 6. 2V26z — b5 +13 =3.
2. Vz+54+3=6. 7. 52V2x = 15V38a.
3.4V +9+5=17. 8. Vdz =z + 3.
4. Y2z +2=2. 9. V822 —2 4 =8.
5. V24x —19+4=1.  10. V22 +7—VI0+3z=0.

11. V& —z + 2+ 3=25.

12. V85 — bz +V10x — 45 = 0.
13. V2x +3=~15_a*+ 2z — 6.
14. V2 + 2 ++V10 — 3z = 4.

15. Ve — 2 +Viz +1=3.

16 V22 4+7=Vz + 2. ”1 2z ’/rr“—o
17. Ve + 2 =V + 2. "Ve—a  8va
Vz+9 4 9z + 8
18. =_. 22. —— T2 — 10z +19)}.
Ve42 3 (8 + 1)} ( )
19. sz\j7w—2. 93, — 5 1 |
V2z —4 3z —8 V2z+1 9—+V8=x
) .
20. <”§4> -3 . au grai=itle
@+4)? 3 +2)}

25. 8a) — 8z —15)t = PPy

26. (x — DY+ Bz + 1)t =06

27. Ve +3+Ve —4=Viz — 3.

28. V22 —14++Ve+3—V3z+2=0.
29. V22 —14+Vz+3+V3z+2=0.
30. V32 +9—V8z2+a+6—3=0.

31. \/9'—\/30—\/20 +V10w — 25 —2=0.
32. 2 4+2Vx —8=0.
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33. 2x—7m5+3=0.

2
34. Solve for v, E = %

35. Solve for land g, t = W\jé

36. Solve for R, A = wR2
wR*H
3

R?
38. Solve for R, — + S?= R2

o2
39. Solve for R, ’R’ - (1_3_;&3) =

40. Solve for R and a,< V2 —~/2 >——R“’~—-a

37. Solve for R, V' =

41. If a bullet is fired vertically, the least velocity, 17, which
it may have so that it will never return to the earth is given
by the equation ¥ =~/2gR, (7 = 82 feet per second, R = 4000
miles). Find the velocity in miles per second to the nearest
whole number.

42. The greatest distance, «, that a ball can be thrown with
velocity v (in feet per second) across a level field is given
by one root of the equation .976 vz — gx? =0, (g = 32 feet).
Under the conditions just stated a ball is thrown with
velocity of 100 feet per second. How far from the thrower
did it strike the ground ?

43. The greatest distance a baseball has been thrown is
about 400 feet. With what velocity did it leave the thrower’s
hand ?



CHAPTER XXVIII
VARIATION

112. Definitions. The word quantity denotes anything which
is measureable. In this sense distance, rate, time, etc., are
quantities.

Many operations and problems in mathematics deal with
numerical measures of quantities, some of which are fixed
and others constantly changing.

An abstract number, or the numerical measure of a fixed
quantity, is called a constant.

Thus -the abstract numbers 1, 3, and — § are constants. Any
definite quantities, as the area of a square whose side is 2, the
circumference of a circle divided by its diameter ((3.1416 nearly),
the time of one revolution of the earth on its axis (23h, 56m, 4.099),

and the velocity of light through space (186,330 miles per second),
are constants.

The numerical measure of a changing quantity is called a
variable.

For example, the distance (measured in any unit of length) between
a passenger on a moving car and a point on the track either ahead of
or behind him is a variable, decreasing in the first ihstance, increas-
ing in the second. Other examples of variables are one’s weight,
the height of the mercury in the thermometer, and the distance to
the sun.

The equation # = 3y may refer to no physical qua.ntitiés
whatever, yet it is possible to imagine y as taking on in suec-
cession every possible numerical value, and the value of x as
accompanying every change, and consequently always being
three times as great as the corresponding value of y. In this
sense, which is strictly mathematical, * and y are variables.

309
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Problems in variation deal with at least two variables so
related that any change in one is accompanied by a change in
the other. Frequently one variable depends on several others.

For instance, the number of lines of printing on a page depends
on the distance between the lines, the size of the type, and one
dimension of the page.

The symbol for variation is «, and z « y is read x varies direcily
as y or x varies as y.

113. Direct variation. One hundred feet of copper wire of a
certain size weighs 32 pounds. Obviously a piece of the same
kind 200 feet long would weigh 64 pounds; a piece 300 feet
long would weigh 96 pounds, and so on.

Here we have two variables W (weight) and L (length) so
related that the value of 1 depends on the value of L, and in
such a way that W increases proportionately as L increases.
That is, W is directly proportional or merely proportional to
L. Hence, if W, and W, are any two weights corresponding to
the lengths L, and L, respectively,

Wy:Wy=Ly: L. @
In the form of a variation (1) becomes
W e L.

In general, if  cy, and « and y denote any corresponding
values of the variables, and «x, and y, a particular pair of cor-
responding values,

From (2), @ = (%) y. (3)

But§l is a constant, being the quotient of two definite numbers.
1

Call this constant K and (3) may be written
x = Ky.

" That is, if one variable varies as a second, the first equals
the second multiplied by a constant.
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Thus for the copper wire just mentioned, W = 3% L, or
o L. Here, though W varies as L varies, W is always equal
to L multiplied by the constant .

The phrase varies with is often incorrectly used in place of
varies as. The latter should be used to denote a proportional
change in one variable with respect to a second; the former
should not be so used. A boy’s height varies with his age, but
does not vary as his age. At 3 years the average boy is about
3 feet tall; at 12 years he is about 5 feet. At the latter time,
if his height varied as his age from 3 years up to 12 years, he
would be 12 feet tall.

114. Inverse variation. If a tank full of water is emptied in
24 minutes through a “smooth ” outlet in which the area of
the opening, 4, is 1 square inch, an outlet in which 4 is
2 square inches would empty the tank twice as quickly, or
in 12 minutes. And an outlet in which 4 is 3 square inches
would empty the tank in 8 minutes.

Suppose it possible to increase or decrease 4 at will. We
then have in ¢, the time required to empty the tank, and in 4,
the area of the opening, two related variables such that if 4
increases, ¢ will decrease proportionally; while if 4 decreases, ¢
will increase proportionally. That is, ¢ and 4 are inversely
proportional. This means that when 4 is doubled, ¢ is halved ;
when 4 is trebled, ¢ is divided by 3, and so on. The relation
existing between the numerical values of 4 and ¢ given in the
preceding paragraph illustrates the truth of the last statement
and of (1) which follows.

Now let ¢ and ¢, be any two times corresponding to the
areas A; and A, respectively; then

tiity= A, Ay 1)
The letters and the subscripts in (1) say: The first téme is

to the second time as the second area is to the first area.
The proportion (1) may be put in another form.

First, t,- Ay =1t A, (@)
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Dividing (2) by A,ts - =2, 3)
Aq

or t1< > = z‘2< > (4)

When ti:t 1. l 5

ce pite= i )

Here the subscripts on the #s and those on the A’s in (5)
come in the same order. 1
In the form of a variation (5) becomes toc—-

In general « varies inversely as 7 when « varies as the recip-

rocal of y; that is, 1
X ot ;' (b)

" And if z and y denote any corresponding values of the vari-
able, and «; and »; a particular pair of corresponding values,

1.1

T 7
= (M
r
\ — ==, or xy = 2.
Vhence "oy ) O XY = XY ®)

But z,7, is a constant, being the product of two definite
numbers. Call this constant K.

Then (8) becomes xy = K.

That s, if one variable varies inversely as another, the prod-
uct of the two is a constant.

115. Joint variation. If the base of a triangle remains con-
stant while the altitude varies, the area will vary as the alti-
tude. Similarly, if the base varies while the altitude remains
constant, the area will vary as the base. If bo¢% base and alti-
tude vary, the area varies as the product of the two; that is,
the area of the triangle varies jointly as the base and altitude.
Further, if at any time 4, denotes the area of a variable tri-
angle, and %; and &, the corresponding altitude and base, and
if A4, denotes the area at any other time, and %, and b, the
corresponding altitude and base, then 4,: 4, = A0, : hyb,.
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In the form of a variation this last becomes-

A < b,
In general, any variable x varies jointly as two others, y and
z, if X € Yz, 1)

If z varies jointly as y and z, and if z, y, and 2z denote
any corresponding values of the variables, while z,, y,, and 2,
denote a particular set of such values, then

x  yz
Z = . 2
X, Y& @
From (2), x = <;—;1> Yz

But the fraction is a constant, since x;, ¥;, and #, are

Y1#1
particular values of the variables «, y, and z. Calling this
constant K, we may write x oc y2 as the equation

x = Kyz.

One variable may vary directly as one variable (or several vari-
ables) and inversely as another (or several others). Also one vari-
able may vary as the square, or the cube, or the square root, or
the reciprocal, or as any algebraic expression whatever involving the
other variable (or variables).

The theory of variation is really involved in proportion,
but this fact is not obvious to the beginner. Hence it is
necessary to make clear the meaning of the terms used in
variation, and to show how proportion is applied to the solu-
tion of problems in variation. It is doubly necessary that the
student himself make this application in many cases, other-
wise he will not readily grasp numerous relations in physics,
in chemistry, and in astronomy; for many important laws of
these sciences are often stated in the form of a variation. In
connection with these laws many problems arise which require
for their solution clear.notions of the principles of variation.
With a knowledge of proportion only, the student would often
find the laws vague and the problems difficult.
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PROBLEMS

1. If x cy, and = 4 when y = 6, find  when y = 8.

Solution: The variation is direct. Therefore
z _

_n, :
. Z, Yy M
e s 4 6
Substituting in (1), —=_. @)
z, 8
Solving (2), zy = 5.

2. If x cy, and x = 6 when y = 10, find y when = = 15.
3. Ifxcy, and ® =% when y = £, find y when & = m.
4. If = varies inversely as y, and 2 =6 when y =17, find =

when y = 21.
Solution: The variation is inverse. Hence
1 1
XX, = —:i— 1
= M
Substituting in (1), 6: :t:2 =114
Solving (2), =2,

5. Ifa:oc?%, and & = 4 when y = 100, find = when y = 10.

6. If yoc%y and y = & when z = k, find y when z = m.

7. If @ varies jointly as y and z, and = 24 when y=6and
z =38, find x when y =9 and z = 4.
Solution: The variation is joint. Therefore

I _YA 1
Ty YoZo ®
y . 24 _6-8
Substituting in (1) =— 2
’ xz 9-4 @
Solving (2), = 18.

8. If x varies jointly as y and 2, and x = 3 when y =4 and
z =25, find x when y = 20 and #z = 2.

9. If x varies directly as y and inversely as #, and « = 10
when y =4 and 2 =09, find = when y = 2 and z = 6.
s

Hinr. Here Ty,
2 2
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10. If d varies directly as ¢ and d = 64 when ¢ = 2, find d

‘when ¢ = 4.
d, _t}

Hint. Here =1,
d,

11. If V varies directly as T and inversely as P, and ¥ = 80
when P =15 and T = 400, find P when T = 450 and V = 45.

12. The weight of any object below the surface of the earth
varies directly as its distance from the center of the earth. An
object weighs 100 pounds at the surface of the earth. What
would be its weight () 1000 miles below the surface (radius
of the earth = 4000 miles)? (4) 2000 miles below the surface ?

(c) at the center of the earth ?

13. If a wagon wheel 4 feet 8 inches in diameter makes
360 revolutions in going a certain distance, how many revolu-
tions will a wheel 5 feet in diameter make in going the same
distance ?

14. The distance which sound travels varies directly as the
time. A man measures with a stop watch the time between
the sight of the smoke from a hunter’s gun and the sound of
its report. When the hunter was one mile distant, the time
was 4% seconds. How far off was the hunter when the ob-
served time was 2 seconds ?

15. When the volume of air in a bicycle pump is 24 cubic
inches, the pressure on the handle is 30 pounds. Later, when
the volume of air is 20 cubic inches, the pressure is 36 pounds.
Assume that a proportion exists here, determine whether it is
direct or inverse, and find the volume of the air when the
pressure is 48 pounds.

16. The distance (in feet) through which a body falls from
rest varies as the square of the time in seconds. If a body
falls 16 feet in one second, how far will it fall in 6 seconds ?

17. The intensity (brightness) of light varies inversely as
the square of the distance from the source of the light. A
reader holds his book 4 feet from a lamp, and later 6 feet
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distant. At which distance does the page appear brighter ?
How many times as bright ? -

18. A lamp shines on the page of a book 9 feet distant.
Where must the book be held so that the page will receive
four times as much light ? twice as much light ?

19. The weight of an object above the surface of the earth
varies inversely as the square of its distance from the center
of the earth. An object weighs 100 pounds at the surface of
the earth. What would it weigh (a) 1000 miles above the
surface 2 () 2000 miles above the surface ? (¢) 4000 miles ?

20. The area of a circle varies as the square of its radius.
The area of a certain circle is 154 square inches and its radius
is 7 inches. Find the radius of a circle whose area is 594 square
inches.

21. The weight of a sphere of given material varies directly
as the cube of its radius. Two spheres of the same material
have radii 2 inches and 6 inches respectively. The first weighs
6 pounds. Find the weight of the second.

22. The time required by a pendulum to make one vibration
varies directly as the square root of its length. 1f a pendulum
100 centimeters long vibrates once in one second, find the time
of one vibration of a pendulum 64 centimeters long.

23. Find the length of a pendulum which vibrates once in
2 seconds.

24. The pressure of wind on a flat (plane) surface varies
jointly as the area of the surface and the square of the wind’s
velocity. The pressure on one square foot is .9 pounds when
the wind is moving at the rate of 15 miles per hour. Find the
velocity of the wind when the pressure on one square yard
is 18 pounds.

25. Give concrete illustrations of direct, inverse, and joint
variation different from those given in this book.



CHAPTER XXIX
IMAGINARIES

116. Definitions. When the square root of a negative num-
ber arose in our previous work, it was called an imaginary,
and no attempt was then made to use it or to explain its
meaning. The treatment of imaginaries was deferred because
there were so many topics of more importance to the begin-
ner. It must not be supposed, however, that imaginaries are
not of great value in mathematics. They are also of much
use in certain branches of applied science; and it is unfortu-
nate that symbols which can be used in numerical computa-
tions to obtain practical results should ever have been called
imaginary. By such a name something unreal and fanciful
is suggested. To obviate this it has been proposed to call
imaginary numbers orthotomic numbers, but this name has
been little used.

The equation 2>+ 1=0, or x?=— 1, asks the question,
“What is the number whose square is —1?” By defining
a new number, vV — 1, as a number whose square is —1, we
obtain one root for the equation #? 4+ 1 =0. Similarly vV—5
is a number whose square is — 5. And, in general, V—n is a
number whose square is —z. Obviously V— 5 means some-
thing very different from V5.

The positive numbers are all multiples of the unit 4+ 1,
and the negative numbers are all multiples of the unit — 1.
Similarly pure imaginary numbers are real multiples of the
imaginary unit v — 1.

Thus vV — 1 +\/—*1:2\/——_1 and vV—1+ ‘2\/——_1:3\/—_1, ete.

Further, vV—4 = 2vV/— 1; V= a2 = a\/—-—l; V=5=/5v—-1.

317
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The imaginary unit vV — 1 is often denoted by the letter i;
that is, 3V —1 = 384.

If a real number be united to a pure imaginary by a plus
sign or a minus sign, the expression is called a complex number.

Thus —24+~—1 and 8 — 2~ —4 are complex numbers. The
general form of a complex number is a + bi, in which a and b may
be any real numbers.

Biographical note. Karr Friepricu Gauss. Standing in the very
front rank of mathematicians, with Archimedes and Newton, is Karl
Friedrich Gauss (1777-18565). He was the son of a bricklayer and was
afforded an education, much against the will of his parents, by a noble-
man who had noticed his remarkable talents.

Up to his time the imaginary numbers were not clearly understood,
and ‘were usually thought of as absurd and inadmissible. The situation
reminds one of the time when negative numbers were similarly regarded,
and the veil was removed from both in about the samé way. It was
found that negative numbers really had a significance ; that they could
be used in problems that involve debt, opposite directions, and many
other everyday relations. The interpretation of imaginary numbers is
not quite so obvious, but none the less actual and simple. As soon as it
was seen that they could be represented with real numbers as points on
a plane, the ice was broken, and it needed only the insight and authority
of a man like Gauss to give them their proper place in mathematics. He
also used the letter i for V.—1.

Gauss was the first man to prove-that every rational, integral equation
in one unknown, whatever its degree, possesses a root. In fact, during
his life he gave three distinct demonstrations of this theorem which had
baffled all the attempts of mathematicians before his time.

In collaboration with another professor at the University of Gottmgen
he invented the telegraph independently of the American, S. F. B. Morse,
and probably earlier.

117. Addition and subtraction of imaginaries. The funda-
mental operations of addition and subtraction are performed
on imaginary and complex numbers as they are performed on
real numbers and ordinary radicals of the same form.

Thus = 2+v/—1+4+/—1=6~+/—-1,
and 5v/—1—38+v—-1=2+/—-1.
Also 8+ 5vV—1+4—-2/—1=7+3+V/-1.

Similarly at+bitctdi=a+c+ @+d)i
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EXERCISES
Simplify :
1. 3V—1+4V—1—-2V—1. 6 5V—362%—2+V— 492"
2. V—4. - 7. V=18 + V—38.
3. V—25. 8. (—12)} +(—2nk
4. 5vV—-1++V-0. ' 9. 34+2V—-14+5—-6+V—1.
5. V—4++~—16. 10. 5vV—a*—Ta—3V—a?

11. 4 —8V—-1+16 —3V— 4.
12. 6 — 2V — 6422 — 3V — 2527+ 8.
13,18 — 3(— 1)} 4 6(— 2)} 4+ (— 100)} + 4.
“14. 5V—3+3V—-2-V—-27T+2V—38.
15. 6V—4a*—Ta*V—9+3V—6—5vV_24.
16. (12 —6vV—9)—(15 + 2V— 36).
17. 3a — 22 —(2a\/——a2— 5ra2\/:—_f).
18. (x — iy) — (n — ).
Write as a multiple of vV —1:
19. V—10. 21. 2vV— 3. 23. aV—b.
20. V—6. 22. V—a. 24. V—a —b.

118. Multiplication of imaginaries. By the definition of square
root, the square of V—n is — .
Therefore

(V=1)'=

(V=1)° ~(x/ 1)V-1=—1v=1.

(\/_)‘—(\/ (V=1 '=(=D(-n=1
To multiply vV —2 2 by V—3 we write V—2 as V2.vV—1,
and V— 3 as V3-vV— 1.
Then \/——2\/——3=(\/§\/:_i)(\/§\/_——1)

=V6.vV—1.vV—1=—+/6.

Similarly

2vV-5(-38V=2)=2vV5-V—1(-3V2.vV=1)=6V10.
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In general, if V— e and V= are two imaginaries whose
product (or quotient) is desired, they should first be written
in the form Va-v—1 and V6.V —1 and the multiplication
(or division) should then be performed. This method will
prevent many errors.

In this connection it must be clearly understood that one
rule followed in multiplication of radicals (see p. 247) does
not apply to imaginary numbers.

Thus '\/5-\/52\/53:\/6.

But \/_——2 . \/—_3 does not equal \_/(— 2) (— 8), which equals \/E

In multiplying two complex numbers, first write each expres-
sion in the form a + 07, and then proceed as in the following

EXAMPLE
Multiply 2 + V—38 by 3 —V—T.

Solution : 24+4V/—-83=2+V3-V— 1.
3“\/—7:3—‘\/7\/—_i.

Multiplying, 6+3vV3vV—1—2v/7vV—1+~21
Rewriting, 6+38vV—3—2vV—7++2L
EXERCISES

Perform the indicated multiplications and simplify results:
L (VZIF. s (VDI s 2vVTI.3VC1
2. (V=1 4 (V=1 6. V—9.vV—16.

7. V—5(—V—6). 15. (4 —2+V34i)(4 +2+V34)
8. V—25.3. 16. (8+V—=1)(6 —vV=2).
9. 2vV—-38.3V=-2. 17. (4 —24)(3 — 2V34).
10. V—m-vV—n. 18. (a + i) (¢ + id).

11. 4vV—5(—3V—0). 19. (a + i) (@ + ).
12. Va+0-V—a —0b. 20. (a + bi) (a — bi).
13. (24+V-1)(2—V=1). 2L (—3+$V=3)"
4. 3+V=-2)(83-V=2). 22 (—4—3V=3)"
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23. (x — iy)* —(x + iy)%
2 (-3 +3V=38—(—4—-3V-3)"
25. (a+z\/1—a:)(a—z\/1—:c).

Note. Long before the time of Gauss mathematicians had performed
the operations of multiplication and division on complex numbers by
the same rules that they used for real numbers. As early as 1545
Cardan stated that the product of 5 +~/— 15 and 5 —~/— 15 was 40.
He was not always equally fortunate in obtaining correct results, for

in another place he sets 1 <— - 1) = L_ =1
4 4 V6L 8
Even the rather complicated formula for extracting any root of a
complex number was discovered in the early part of the eighteenth
century. Dut all of these operations were purely formal, and seemed
to most mathematicians a mere juggling with symbols until Gauss
showed clearly the place and usefulness of such numbers.

119. Division of imaginaries. One complex number is the
conjugate of another if their product is real. Thus a + b7 and
a — Ui are conjugates. Conjugate complex numbers are used
in division of imaginary expressions as conjugate radicals are
used in division of radicals.

Division of imaginaries is performed by writing the dividend
over the divisor as a fraction and then multiplying both numer-
ator and denominator by the simplest imaginary expression
which will make the resulting denominator real and rational.

_ - EXAMPLES
bV j/if?;/__\/—_e V=63
Solution: V— 6 + Vv — V=2 ~-2.+-2
_VENV-1NVR VT V12 g
V2./—1-vV2vV=1 -2 '
2. 3+(24+V—-23). Y

Solution:3+(2+\/—3)=2+\/_—3~(2+\/__3)(2_\/.:§)
_6-3vV—8_6-38v-38

443 7
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EXERCISES
Perform the indicated division:
1. V—8++vV—-2 .12, 3—:—(2——\/——2).
2. V_6+V—_2 . 13. 2vV—1 (V=1 +3).
3.2vV-8+3V-1 14, 3V"2 +(2V 34 2).
4. Vo1V 1 14++—3 '
5. V6+vV=2. . 18—
6. (— 26)t +(— 81k 14
7. Vaz +~ V- a 16'1_7;'
8. V—a=+V—0 a
9. (— 5(190)% —:—(—21‘)%. 17. a+bi‘
10. [(—at—(—af]+(-at.  aip
1L 2+(1 —vV=1). 8

19. Does 2? — 42 +7=0, ifz=2+~V—-3?

20. Determine whether the sum and the produet of
24+3+V—1 and 2 —3V—1 are real numbers.

21. Show that the sum of any two conjugate complex num-
bers is real.

22. Show that the quotient of two conjugate complex num-
bers is complez.

23. Point out the error in the following:

Obviously V=_1=+v=-1.
—1_ /1
Then T = V_ 1 ’
or Vo1 ii—— ..
vi V-1
Therefore (\/——1)2 = (\/_1_)2
That is, —1=1.

120. Equations with imaginary roots. The student should now
be able to solve and check equations which have imaginary roots.
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EXERCISES

Solve and check the equations which follow:

1. 22442412 =0. 4, 22 — 32+ 10 =0.
2. x22—6x 4 36 =0. 5. 222 4+6x24+5=0.
3. 224+5x+4+T7=0. 6. 322 —Tx 4+ 6 =0.

7. 2*=1. Hint. If 23=1, 23— 1=0.
Hence (z — 1) (#2+ 2 + 1) = 0, ete.

8. z® =8. 10. «* =1. 12, 25 =1.
9. 28 =—27. 11. z* = 16. 13. x% = 64.

14. How many square roots has any real number? cube
roots ? fourth roots ? sixth roots ?

15. What do Exercises 7-13 indicate regarding the number
of nth roots which any real number may have ?

121. Use of imaginaries. We have explained the laws of
addition, subtraction, multiplication, and division for imagi-
nary (and complex) numbers, and have made some use of
them. It is largely because imaginaries obey these laws that
we call them numbers. For it must be admitted that we can-
not count objects with imaginary numbers. Nor can we state
by means of them our age, our weight, or our balance at the
bank. It should be remembered, however, that we can do
none of these things with negative numbers. We may have
a group of objects, books for example, whose number is 5;
but no group of objects exists whose number is — 5, or — 3,
or any negative number whatever. If it is asked, ¢ How then
can negative numbers and imaginary numbers have any prac-
tical use ?” the answer is this: They have a practical use
because the solution of equations forces them into our calcula-
tions, and when the necessary operations have been performed
upon them, the result can frequently be interpreted.
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MISCELLANEOUS PROBLEMS

1. At what time between 4 and 5 o’clock will the hands of
a clock be together ?

Solution: First, the minute hand moves twelve times as fast as
the hour hand. Second, at 4 o’clock the hour hand is 20 minute
spaces aliead of the minute hand. Now let 2 = the number of minute
spaces that the minute hand travels from its position at 4 o’clock
until it overtakes the hour hand. Obviously the hour hand must
travel z — 20 spaces before it is overtaken by the minute hand.

Therefore xr=(x—20)12.

Whence z=21%.

Ilence the hands are together at 21% minutes after 4 o’clock.

2. At what time between 7 and 8 o’clock are the hands of
a clock together ?

3. At what time between 2 and 3 o’clock are the hands of
a clock in a straight line ?

4. At what time between 6 and 7 o’clock is the minute
hand 10 minute spaces ahead of the hour hand ? 10 minute
spaces behind the hour hand ?

5. At what times between 5 and 6 o’clock are the hands of
a clock at right angles ?

6. If the earth is between a planet and the sun and in
a straight (nearly) line with them, the planet is said to be
in opposition. The earth and Mars revolve about the sun in
(approximately) 365 days and G687 days respectively. Mars
was in opposition September 24, 1909. What is the approxi-
mate date of the next opposition ?

Solution: For the sake of simplicity we will suppose in this and
in similar problems that the planets move in the same plane and in

circular paths of which the sun is the center.

Let z = the required number of days.

Now in z days the earth will make 3(2:‘_
365

revolutions about the sun.

x

8

revolutions about the sun.

And'in 2 days Mars will make

]
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But to be in opposition the earth must in z days go round the sun
once more than Mars does.

z z
Therefore 365~ 057 + 1.
‘Whence z="T79 +.

Therefore the required date is November 11, 1911.

7. If a planet is between the earth and the sun and in
a straight (nearly) line with them, the planet is said to be
in conjunction. Venus was in (superior) conjunction April 28,
1909. If Venus revolves about the sun once in 225 days, find
the approximate date of the next conjunction.

8. Jupiter revolves about the sun once in 4332 days.
Jupiter was in opposition February 28, 1909. Find the approx-
imate date of the next opposition.

9. Saturn revolves about the sun once in 10,759 days. It
was in opposition April 3, 1909. Find the approximate date
of the next opposition.

10. Two men travel in the same direction around an island,
one making the circuit every 2} hours and the other every 3
hours. If they start together, after how many hours will
they be together again? )

11. Three automobiles travel in the same direction around
a circular road. They make the circuit in 2§ hours, 3} hours,
and 4% hours respectively. If they start at the same time,
after how many hours are the three together again?

12. Is the answer to Exercise 10 an integral multiple of 2}
and 37 Is it the least integral multiple ?

13. Is the answer to Exercise 11 an integral multiple of 2,
3L, and 43 ? Is it the least integral multiple ?

14. Reduce 23, 3}, and 4% to improper fractions and divide
the L.C.M. of the numerators by the G.C.D. of the denomi-
nators. Compare the result with the answer to Exercise 11.

15. The method of finding the L.C.M. of two or more frac-
tions or mixed numbers is hinted at in Exercise 14. State
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a rule therefor. Find by the rule the L.C.M. of 1}, 23,
and 3}.

16 Find by the same rule the L.C.M. of and ‘%; of %, EZ’
[«
and -
'

17. How many ounces of alloy must be added to 56 ounces
of silver to make a composition 709, silver ?

18. Gun metal of a certain grade is composed of 169, tin
and 849, copper. How much tin must be added to 410 pounds
of this gun metal to make a composition 18% tin ?

Hint. Since the composition is 16% tin, then {4 - 410 = the num-
ber of pounds of tin in the first composition.

Let z = the number of pounds of tin to be added.

Then % + z = the number of pounds of tin in the second

composition, and 410 + 2 = the number of pounds of both metals in
the second composition.
16 -410 +z

100 _ 18

Therefore —_— .
410 + = 100

19. A 30-gallon mixture of milk and water tests 169, cream.
How much water has been added if the milk is known to test
209, cream ? .

20. How many gallons of aleohol 909, pure must be mixed
with 10 gallons of alcohol 959, pure so as to make a mixture
929, pure?

21. Tt is desired to have a 10-gallon mixture of 459 alcohol.
Two mixtures, one of 959, alcohol and another of 159, alcohol,
are to be used. How many gallons of each w111 be required
to make the desired mixture ?

22. A chemist has the same acid in two strengths Eight
liters of one mixed with 12 liters of the other. gives a mixture
849, pure, and 3 liters of the first mixed with 2 liters of the
second gives a mixture 869, pure. Fmd the per cent of purity
of each acid.
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23. The diameter of the earth is 33 times that of the moon,
and the difference of the two diameters is 5760 miles. Find
each.

24. The diameter of the sun is 3220 miles greater than
one hundred and nine times the diameter of the earth, and
the sum of the two diameters is 874,420 miles. Find each.

25. The distance of the earth from the sun is 387} times
the earth’s distance from the moon. Light traveling 186,000
miles per second would require 8§ minutes 18§% seconds longer
to go from the earth to the sun than from the earth to the
moon. Find each distance.

26. The mean distance between Mars and the earth when
they are on opposite sides of the sun is 234,500,000 miles.
When the two planets are nearest each other on the same side
of the sun, the mean distance between them is 48,500,000
miles. Find the .distance of each from the sun.

27. The diameter of Jupiter is 10}¢ times the diameter of
the earth, and the sum of their diameters is 94,320 miles.
Find each diameter.

28. The dimensions of a rectangular box in inches are ex-
pressed by three consecutive numbers. The surface of the box
is 292 square inches. Find the dimensions.

29. A three-inch square is cut from each corner of a square
piece of tin. The sides are then turned up and an open box is
formed, the volume of which is 300 cubic inches. Find the
size of the piece of tin.

30. A piece of tin is 8 inches by 12 inches. From each
corner a square is cut whose side is « inches. The sides are
turned up and an open box is formed. Show that its volume is
4 — 4022+ 96 x.

31. Now a certain value of « gives for the box in Exercise 30
the greatest possible volume. That value is one root of the
equation 122? — 80z + 96 = 0. Find the value of z.
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32. A rectangular box is 8 inches long. Its volume is 192
cubic inches and the area of its six faces is 208 square inches.
Find the three dimensions.

33. A messenger leaves the rear of an army 25 miles long
as it begins its day’s march. He goes to the front and at
once returns, reaching the rear as the army camps for the
night. How far did he travel if the army went 25 miles
during the day ? '

Note on negative numbers. One who has a limited acquaintance
with algebra is inclined to wonder over the reluctance with which
the early masters of mathematics accepted the concept of negative
numbers. If one has not really mastered the concept, however, he
will have considerable difficulty in giving consistent answers to the
following questions:

1. Is — 20 greater than + 57?

2. May a distance east of a certain point be considered positive
and a distance west of that point negative?

3. Would a lazy man prefer to walk — 20 miles from such a point
rather than + 5 miles from it, if he were convinced that — 20 is less
than 4 5°?

Here the difficulty is due largely to the use of the terms greater
than and less than. That 7 is greater than 3 is obvious from common-
sense reasoning like this: The number 7 is greater than 8, because
from a group of 7.objects 8 objects may be taken away and some
objects will remain. Now algebra parts with this clear arithmetical
notion of greater and less when it extends subtraction so as to in-
clude the taking away (subtraction) of a greater number from a less.
Algebra states a definite rule for subtraction, —a rule which in its
application contradicts no result obtained in arithmetic. The rule,
however, does give new results. For instance, it determines the
result when 7 is subtracted from 8, — an operation which arithmetic
does not attempt. Upon this rule of subtraction, which in a certain
sense is a definition, algebra bases its definition of the expressions
greater than and less than, which follows:

The number a>, =, or < the number b according as a — b is
positive, zero, or negative.

Therefore — 20 is less than + 5 in no concrete or arithmetical
sense, but in the algebraic sense; that is, in the sense that it accords
with the preceding definition.
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A little closer inspection of the nature of a negative number may
help to clear matters farther. The result of subtracting 7 from 3
may be viewed in two ways. The more abstract view is to regard
— 4 as a mark of order in the scale of numbers :

cey—5,—4,—-3,—2,—-1,0,1, 2, 3, 4,---.

Then — 20 would be less than 5 in the sense that — 20 comes
before 5 in the scale From this point of view, then, negative
numbers have ordinal but not cardinal values. This is only another
way of saying that no group of objects exists whose number is negative.

A different view of a negative number, — 4 for example, is to
regard it as an operand (a symbol denoting both a number and an
.operation); that is, as a subtraction of 4 delayed only until there
arises in the course of further operations a number from which to
subtract it.

Those who desire a fuller discussion than the one which precedes,
are referred to Fine’s ¢ College Algebra,”’ or to Chrystal’s ¢ Text-
Book of Algebra.”’
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Binomial, 29 ; cube of, 100 ; square
of, 93; the difference of two
squares, 114; the sum or the

difference of two cubes, 118
Braces, 55
Brackets, 65

Bureau of Weights and Measures,

176

Cancellation, 135
Cardan, 279, 321
Check, definition of, 30
Coefficient, 8

Coefficients, literal, in equations,

82
Conjugate radicals, 250

Conjugate imaginaries, 821
Consequent, 176

Constant, 309

Coordinates, 194

Degree, 64

Descartes, 4, 21, 38, 199, 279

Diagonal of rectangle, 236

Diophantos, 278, 279, 289

Distributive Law of Multiplication,
61

Division, of a polynomial by a
monomial, 76 ; of fractions, 152 ;
of imaginaries, 321 ; of monomi-
als, 74; of one polynomial by
another, 77; of positive and nega-
tive numbers, 22; of radicals,
249

Egyptians, 140

Ellipse, 283, 284

Equation, 4, 33, 43; biquadratic,
123 ; cubic, 123 ; degree of, 122 ;
determinate, 203 ; graph of, 190 ;
history of the quadratic, 278;
indeterminate, 204 ; irrational,
803; linear, 34 ; linear in two un-
knowns, 203, 209 ; members of
an, 33; of condition, 43 ; quad-
ratic, 122 ; radical, 303 ; root of
an, 44; simple, 84; solution of
an, 203

Equations, containing decimals,
163 ; containing fractions, 156;
derived, 222 ; determinate sys-
tem of, 204, 222 ; graphical solu-
tion of two linear, 199 ; impossi-
ble, 160 ; incompatible or incon-
sistent systems, 206 ; independ-
ent, 222 ; indeterminate system
of, 204 ; involving literal coeffi-
cients, 82; involving parentheses,
66 ; kinds of, 43 ; linear system
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of, 208 ; with literal coefficients,
82, 83, 165, 217, 271, 272, 274;
quadratic, 267; simultaneous,
containing fractions, 208 ; simul-
taneous system of, 203 ; with im-
aginary roots, 322

Euclid, 140, 289

Evaluation of algebraic expres-
sions, 11 .

Exponent, 7; meaning of a nega-
tive, 297; meaning of a zero, 297

Exponents, fractional, 239 ; funda~
mental laws of, 296

Expressions, homogeneous, 64

Extraneous roots, 305

Extremes, 178

Factor, 7; highest common, 131;
rationalizing, 250

Factoring, 101 ; general directions
for, 119

Factors involving radicals, 2566

Fraction, algebraic, 135; changes
of sign in a, 137; reduction to a
mixed expression, 147

Fractions, addition and subtraction
of, 141; complex, 1563 ; division
of, 152 ; equivalent, 138 ; multi-
plication of, 149 ; reduction of,
to lowest terms, 135

Fulcrum, 168

Function, cubic, 259; graph of a
linear, 259, 260 ; graph of a quad-
ratic, 261, 262 ; linear, 259 ; of z,
259 ; quadratic, 259

Gauss, 279, 318, 321 .

Geometry, facts from, 184, 185,
226, 297, 235

Gerbert, 292

Graph, 187; of a linear function,
259 ; of a quadratic, 261; of a
single equation, 280 ; of an equa~
tion, 190 ; of linear equation in
two variables, 195, 196, 198

Graphical illustration of imaginary
roots, 264, 265

Graphical representation of a pair
of incompatible linear equations,
206

Graphical representation of linear
equations in three variables, 225

FIRST COURSE IN ALGEBRA

Graphical representation of posi-
tive and negative numbers, 192,
193, 194

Graphical representation of statis-
tics, 200

Graphical solution of a quadratic
system in two variables, 284

Graphical solution of an equation
in one unknown, 2569

Graphical solution of two linear
equations, 199 '

Graphing a function, 260

Greeks, 79, 140, 284

Hamilton, 59, 60

Harriot, 3, 4

Highest common factor, 131

Hindus, 4, 15, 21, 23, 38, 140, 164,
279, 289

Homogeneous expressions, 64

Hyperbola, 281, 284

Identity, 43

Imaginaries, 317; addition and snb-
traction of, 318 ; division of, 321
multiplication of, 319; use of,
323

Incompatible equations, 206

Inconsistent equations, 206

Independent equations, 222

Indeterminate system, 204

Index, 8, 239

Integral terms, 122

Kepler, 284
Kronecker, 21

Lever, 168 ; arms of, 168
Lowest common multiple, 132

Means, 178

Measurement, 176

Monomial, definition of, 27; cube
root of, 102 ; square root of, 101;

Monomials, addition of, 27; roots
of, 101, 102 ; subtraction of, 39

Moors, 164

Multiple, lowest common, 132

Multiplication, Associative Law of,
59 ; check of, 63 ; Commutative
Law of, 59; of fractions, 149; of
imaginaries, 319 ; of monomials,
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60; of polynomials, 62 ; of posi-
tive and negative numbers, 20;
of radicals, 246 ; of polynomial
by monomial, 61

Napier, Sir John, 164

Negative numbers, 14 ; addition of,
16; division of, 22; graphical
representation of, 192, 193 ; mul-
tiplication of, 20 ; note on, 328;
practical use of, 14 ; subtraction
of, 18

Negative exponent, 297

Newton, Sir Isaac, 83, 302, 318

North Carolina, 4

Number, complex, 318 ; numerical
or absolute value of a, 16; un-
known, 4

Numbers, imaginary, 237, 238, 264,
317 irrational, 237, 238 ; nega-
tive, 14, 16, 18, 20, 22, 192, 193 ;
orthotomic, 317; positive, 14,
193,-194; pure imaginary, 317;
rational, 237; real, 237; repre-
sentation of, 7; square root of
arithmetical, 231

Numerical value, 16

Ordinate, 193
Origin, 194
Oughtred, 3

Parabola, 262, 280, 284

Parentheses, inclosing terms in, 58 ;
problems involving, 69 ; removal
of, 55; simple equations involv-
ing, 66 ; use of, 8

Perfect square, trinomial, 108

Permanence of Form, Law of, 61,
298

Plotting, 194

Polynomial, arranged, 63 ; defini-
tion of, 29

Polynomials, addition of, 29 ; fac-
tored by grouping terms, 105;
square of, 99 ; subtraction of, 40;
with a common monomial factor,
104

Portraits: Frangois Vieta, 256 ;
John Wallis, 302; Karl Fried-
rich Gauss, 318; René Descartes,
200 ; Sir Isaac Newton, 84; Sir
William Rowan Hamilton, 60

333

Positive numbers, 14

Power, definition of, 63

Primes, 166

Principia, 84

Product, of sum and difference of
two terms, 95; of terms contain-
ing like letters, 60 ; of two bino-
mials having a common term,
98

Proportion, 178; alternation in,
180; by addition, 181; by addi-
tion and subtraction, 181, 182;
by subtraction, 181, 182; ex-
tremes of a, 178; inversion in,
180 ; means of a, 178

Proportional, a fourth, 179; a
mean, 179 ; a third, 179

Quadratic equation, in two varia-
bles, graph of, 280; history of
the, 278

Quadratic equations, 267 ; solution
of, 267, 268, 269, 271, 272; with
literal coeflicients, 271, 272, 274

Quadratic trinomial, 110 ; general
form of, 112

Quadratics, system solvable by, 288

Quantity, 309

Radical, 238 ; index of a, 289; order
of, 239; simplest form of a, 242

Radical sign, 8

Radical signs, 239

Radicals, addition and subtraction
of, 244 ; conjugate, 250 ; dissimi-
lar, 244 ; division of, 249 ; factors
involving, 256 ; multiplication of,
246 ; similar, 244 ; simplification
of, 241

Radicand, 239

Raleigh, 4

Ratio, 176

Rational term, 122

Rational number, 237

Recorde, Robert, 4, 229

Reduction of a fraction to mixed
expression, 147

Romans, 140

Root, cube, 102 ; of an equation,
44 ; principal, 239, 303 ; principal
cube, 102 ; principal square, 101 ;
square, 101, 228 ; square root of
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a common fraction, 235 ; square
root of arithmetical numbers, 231

Roots, extraneous, 305 ; imaginary,
264, 322 ; number of sets of, for
a system of two variables, 286 ;
of a determinate system, 204 ; of
an indeterminate equation, 204 ;
of an indeterminate system, 204 ;
of a quadratic, 266 ; of independ-
ent equations, 222; of monomials,
101; sets of, 203

Series, of operations, 10 ; of equal
ratios, 183

Sign, changes of, in fractions, 137;
of addition, 1 ; of division, 1; of
equality, 1; of multiplication, 1;
of subtraction, 1; radical, 8

Signs of aggregation, 55

Similar terms, 27

Similar triangles, 184

Simultaneous equations, 203

Solution, of problems, general hints
for, 49, 50 ; of the equation, 203

Square root, 101, 228 ; of a com-
mon fraction, 235 ; of arithmeti-
cal numbers, 231

Stifel, 8, 279

Subscripts, 166

Subtraction, arithmetical, 13; of
fractions, 141; of imaginaries,
318 ; of monomials, 39 ; of poly-
nomials, 40 ; of positive and nega-
tive numbers, 18 ; of radicals, 244

Sum, algebraic, 17

Surds, 238, 239, 245

Sylvester 11, 292

Symbols, 1; origin of, 3; use of, 4

System, determinate, 204, 222 ; in-
compatible or inconsistent, 206 ;

FIRST COURSE IN ALGEBRA

linear, 203 ; of equations, 208
simultaneous, 203

Systems solvable by quadratics,
288

Term, 27 ; degree of, 64 ; integral,
122; literal part of a, 27; ra-
tional, 122

Terms, dissimilar, 27 ; product of,
59, 60 ; similar, 27

Testing, 34

Theon, 237

Transposition, 45

Trapezoid, definition of, 129

Triangle, altitude of, 127 ; base of,
127 ; formula for area of, 127

Trinomial, 29; quadratic, 110; gen-
eral quadratic, 112

Trinomials which are
squares, 108

perfect

Uniform motion, 83
Unknown, 33

Variable, 309

Variables, 203, 259

Variation, 309; direct, 810; in-
verse, 311; joint, 312

Verifying, 34

Vieta, 38, 257, 268, 279

Virginia, 4

Wallis, John, 302
z-distance, 193
y-distance, 193

Zero, operations with, 22, 23, 135
Zero exponent, 297
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ANNOUNCEMENTS






HAWKES, LUBY, AND TOUTON’S
ALGEBRAS

By Hersert E. HawkEs, Professor of Mathematics in Columbia University,
WiLLiam A. Lusy, Head of the Department of Mathematics, North-
east High School, Kansas City, Mo., and Frank C. TouTon,
Principal of Central High School, St. Joseph, Mo.

FIRST COURSE IN ALGEBRA 12mo, cloth, vii + 334 pages, illus-

trated, $1.00.

SECOND COURSE IN ALGEBRA 12mo, cloth, viii + 264 pages,

illustrated, 75 cents.

COMPLETE SCHOOL ALGEBRA 12mo, cloth, xi-+ 507 pages,

illustrated, $1.23.

HE Hawkes, Luby, and Touton Algebras offer a fresh treat-
ment of the subject, combiring the best in the old methods of
teaching algebra with what is most valuable in recent developments.
The authors’ unhackneyed and vital manner of presenting the sub-
ject makes a sure appeal to the interest of the student, while their
genuine respect for mathematical thoroughness and accuracy gives
the teacher confidence in their work.

Among the distinctive features of these algebras are the correla-
tion of algebra with arithmetic, geometry, and physics; the liberal
use of illustrative material, such as brief biographical sketches of the
mathematicians who have contributed materially to the science ; early
and extended work with graphs; and the introduction of numerous
“* thinkable ”” problems. -Prominence is given the equation through-
out, and the habit of checking results is constantly encouraged.
Thoroughness is assured by frequent short reviews.

The aim has been to treat in a clear, practical, and attractive man-
ner those topics selected as necessary for the best secondary schools.
The authors have sought to prepare a text that will lead the student
to think clearly as well as to acquire the necessary facility on the
technical side of algebra. The books offer a course readily adapt-
able to the varying conditions in different schools — the * Complete
School Algebra” comprising a one-book course with material suffi-
cient for at least one and one-half year’s work, and the * First Course”
and “ Second Course” providing the same material, but slightly
expanded, in a two-book course.
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BETZ AND WEBB
PLANE GEOMETRY

12mo, cloth, 332 pages, $1.00

HIS is a new presentation of geometry along psycho-
logical as well as logical lines. It embodies the latest
developments in geometry teaching, retaining at the same time
all that was best in the old geometries. It is the outgrowth of
the extended experience of two high-school teachers of note,
and is a fresh, sane, teachable textbook that will be welcomed
by teachers the country over who have been waiting for just
such a presentation of the subject.
Some of the features:

1. A preliminary course precedes the demonstrative course, vitaliz-
ing definitions by abundant illustration and discussion, cultivating skill
in the use of ruler and compass through interesting drawing exercises,
and presenting exercises requiring simple reasoning and inference.

. The topical plan is followed. Difficult toplcs are approached by
means of a preliminary discussion.

3. Hypothetical figures are avoided.

4. Area precedes similarity.

5. The incommensurable case is made unnecessary.

6. The theory of limits is made optional. It is preceded by an alter-
native informal discussion.

7. The different types of exercises — constructions, computations,
and original theorems — receive approximately equal attention.

8. The applied problems are numerous but not excessive in number.

The aim throughout is to make the pupil independent
of the textbook
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ELEMENTS OF
APPLIED MATHEMATICS

By HErRBERT E. CoBB, Professor of Mathematics, Lewis Institute, Chicago, 11l
12mo, cloth, viil 4+ 274 pages, illustrated, $1.00

THis textbook for high schools and manual-training schools is an
attempt to relate arithmetic, algebra, geometry, and trigonometry closely
to one another and to connect all the mathematics with the work in the
shops and laboratories. It replaces the formal, abstract, and purely
theoretical portions of algebra and geometry with problems based on
the work in the shops and laboratories and with experiments and exer-
cises in the mathematics classroom, where the pupil by measuring and
weighing secures his own data for numerical computations and geo-
metrical constructions. Arithmetic is used to check algebraic results,
and algebra is made a valuable asset in working out geometrical prob-
lems. The problems deal with various phases of real life, and in solving
them the pupil finds use for all his mathematics, his physics, and his
practical knowledge. The book can be profitably used in conjunction
with more formal texts, if desirable.

VOCATIONAL ALGEBRA

By GEORGE WENTWORTH and DAvVID EUGENE SMITH
12mo, cloth, 88 pages, illustrated, 50 cents

“Vocational Algebra” is for the boy in the manual-training school
or the evening technical class who is not going through high school
and has no thought of higher technical training. It presents the sim-
ple algebraic conceptions that have a vocational significance — the
meaning of algebraic formulas, the solving of simple equations, the use
of the negative, and the fundamental operations. Any one who has
mastered the book will be able to understand and use the algebra of
trade journals, artisans’ manuals, and handbooks of business. * Voca-
tional Algebra” may, in many schools, be suitably and profitably intro-
duced in the eighth grade.
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TEXTBOOKS IN MATHEMATICS

FOR HIGH SCHOOLS AND ACADEMIES

Baker, A. L.: Elements of Solid Geometry
Beman and Smith: Academic Algebra .
Beman and Smith: Elements of Algebra
Beman and Smith: Higher Arithmetic .
Beman and Smith: New Plane and Solid Geometry
Betz and Webb : Plane Geometry
Breckenrldge Mersereau, and Moore: Shop Problems
in Mathematics . .
Cobb: Elements of Apphcd ’\/Iathemancs
Hawkes: Advanced Algebra . .
Hawkes, Luby, and Touton: (,omplete School Algebra
Hawkes, Luby, and Touton: First Course in Algebra .
Hawkes, Luby, and Touton: Second Course in Algebra
Robbins: Algebra Reviews Coe o
Smith: Algebra for Beginners
Smith: The Teaching of Geometry .
Wentworth: Advanced Arithmetic
Wentworth: Elementary Algebra.
Wentworth: First Steps in Algebra .
Wentworth: Higher Algebra . .
Wentworth: New School Algebra
Wentworth-Smith Mathematical Series
Academic Algebra . .
School Algebra, Book I .
Book II .
Vocational Algebra .
Plane and Solid Geometry .
Plane Geometry
Solid Geometry . e e
Plane and Spherical Trlgonometry .. [{Lnpress)
Wentworth and Hill: Exercise Manual in Geometry
Wentworth and Hill: Exercises in Algebra
Wentworth and Hill: First Steps in Geometry

. $0.80
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'1.00
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